IIpeauciaoBue

Bul gepxkure B pyKax nepepabOTaHHBIM KOHCHEKT JIEKIMIl OJHON u3 je-
BATH TEM, UNTAEMbIX Ha (u3umdeckoM (axyabrere HoBocubupckoro rocy-
JapCTBEHHOTO YHUBEPCUTETA B paMKax Kypca «OcHOBBI DyHKIMOHAIBHO-
0 aHAJM33» B IEPBOi MOIOBHHE TpeThero cemectpa. Teme «IIpeobpasona-
nne Pypoe» orBoaUTCs TpubM3nTeabHO 4 eknuu u 3 cemunuapa. [locobue
COMIEPKUT Ty YaCThb OOIMPHOM Teopun npeodbpaszoBannsa Pypbe, KOTOPYIO,
C OJIHOI CTOPOHBI, MOYKHO PEAJHHO U3JIOKUTH U YCBOUTH 33 OTBEIEEHHBIN
y4IeOHBIM TJIAHOM MTPOMEXKYTOK BPEMEHH, a C APYroi CTOPOHBI — KOTOpAas
peabHO HeOOXOIUMa, CTYIEHTAM IJis YCBOeHUs (DU3UIECKUX KYPCOB, UNTaA-
€MBIX B TOCIEIYIOIIEM.

Koporko npokoMMeHTHpYEeM KHUTH, HCTIOTb30BAHHBIE TIPY HATTMCAHUN HA~
CTOALLIErO 110CO0Us U PEKOMEHIyeMble [1Jisi Oosee ri1ybOKOro 0O3HAKOMJIEHUS
C TIPEIMETOM.

Hare uznmoxenne nanboiee 6/M3KO K MPUHATOMY B CIEAYIOIIEM IITHPOKO
PaCIpOCTPAHEHHOM y4eOHUKe:

1. 3opuu, B. A. Maremarnyecknii ananuz. 4. 2. M.: Hayka, 1984.

HeckombKo masbIie 0T HAIIEro U3JI0KEHU T HAXOAATCS KIACCUIeCKe yaeh-
HUKHA

2. Kommoropos, A. H., ®omun, C. B. Dnementsl Teopuun (yHKIUHE U
dyurumonapHOrO anam3a. M.: Hayka, 1972.

3. @uxrenronsi, I. M. Kypc auddepennnanbHoro 1 nvHTErpasbHONO
ncunciaenus. T. 3. M.: Hayxka, 1969.

st 6omee raybOKOro 3HAKOMCTBA, ¢ IIpeobpasopanneM Pypbe U ero po-
JIbI0 B TEOPETUUIECKON (PU3UKE MOKHO PEKOMEHIOBATH MPEKPACHYIO KHUTY

4. Pung M., Caitmon B. Meroznl cOBpeMeHHO#M MaTeMaTuIecKoi (PU3UKH.
T.2 / Ilep. ¢ anram. M.: Mup, 1978.

Tewm, xT0o X0Uer raybKe paz’odpaTbca B AUCKPETHOM M OBICTPOM IIPeod-
pazoBanuax @ypbe, MOKHO PEKOMEHIOBATH CJIEYIOMAe KHUTH

5. baxsanos H. C., 2Kunxos H. I1., Kobenbkos I. M. Yucnennbie meTo-
ael. M.: Hayxka, 1987.

6. Kuyr JI. HckyccrBo nporpammupoBanus 1 O9BM. T. 2/ Tlep. ¢
aara. M.: Mup, 1972.

SaMeTHas 4aCTh TPUBOIUMBIX HUKE 33/1a4 TO3AUMCTBOBAHA, U3 CJAEYIO-
X cOOPHUKOB

7. Kynpsisues JI. /1., Kyracos A. /1., Yexmor B. U., Mla6yuun M. U.
COopHUK 33729 IO MaTEMATHIeCKOMY aHan3y. OyHKIINH MHOTUX TIePEeMEeH-
wbix. Cr.-IlerepGypr, 1994.



8. Bmagmvmupos B. C., Muxaiimos B. II., Bamapun A. A., Kapumosa
X. X., Cumopos 10. B., ITa6yuua M. . C6opuuk 33124 110 ypaBHEHUIM
maremarudeckoit ¢pusuku. M.: Hayka, 1974.

Tam ke MOXKHO HAWTU JIOTOTHUTEILHBIE 33a9n K TeMe «IIpeobpazosa-
nue @ypnes.

BoabmuHCTBO 13 MEepeYnCIeHHBIX BBIMIE KHAT BBIIEPKAIO MHOIO U3J1a-
Huit. Yurarenb MOKET UCIOIB30BATDH JIIOO0E U3 HUX.



§ 1. Narerpaa @Pypbe Kak mnpeaedabHasdg dopma paga Pypbe

IIycrs f : R — R — nenpepoiBaO auddepenuupyemas Ppynkiuus. Ha
OCHOBAHUU TEOPEeMbl O MPEeJCTABUMOCTH (DYHKIUKU B TOYKE CBOUM pPsIIOM
Dypbe MokeM, 1s ioborol > 0, pasigoxurs f B pag Pypee B mpoMexyTKe
[—1,1]:

fl@) = Cg)—l-nz::l(ancosﬁlmy—i—bnsinm;w>, (1)

rae l
an:%/f(t)cos%ntdt, n=20,1,2,..., (2a)

2

!
bn:%/f(t)sin%mdt, n=1,2,.... (2b)

Paznoxenne (1) obnamaer g0camHON HECUMMETPHEH: €ro JIeBas U npasast
YaCcT! ONpeesieHbl Ha BCEl YUCIOBON NPSAMOU, HO PABEHCTBO UMEET MECTO
TOMBKO B IpoMexkyTKe [—I,[]. Yerpanum 3moT HemocTaToK, nepelias K mpe-
geqty ipu | — 400. IIpu 370M OrpaHUYIUMCS HABOISIIUMY COOOPAKEHUSIMHA,
OCTaBUB CTPOTHE PACCYKIEHUS HA TIOTOM.

Ipeo6paszyem (1), moaCTABMB BMECTO Gy, U by, WX BhIpazkerns (2):

nt ™

l
1 1 = mnt TN LT .
flz)= Y/f(t) [2 + Zl<coslcosl +SlnTSlH l)} dt =
—1 n=
1 SR
™m
= 7/f(t) [2 + zzlcosl(t—x)] dt =
—l n=
1 1 =
=7 [rdrs oL [ 10 Y coslyalt - o)A, (3)
0 2 n=1
/I UCTIOIH30BAHbI 0003HAYEHUS Yy, = TN/l U AYy, = Yny1 — Yn = 7/1.
Byaem nmpeanonarars, aro dyHKIiMs f He TOIBKO HEmpepbiBHO audde-

pPeHImpyemMa, HO U «IOCTATOIHO OBICTPO yObIBaeT HA OECKOHETHOCTH». TOU-
Hee, 6yJieM MPeANoIaraTh, YTO UHTEPAI

+oo
/ F(0)] dt.

CXOIUTCA.



Torna uHTerpan, BXoJduuii B nepBoe ciaraeMoe B (3), crpeMuTcs K KO-
He4YHOMY npejeiy 1pu | — +00, a caMo HepBoe cjlaraeMoe CTPEMHMTCH K
HYJIIO.

IMockonbky Ay, — 0 mpn [ — +00, TO BRIpaskeHue

> coslyn (t — )] Ayn

n=1

MOXKHO MHTEPIIPETHPOBATH KAK cyMMy Pumana uaTErpasa

/cos y(t — x)dy.

(Ham0 TOIBKO MMETE BBUJLY, 9TO 3TO OUEHb HE CTPOTOE COOOPAYKEHNE; HECTPO-
roe X0Tsi ObI TTIOTOMY, 9TO HATUCAHHBIN WHTErPAJ 3aBEIOMO PACXOIUTCS. )

B pesynbrare Mbl MOXKKEM HaAEATLCH, YTO, I€Pexois K Ipenery upul —
+00 B BbIpayKeHUH (3), MBI OITYUUM

f@>i7}®[YLMMzm4a.
—0o0 0

MeHsst TOpSIOK MHTETPUPOBAHUS W Pa3jaras KOCUHYC PA3HOCTH TI0 W3BECT-
HOHM TPUTOHOMETPUIECKOH (hopMyJie, TOIyIuM

+oo_ +00 +oo
1
flx)=— [ f@)cosytdt-cosyx+ [ f(t)sinytdt-sin yx} dy,
jj—
W
+oo
fz) = / [a(y) cos yx + b(y) sinyx] dy, (4)
e ’
+oo
aly) =+ [ Hycostya, (5)
1 e
by) = / F(#)sinty dt. (6)

OTmeTnM, 9TO IPH HAIIAX TPeATONoKeHuax 00 f waTerpansr B (5) u (6)
CXOTISITCsI, & UHTErpas B (4), BO BCAKOM CJIydae, HE sIBJISETCS WHTETPAJIOM,
PACXOIUMOCTEH KOTOPOro Opocanach 0661 B ryia3a. IIpu 3ToM MBI MOXKeM Ha-
nesarbed, 9To (opmyna (4) Oyger cnpaBeiuBa Ha BCEH YUCIOBOM NPAMOL
u OyzeT urparb posb passokenus QYHKIMU B pan ypbe.
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Ipasas 4dacte dopmysbt (4) HasbiBaerca uhmezpasom Pypve, a cama
dopmyna (4) — unmezpaavnoli dopmyasot Pypve Oyukuusa a : R — R,
onpenenéunas dhopmysoi (5), Ha3bIBaETCA Kocunyc-npeobpasosaruem Dy-
poe yukuun f. Oyukums b : R — R, onpenenénnas dopmymnoit (6), Hasbl-
BaeTcs cunyc-npeodpasosanuem Pypve Gyrkiuu f.

O6parure BHUMaHUE, 9T0 GOpMyIbl (4)—(6) yIUBHTEIHHO HATIOMHHAIOT
Y?K€ TIPUBBITHBIE BAM (DOPMYJIbI PA3TIOKEHHUA 27 -TIEPUOJNIECKONH (DyHKINN
B pazx @ypoe:

ao ‘ .
f(z) = ) z:: ay, cosnx + by, sinnx), (7)
1 U
:—/f(t)cosntdt, n=0,1,2,..., (8)
Vs
1
= - /f(t)smntdt, n=12,.... (9)
Vs

B camom aene, B dopmynax (5)—(6) u (8)—(9) yuacrsyer oauHaxkoBblii KO-
s durment 1/, a WHTErpUpOBaHWE BEAETCA MO BCEMY TPOMEXKYTKY, HA
KOTOpOM ompeznenena f. BoT TONbKO TMCKPETHBIN MApAMETD N 3aMEHSH Ha
HenpepbiBHbIA Y. Anajsoruuno, dopmyna (4) ouenn Hanomuuaer (7): HAIO
TN 3aMEHUTh JAUCKPETHBIN MapaMeTp 1 Ha HeNPEePBIBHBIN Y W, B CBA3M
C 9THM, 3AMEHHTH CyMMy HA MHTerpas (B HEKOTOPOM CMBICIE C TEMHU 7K
OpeJieIaMu).

§ 2. Teopema o mpescTaBUMOCTH (PYHKIIUU B TOUKE CBOUM
uHTerpaiaom Pypbe

Hamre o6ocHOBAHNE HECTPOTUX PACCYKIEHUN, TPUBEIEHHBIX B IPEIbLIY-
mem naparpade, OyIer omuparbes Ha, CIEIYIONEe YTBEPK ICHHE.

JIemma (Pumana—JlebGera na GeCKOHEIHOTO TPOMEXKYTKA). Bcau a € R
u f: (a,+00) — R abcoatommno unmezpupyema na (a,+00), m. e. ecau

f;oo |f(z) dz < 400, mo

lim / f(z)cosprdr == lim / f(z)sinpz dx = 0.

p——+00 p——+00

MpbI mpuMeM 3T0 yTBEPIK IeHHe 0€3 JTOKA3aTeThCTBA, TOCKOIbKY OHO JTUIIh
TEeXHUIECKUMU JE€TAISIMU OTJIHYIAEeTCA OT JjeMMbl Pumana—Jlebera, paccmor-
pennoit B pazaerne «Paast @ypoes.



Oyuxmuio f : R — R Gymem HasbiBaTh Kycowho-24a0dK0M, €Cau OHA, OHA,
ABJISIETCS KYCOUHO-TJIAQIKON B cMbIcie Teopun panos ®ypwe Ha m11060M KO-
HEYHOM MTPOMEIKYTKE [a, D], T. e. ecsiu B [a, b] HAKAETCS KOHEUHOE YHCIIO TOUEK
a = Xo < <<z, = b TaKUX, 9TO B KaXXIOM OTKPBLITOM UHTEpBAJEC
(zj,xj41 dbyukuus f mempepsisuo auddepeHnupyeMa, a B KaKI0i TOUKe
Z; y f cymecTBylOT KOHEUHBIE IIPE/IEJIbI CIEBA U CIIPABA

flz; —0)= h@&ﬂ%’ —h), f(z; +0)= hlil{)l+f(wj + h),

a TaKzKe CYyUIeCTBYIOT U KOHEUHBI CJeQyIolue Ipeliesibl, IOXOXKHUE Ha JIEBYIO
¥ IPaBYIO IIPOU3BOIHBIE

i =0 = FGy = 0) s ) = fay + 0
h—0+ —h h—0+ h

Teopema (0 npeAcTaBUMOCTH (DYHKIMU B TOYKE CBOMM MHTErpajaom Dy-
pee). Hyems f : R — R — xycouno-24a0ka4 abCOAOMHO UHMEZPUPYEMAA
pynryua. Toeda daa mobozox € R cnpasediuso pasencmeo

+

(oo}

a(y) cos y -+ bly) sinyal dy = 5[z +0) + f(z — 0]

o

20e

+oo
aly) =+ [ ft)costya,

“+o0
b(y) :% /f(t) sin ty dt.

Jpyrumu cioBaMu, 3Ta TeOpeMa 03HaYaeT, 9To nHTerpas @ypbe KycouHo-
rJ1a/1K0i abCOII0THO MHTErPUPYEMON (DYHKIINN PABEH MOJIyCyMMeE €€ Mpe/ie-
JIOB cjieBa u cupasa. B gacrHocTr, B TOUKE HEmpephIBHOCTH (DYHKIINK OH B
TOYHOCTY PABEH 3HAYEHUIO (DYHKIIUU.

HdokazarerbeTBo. [lomoxum

A

fale) = / la(y) cos yz + b(y) sinya] dy
0

u ybeammes, aro fa(x) — [f(z+0) + f(z — 0)]/2 npm A — +o0.
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Jns nagana npeobpasyem A, moacrasus BMecto a(y) u b(y) nx BhIpazke-
HUSI 9€pe3 MHTErPAJIbl M BOCIOIb30BABIINCH TPUTOHOMETPHUIECKON (PopMy-
TIOH [Tt KOCUHYCA PASHOCTH:

A

fa(z) = %/
0

“+oo
dy{ / f(t)[costy - cosyx + sinty - sin yx] dt} =

A +o0
= l/ dy{ / f(t)cosy(t — x) dt}.
"o oo
V3MeHnB MOPSAIOK MHTErPUPOBAHAS B TIOCJAETHEM BBIPAKEHWH, IOy THM
+o0 A
fa@) =1 [ |50 [eossta =) an) a. (10
o0 0

st obocHOBaHMS 3aKOHHOCTU W3MEHEHWs TOPsIKA WHTErPUPOBAHUSA B
JIAHHOM CJIy9ae eCTECTBEHHO MCIOMb30BaTh Teopemy DyOunu: ecau hiyr-
YUA UHMEZPUPYEME N0 COBOKYNHOCTIU NEPEMEHHBLET, O 6CE €€ NOBMODHbLE
UHMEZPAADL CYUWLLCTNBYIOM, U HE MOALKO PaSHbL Medxcdy cobotl, HO pPacHL
u €€ Kpamuomy unmezpasy. B Hamem ciydae 06OCHOBATH 3aKOHHOCTH W3-
MEHEHWs TIOPSIKA HHTErPUPOBAHNS KaK Pa3 U 3HAYUT JIOKA3ATH PABEHCTBO
MOBTOPHBIX HHTErPANoB. Takum 06pazoM, BCE Ie10 yIUPAETC B AHTETPADY-
eMOoCTh (DYHKIWMH ABYX TepeMeHHbIx (¢, y) — f(t) cosy(t — ) mo mEOKECTBY
R x [0, A]. TTockonbKy BesKasi abCOMIOTHO MHTerpupyemMas (OyHKIUS UHTe-
rpupyeMa, TO HaM JOCTATOYHO JOKA3ATh, YTO MOAYJbL 3TONH (DYHKIIMKA WHTE-
rpupyem. OHAKO MOAYJIb — BEJIMYWHA, HEOTPUIIATEIbHAS, & U3 KyPCa MaTe-
MATHYECKOTO aHATN3a U3BECTHO, UTO ECAU JAA HEOMPUYUAMEALHOT PYHKUUU
HECKOMbKUT NEPEMERHBLT CLOOUMCA TOMb 00UH NOSMOpHbLl unmezpan, mo
IMa PYHKUUA UHMEZPUPYEME N0 COBOKYNHOCTU 6cex nepemennuz Ceno-
BaTeNbHO, /Il HAILKX Teseil TOCTATOYHO YCTAHOBATD CXOAUMOCTD CJIEIyT0-
II[er0 MTOBTOPHOTO UHTErpaJia

+oo A
/ [ [ 1 cosyte o) dy} .
—oco 0

CXOOUMOCTH KOTOPOT'O BBITEKACT U3 CICAYIOIMUX OYEBUAHBIX BLIKJIAI0K
+oo_ A

[ | @reosute - ol an) ar <

—oo 0
9



/If [/COSy(tx)dy}dt<A/f )| dt < 400,

rje TOCTeIHee HEPABEHCTBO HANMCAHO B CHJIY YCJIOBHsI TEOPEMBI, COrTac-
HO KOTOpPOMY f abcoroTHO wHTerpupyema. TeM caMbiM MBI 3aBEPITUIN 00-
OCHOBaHWE 3aKOHHOCTU M3MEHEHWS TOPSIKA WHTETPHPOBAHUS W JTOKA3AIN
pasencrso (10).

IIpeo6pazyem dopmymy (10)

(@) Acosy(t—:(;)dy dt =
[ 0/

1 b siny(t — x)
Ry

y=A
} dt =
y=0
—00

_ % 70f(t) sin fg . / Fa ) A g,

—00

+oo

falz) = % /

— 00

[Tocnennee paBeHCTBO 37€Ch MOAYYEHO C IMOMOIIBIO JIMHEHHON 3aMEHBI I1e-
peMeHHOIl t — ¢ = w. [lomb3ysch aIIUTHUBHOCTBIO, Pa300BEM IMOCIETHUI
UHTErpas Ha JBa (Mo npoMeskyTkaMm (—oo, 0) u (0, +00), COOTBETCTBEHHO) U
chesaeM B IIEPBOM U3 HUX 3aMEHY U — —U:

A
/f sm udu:

“+o0
/f SmAudu—s—l/f(x—i—u)SmAudu:
T

u
0
+oo

_ 1 / fla4+u)+ f(z —w)

u

sin Audu =

0

—+o0

1
:l/f(eru)Jrf(Ifu) SinAudu—|—l / flotu)+flw—u) sin Au du.
= ™

u u

1

O603HaurM MEPBBIA U3 ITUX HHTErpaaoB depes I, a BTopoil gepes Is.
10



ITockosbKy

du <

7)’ Fla+u)+ flz —u)

u

1

“+o0 “+oo “+o0
< [ f@+u)ldut [ |f(z—u)ldu <2 [ [f(v)]dv < +o0,
e | 1

o byakmps v — [f(x + u) + f(z — u)]/u abcomorHO UHTErpHpyeMa IO
npomMexyTKy [1,+00) m k Iy MOXKHO npumenutb jemmy Pumana—JIeGera
mutst Geckonednoro npomexxyTtka. CrenoBarensho, [ — 0 mpu A — 400.

IMono6GHoe paccykieHne He TPUMEHAMO K HHTErpaity 1, IIOCKOIbKY HOKa
MBI He B COCTOSIHUA TAPAHTUPOBATL HHTETPUPYEMOCTh byHKImuy — [f(z+
u) + f(x — u)]/u B okpecrHocTn Hyns. Vcenenyem I Gosnee geranbHO, st
dero npubaBUM W BbIUTeM TpenenbHble 3Hadenus f(z + u) w f(r —u) B
YUCTATENE TOABIHTEIPATTHHOIO BBIPAXKEHHUS

1

l/fx—ku—&-f( )

0

/1 flztu) - fz+0) sin Au du—f—l/l flo—w) ~ fz-0) sin Au du+
0 0

sin Audu =

:]

u u

1
+%/f (@+0) +f( )sinAudu. (11)
0

TMockombky f — Kycouno raankas dyrkmus, To maTepsa [0, 1] MoxHO pas-
6uTh Ha KOHEYHOE YHCJIO OTKPBLITHIX MPOMEXKYTKOB (Zj,%;j41) Ha KazKIOM
nx koroperx dyuxmyn [f(z + u) + f(x + 0)]/u u [f(z — u) + f(z — 0)]/u
HEIpepBIBHO nuddepeHnnpyeMsl, a B KaxkKI0H U3 KOHIEBBIX TOUEKT; UMe-
IOT KOHEUHBIE IIpelenbl cieBa u crnpasa. Ocob0 MOTUepKHEM, 9TO OHU HMe-
10T KOHEYHbIe Ipejesbl B Todke z; = ( cIopaBa, OCKOJIBKY CYIIeCTBOBA-
HHE W KOHEYHOCTDL 3THX IIPEACJIOB CIIEIUAJIbHO OrOBapPHBACTCA B OIIpEae-
JIEHUU KYCOYHO-IJIAIKON (DYHKIUK. Y IUTHIBASA TAKYIO CTPYKTYPY byHKImit
[fz+u)+ f(z+0)]/un [f(r —u)+ f(z —0)]/u, 3akm09aeM, IT0 00€ OHU
abcomoTHo uHTErpupyemMbl Ha unrepsase [0, 1]. CiaenoBarenbHo, mo geMme
Pumana—J/IeGera, nepsbie nBa ciaraembix B (11) crpemsTcst K HyJ0 1mpu
A — 4o0.
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Tperbe ciaraemoe B (11) npeobpasyeM ¢ HMOMOIIBIO JIMHEHHOH 3aMeHbI
nepeMeHHOi Au = v:

u ™ v

A
7lr/lf(JH—OH—f(ar;—O) sinAudu:f(x+0)+f(x_0)/smvdv.
0

0

s KypCa MaTeMaTHYeCKOTO aHaJIn3a Bbl 3HaeTE, YTO WHTETPAJI

“+o0

sinv
dv,
v

0

HA3BIBAEMBIAUHME2PAAOM JUPULTAE, CXONUTCA W €r0 3HAYEHUE PABHO T /2.
Takum obpazom, npu A — 400 Tperbe ciaaraemoe B (11) crpemurcs K auciy

[f(z+0) + fz = 0)]/2.
OKoHYATENIHHO TTOTyYaeM
flz+0)+ f(z—-0)
2 )

li = 1 I li I, =
Jm fal@)= lm I+ lm Ip

YTO ¥ 3aBEPIIACT [J0KA3aTEIbCTBO TEOPEMBIL.
OrMerum, 9T0 CyHIECTBYIOT U JAPYTUE YCAOBHS, TADAHTUPYIOIIUE [JIs JTaH-
HOP1 TOYKH COBIJIeHUe 3HAUeHNs nHTerpasia Pypbe co 3HAUEHNEM IPEICTaB-
ssiemoit um pyukunn. OMHAKO CAEAyeT UMETh BBULY, YTO TOJHKO HEMPEPHIB-
HOCTHU ¥ aDCOTIOTHON WHTErpupyeMocTu (DYHKIUH JIJ1si ITOTO HEJOCTATOUHO.

3agaun

Vceranopure hOPMyIbl, CINTAS TAPAMETD @ TOJTOXKUTETHHBIM

1.
+(X>Sina/ /2, ecmu |z| < a,
/ i cosyrdy =< w/4, ecm |z| = a,
0 y 0, ecu |z| > a.
2.
“+o0
1 —cosay cos v du — m(a—|z])/2, ecmn |z| < a,
y2 YT =1 o, ecm |z| > a.
3.
+oo

sinmwy . 27 rsing, ecmm |z| < 7,

— sinyrdy =

1—y 0, ecmu |x| > .
0

12



+oo
cos(my/2) 27 rcosw, ecmm |x| < 7/2,
——————cosyxrdy =
1—92 0, ecu || > /2.
0
5.
+oo . e~ %, ecmm x > 0,
a cosyx + ysinyxr
/ SR dy=1< w/2, ecmn x = 0,
s as+y 0, ecmn x < 0.
6.
s (1—a)/2, ccn fo] <1
sin“y _f m(1—2x)/2, ecmm |z| <1,
/ Y2 cos 2yx dy = { 0, ecnu |z| > 1.

§ 3. PazimoxkeHue Ha moaynpamoii. IIpamvoe u obpaTHoe cuHyC- 1
KOCHUHYcC-TIpeoGpa3oBanune Pypbe

IIycre ¢pyurmusa f : R — R mpexncraBuMma cBomM uHTerpajiom ®@ypbe

(HampuMep, MycTh sl Heé BBINOJHEHbI yCioBHs Teopembl u3 § 2). Toraa
a7st Bcex ¢ € R numeem

+oo
flz) = /[a(y) cos yx + b(y) sin yz] dy, (12)
0
e

1
a(y) = - / f(¢t) cosyt dt, (13)

1_+°o
b(y) = - / f(t)sinyt dt. (14)

Ecnu, xpome Toro, dyukims f gérHa, TO MOABIHTErpaJbHas (DYHKIN
B (13) okasbiBaercs 4ETHOMN, a 3HAYUT, ITOT MHTErPAJ MOXKHO 3aMEHUTH
YABOEHHBIM MHTETPAJIOM [0 MOJIOBUHHOMY poMexxyTKy. [lonbiaTerpaibaas
dyuxus B (14) npu 3TOM OKa3bIBaETCs HEUETHON U MHTErpast B (14) 3any-
nsiercs Jis Beex y. Iloaromy asst uérroit dbyrkumn, BMecto (12)—(14) Mbr
MOJTyYaeM Caeayiomme 6oiee MpocThie U CHMMETPUYIHbBIE (DOPMYJIBI

+oo
ﬂ@=/dwmw@, (15)

0
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+oo
2
aly) =— [ f(t)cosytdt. (16)
7T O/

Awnasoruuno, dbopmysr (12)—(14) ynpomiatorces u B ciaydae, Koraa GyHK-
uus f HeuérHa. [Ipu 370M pe3yabTAT BBITISIIAT TAK:

+oo

flx) = [ bly)sinyzdy, (17)
/
o '

bly)=— [ f(t)sinytdt. (18)
|

IIpemnonoxxum gajee, uro dbyHkims [ 3amaHa JUIBE HA TOJYIPIMOM
(0, +00). Moxkuo nu npencraButh eé unrerpasoM Pypoe? Koneuno mox-
0. Hy»XKHO Jiuiiib IPeIBaAPUTENHHO TPOJOIKUTEL €€ PA3YyMHBIM 00pa30M Ha,
BCIO IpsAMy0. BO3HEKAMOmMUE Mpu 9TOM TPOM3BOI B BBIOOPE MPOJOIKEHAS
MOYKHO HCIIOIB30BATH 15 YIpOoIeHust popMysl. B camom mere, mpomomKus
dyukuuio f : (0,400) — R yérubiM 06pa3oM, Mbl, €CTECTBEHHO, MPUAEM
K dopmynam (15)—(16). IIpu srom dyHKIMS @, NOCTpoeHHAsA 110 (HOPMY-
ne (16), HasbiBaeTCs NpamovLm Kocunyc-npeobpasosaruem Pypove byHKUIMM
f, a dynkuusa f, nocrpoennasa no dopmysne (15), HazbBaeTca o6pamvLm
Kocunyc-npeobpasosaruem Pypvedyukimu a. O6parnre BHUMAHKE eMIg pa3
Ha TO, UTO IpsAMOe U 0OpaTHOE KOCHHYC-TTpeobpazoBanust Pypbe pasznauda-
IOTCSl JIUITH YUCTOBBIM MHOXKUTEJIEM.

Awnanoruuno, nponomxkus Gyukiuo [ : (0,+00) — R Heuérabim obpa-
30M, MbI IOy auM i eé unrerpaia ®ypoe dbopmyiibt (17)—(18). IIpu sToM
roeopsr, uto dbopmyna (17) 3amaér npamoe, a hopmyna (17) — obpammoe
cunyc-npeobpasosanue Dypoe.

3agaunm

ITpencraspre nuTerpasom Oypbe creayrompe GYHKINA, TPOJOTKHB UX
a) uérHbM U 0) HeYéTHbIM 06pa3oM Ha uHTEepBas (—00,0).

7.
. sinx, ecmm 0 <x<m,
f(x)_{o, ewm > T.

fz) = 1, eem0<ax<1,
)= 0, ecmumz > 1.

14



flz) = z, ecmmn < x <1,
1 0, ecmuzx>1.

10.
2—3z, ecm0<z<2/3,

xTr) =
f(@) { 0, ecim x> 2/3.

Permmnre crienyromie nHTErpaIbHBIE YDABHEHNS, CIATAsT YTOL U3MEHSIeT-
cs B YKA3aHHBIX PEJesax.

11.
+o0 1
= 0.
/f(y)coswydy T 07
0
12.
+o0 1
= — R.
/f(y)cosxydy 522 S
0
13.
+o0 1
/f(y)smxydy:m, x> 0.
0
14.
+oo 1
i dy = —— R.
/f(y)smxy y=132 T€
0
15.
+oo
/ fly)sinzydy = e™*, x> 0.
0
16.
o T i 0<x<
. _f Zsinz, ecm0<z<m,
/ F(y)sinzy dy = { 0, ecm x > .
0
17.
+oo Zcosx, ecm0<x<m,
/ fy)sinzydy = ¢ —7, ecu T,
0 0, ecnm T > 7.



18.

2

“+ o0
/ fly)sinzydy = xe™™ | x> 0.
0

§ 4. IIpuMepsI BBIYNCIEHUA CUHYC- U KOCUHYC-IIpeobpa3oBaHud
®ypbe u npeacTaBiienns PyHKIuU eé udrerpajiiom Pypbe

IIycts @ > 0 n g5 Beex MONOXKNATENbHBIX T GyHKIMS f 3a1ana Gopmy-
noit f(x) =e .

Jlist BoIamcienns Kocunyc-mpeobpazopanus @ypbe QyHKIMN f ABAYK BT
MPUMEHNM WHTETPUPOBAHHE TI0 YACTAM

+oo
2 "
aly) = — / e “coszydr =
T

Tr=—400 y +oo
- = / e SiIlfL'yd:L':| =
- a

0

—+oo

=400
+Y / e cosa:yda:}} =
=0 a

0

2/1  my?
=\a 22

Paccmarpusas 370 PABEHCTBO KakK yPAaBHEHUE OTHOCUTEILHOA(Y), HAXOIUM

2 a
T a2+y2'

2(1 1 "
= { Y [—e‘““ sin xy
a al| a

aly) =

AnajoruvHbrit IpuéM MOKeT ObITh MPUMEHEH U JJIsT BHIYUCIEHUST CHHYC-
npeobpazoBanusa Oypre dyukiuu f. Onyckas maertajiv, yKaskeM TOIbKO Pe-

3yJabTaT:
+oo

/ e sinxydr =
0

HezapucuMo OT TOro, 46THLIM WJIM HEYETHLIM OOpa30M IIPOMOIXKEHa f
Ha BCIO YHCJIOBYIO MPSMYIO, 9TO TPOMOIKEHHE, KAaK JIErKO BUIETH, OyIeT
abCOIIOTHO WHTErpUpyeMoil KycodHo-raakoil ¢yukimeit. CnemnoBaresibHo,
Ha, OCHOBaHHM TE€OPEMbI O IPEACTABUMOCTH dIyHKHHH CBOHMM HHTErPaJIOM
16
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Dypbe, MOKET YyTBEPKIATH, YTO pu & > () CripaBeyIMBbI CIEAYIONIAE Pa-

BEHCTBa
+oo 400

2a cos xy

e ¥ = / a(y) coszy dy = - ey
0

“+o0 —+o0

- . 2 [ ysinzxy
ax: b d = — 7d
e / (y)sinaydy = — / ek
0

BBI y2Ke BCTpeYaJl X B KypCe MaTEMATUICCKOTO aHaAJN3a IIPU U3yYCeHUN
Tembl «VIHTErpasbl, 3aBUCAIIKE OT MapaMerpay. Torma BbI UX 3aINUCHIBAJIN
cleayoomuM 06pas3oM

+oo
cosxy T on
——dy = —e %
/a2+y2 Y= %
0
u
too
ysinxy T o
IO gy = —ema®
/a2+y2 YTt

0
(a > 0,z > 0) u HaspBasIM unmezpasamu Jansaca. Kak Bugure, Teopus

nuTerpana @ypbe no3poana HaMm 6e3 0CoObIX YCUIUH BEIYUCIUTD 3TU TPY-
HbIE UHTETPAJIbL.

Sagaun

Cuwurast mapamMerp a MoJ0KUTEIBLHBIM, HAAUTe KOCHHYC-TTpeobpa3oBaHue
Dypbe cienyomux OYHKINN, 33aHHBIX HA TOLYTIPAMOM.

19.
1, eem0<z<a,
f(x)—{ 0, ecmm x> a.

20.

flz) = cosz, ecmu 0 <z <a,

1 0, ecyI T > a.

2

21. f(zx)=e""".

22. f(z) = cos(2?/2).

23. f(z) = sin(2?/2).
17



CunTasg napamerp a TOJOKUTEIHHBIM, HAWJIUTE CHHYC-TPeoOPa30OBaHUE
Oypbe cneayoommx GyHKIU, 38 JaHHBIX HA MOLYIIPAMOII.

24.
1, ecn 0 < x < a,

f(:c):{ 0, ecmu x> a.
25. f(x) = ze /2,
26. f(x) = 2~ !sinx.

§ 5. KommiekcHas ¢popma maTerpasia @ypne. IllpeobpazoBanue
dypne. PopmyJiia obpalreHmns

Honycrum, uro ¢yskuus f : R — R npeacraBuma CBOMM HHTEIPAJIOM
Oypnbe:
—+oo
(o) = [ faty) cosary + b(y)siniy] dy a7)
0
Moncrasum B (17) BbIpaykeHus Jjisd CUHYCA M KOCHHYCA 10 (hopMyiam Dii-

Jepa

e +e ¥ e —e ¥

cosp = ———— cosp = ———
2 ’ 2i

B pesynpTare momyanm

+ee j —i ip _ i
f@)= [ |t = v 5 -
0

—+o0 —+oo

0 0

Hemocpeacreerno u3 omnpemenenns (GyHKIWN G BLITEKAET, YTO OHA STBJIsI-
eTcs 4€THOI:

+o0 +oo
a(—y) = % / f(t) cost(—y)dt = % / f(t) costydt = a(y).

Ananoruano GyHKIWA b ABISETCS HEUETHOH. YUUTHIBAsT 9TH OOCTOATEND-
CTBa, CIEJAEM 3aMEHY MePEeMEHHO y — —y B nocjaeaneM unrerpaie B (18):
o b a b
a(y) —1 ; a(y) —1 -
f(z) == / () . (%) iay dy — / () . (%) iay dy =

0 0
18



+o0

2
— 00
Ucnonssys dopmyry Ditnepa e’ = cos ¢ +isin ¢ u onpegenerns (5)—(6)
KOCHHYC- W CHHYC-TIPeOOPa30BAHNs, MOZKEM 3aINCATH

M / f(t)[costy — isinty]d / f(t)e ™ dt.
2 o

— 00

Takum 06pa3oM MBI HOJYUYHIH HOBYIO (DOPMYIY, SKBUBAJIEHTHYIO (GOp-
myse (17):
“+o0

flz) = % / [2:; ymf(t)e_“y dt] e dy.(19)

ITpaBast 4acThb MOC/IEIHErO PABEHCTBA HA3BIBAETCH KOMNACKCHOT Hopmoti
unmeepara Dypoe.

Papencreo (19) HaBOAUT HA MBICIb PACCMOTPETH MOPO3HB CJEMYIOIINE
ABa npeodbpasosanus. OHO U3 HUX coNOCTaBIAeT QyHKINN f HOBYIO (DYHK-
o f, OIpeAenseMy) PABEHCTBOM

+o0o
7 1 g —izy T
f(y):m_/ f(z)e dx.

970 npeobpazoBaHue HABBIBACTCS NPAMbLM Npeobpasosanuem Dypveun 0bo-
snagaercs gepes F . Ilpnm stom dynxmusa f= F.[f] naseBaercst mpsvbiM
npeobpasoBarreMm Pypbe GyHKIUH f.

Jpyroe mpeobpa3oBaHue COMOCTABAAECT (DYHKIINN ¢ HOBYIO (DYHKIIHIO §,
OTIpEIETIIeMYIO0 PABEHCTBOM

—+o0

fz(:v):L /g(y)e””ydy-

— 00

910 mpeobpazoBaHue HA3LIBAECTCS o0pammbim npeobpasosanuesm Dypve u
obozragaercs gepes F_. Tlpu srom dyrkmus § = F_[g] Hasesaerca oGpat-
HbIM npeobpasoBanuem Pypbe dyHKUMK .

BeenénHbIe Onmpe/esieHust MO3BOMSIOT BHICKA3aTh paBeHcTBO (19) cenyio-
UM 0OPA30M: TOCIEIOBATEIBHOE TPUMEHEHNE TPSIMOTO, 8 3aTeM 0OPaTHOrO
npeobpazoBanuit Dypbe He U3MeHsieT MYHKINHID. AHAJIOTUIHO MOXKHO ybe-
JATHCS, 9TO U TOCIEI0BATEIHHOE IPUMEHEHNE CHAYAIA OOPATHOTO, 8 3aTeM

19



npsiMoro npeobpazosanuii Dypbe TakKe HE UIMEHAET UCXOTHYIO (DYHKIHIO.
CumMBOIAMY 9TH yTBEPKICHUS 3AMUCHIBAIOT KOPOYIEe

f=Ff=F wm  f=F[F [f]]=F_[F /]

1 HA3BIBAIOT (hopmysamius odpawerus npeobpasopanus Pypobe.

B cuny dopmyn obpawenus, GyHkuuu f u f B OLIPEIeEHHOM CMBbIC-
sie paBHOIpaBHbI. OIHAKO, JaxKe i BEIeCTBEHHO-3HAYHON (dyHKIUH f,
fBoo6me FOBOPsl SIBJISIETCHA KOMILIEKCHO-3Ha4HOM. UT00bI n30exKarb Takoi
ACHMMETpHUH, TIPHU U3yUeHnH mpeobpasoanus Pypbe Mbl OyaeM U3HATATD-
HO MPEJoaraTh, paccMarpusaeMbie (bYHKIHHT [ TPUHUMAIOT KOMILIEKCHBIE
BHAYECHWA.

3amgaun

27. Jlokaxure, aro f(z) = f(—z) u flx) = fl—=). (9T0 mpocroe
HAGJIIOJEHNE TTO3BOIAET BO BCEX MOCIEMYIOMUX 33139aX PEANTBHO BBITUCTIAT
TONBLKO MpsiMOE TIpeobpasoBanne Pypne.)

28. Hokaxkure JIMHEHHOCTD IPSMOro U 00paTHoro npeobpasopanuii @y-
pbe, T. €. YCTAHOBUTE, UTO JIJIsI JTIOOBIX KOMILTEKCHBIX YHCeNa U b crpaBe-
JIUBBI PABEHCTBA,

Filaf +bg] = aFy[f] +bF.lg)  w  F_[af +bg) = aF_[f] + bF_[g].

29. Hoxkaxkute, 970 GOPMYIbl OOpaINeHNs CIIPABE I IHBbI /5T KOMILTEKCHO-
3HAYHBIX (DYHKINIA, & He TONBLKO JJS BEIeCTBEHHO-3HAYHBIX, KAK OBLIO /10-
Ka3aHO B TEKCTe.

Cuuras @ BEleCTBEHHBIM YHCIOM, & f : R — C HenpepbIBHOR abCOMIOTHO
HHTErPUPYEMOil GhyHKIINEH, TOKAXKUTE CIeIyOIINe PaBeHCTBA U HaliauTe X
aHaJIoTH 1jisi 00paTHOro npeobpasoBanust Pyphe.

30. F [e" f(2)](y) = Fi[f](y — a), T. e. capur no dase y dbyHxuum
OPHUBOIUT K CABUTY IIO apIyMEHTY y eé mpeobpasopamua Dypoe.

31. Fi[f(z—a)l(y) = e " Fy[f](y), 7 e. camur 1m0 aprymenty y bynk-
MW TPUBOIUT K cABury mo ¢dasze y eé npeodbpazosanus Oypre.

-~ ~

32. Fi[f(z)cosaz](y) = [f(y —a) + f(y + a)]/2.

~ o~

33. Fi[f(z)sinaz|(y) = [f(y —a) — f(y + a)]/(20).

20



34. Tlycrs dhyurnus f u eé mepBas NPOM3BOIHAS HEPEPHIBHBI U aHCO-
JIIOTHO mHTerpupyembl Ha R. JlokakuTe paBeHCTBA,

rlEw=-wrmw o« T e - corne,

o3Haualomue, 9ro npeobpaszosanue Pypbe nepeBoauT (¢ TOUHOCTHIO 10 YH-
CJIOBOI'O MHOXKHUTEJIs) oneparyio 1udhepeHIMpoBaHusa B OIEPAIMI0 YMHO-
KEHUA Ha HE3aBUCHUMYIO TEPEMEHHYIO.

35. Ilycrb dyuxkuus f HenpepbiBHa R u mycrb, KpoMe TOro, (pyHKUUU
f(z) m 2 f(x) abcomrorno mETerpEpyembl Ha R. Jlokaxkure, ato dHyHKIMN f

n f nuddepeHunpyeMbr, TpUaéM

Yy =—ref@le)  n L) =i @)

DTu paBeHCTBa 03HAYAIOT, YTO npeobpaszopanue Pypbe nepeogur (¢ TOY-
HOCTBIO /10 IUCIOBOTO MHOXKHUTEJIS) OIIEPAIIUI0 YMHOKEHNS HA HE3ABUCUM YO
TIEPEMEHHYIO B orepaluio andepeHInpoBaHust.

§ 6. Ilpumep BhIumcaeHnst mpeodbpasoBanust Pypbe

Mycrs a > 0 u dyukuus f : R — R onpenenena dbopmynoit f(x) = e—a@”,
Haiiném fI/I f.
st Havama BHIYUCIMM BCIIOMOTATENbHBIH HHTETPAIT
+o0
J(a) = / e™7" cosz da. (20)
0
WMurerpupopanne mo 4acTsaM maagér
+o00
J(a) = / emae’ d(sinz) =

0

2 oo e 2 e 2
=e¢ “ sinz + 2a / ze * sinzdr == —2a / ze * d(cosx) =
0
0 0
+oo

Foo 2 2
— /(e_‘” — 2ax?e™ )cosxdw] =
0

+oo +oo
_ 2 _ 2
:2a/e ar cosxdx—4a2/x2e 4 cosx dz.

0 0
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3aMeTHB, 9TO MOCEIHNN WHTErPAJT MOXKHO TPAKTOBATh KaK B3ATYIO CO 3HA-
KOM MHHYC MPOM3BOMHYIO IO mapamerpy a or dbyHkmmoHana J(a), MokeM
MIepPenucaTb 3TO PABEHCTBO B BUEC

4]

J(a) = 2aJ(a) + 4a o

(21)

IIpu BoiBome dopmysia (21) mbl BhmoaHUIM TuddbepeHupoBaHue Mo,
srakoM mHTEerpana B (20). Kak n3BeCTHO M3 Kypca MATEMATHYIECKOTO AHAJII-
3a, 9Ta Omepalus 3aKOHHA, eCJIU UCXOIHBIH HHTerpas CXOIUTCS, er0 MO/ TbIH-
TerpajibHasi (QYHKIMS MMeeT MPOU3BOAHYI0 MO NapaMeTpy, U WHTErpaJ OT
9TOl MPOU3BOMHON CXOMIUTCA PABHOMEDHO OTHOCUTEIHLHO TOTO MHOXKECTBA, B
TOYKAX KOTOPOro MINETCs npousBoanas. [IpuMenurensio K uarerpanyJ(a)
npobJeMy COCTABIAET TOIBKO PABHOMEPHA CXOAUMOCTD HHTErPaJia, OT MPO-
MU3BOMIHOM, TO €CTh UHTErpasa

“+oo
/ 2267 cosz dz. (22)
0

®dukcuposas ag > 0, BuauM, 9TO HEPABEHCTBO |$26_‘”’2 cosx| < g2e—a0e’
CIIpaBeJIUBO MJIs BCEX a € [ag/2,4+00) u Beex & € R. Tem caMbIM MBI yKa-
3aJIM MHTETPUDYEMYIO MAayKOPaHTy JJist WHTerpana (22) OTHOCHTENBbHO Ma-
paMerpa @, U3MEHSIONIErocss B MHTepBase [ag/2, +00). [losromy muTErpas
(22) cxomuTCa PABHOMEPHO B MHTEPBAJE (G /2, +00), & 3HAYMT, TOUTECHHOE
nuddepentupoanre uarerpasia (20) 3aKOHHO B JOO0H TOYKE 5TOrO WH-
TepBaJa, B TOM 4HciIe U B To4ke ag. Omauako, ag > 0 ObLIO BBIOPAHO TTPO-
u3BosnbHO. CrenoBaresbho, nHTerpas (20) MoKHO quddepeHIMPOBATE MO
3HAKOM WHTETPAJIA TIPH JIFO0OM TTOJIOKUTEIHHOM d.

Urak, Mbl yOeaunuch, uro ypasuenue (21) cupasemyiuso nis Bcexa > 0.
Pemas 3170 ypaBHenue ¢ pasaensioOninMUCs TEPEMEHHBIMEA OOBIIHBIM 00pa-
30M, MTOCTIEA0BATETBHO MOMYIaeM

dJ 1—2a dJ
— e 227 - _ —
(1—-2a)J(a) =4a 1o’ a2 da 7
1 1
InJ=———-lna+C, J(a) = 26_1/4‘1, (23)

da 2 Vva
rae C; u C = e“' — mekoTopble moCTOsTHAEEE. TaknM 06pa30M, MbI HAILINA
Bbipaxkenue (yukiumu J(a) ¢ TOYHOCTHIO 10 NOCTOSHHOrO MHONKUTENA C|
KOHKPETHOE 3HAYEHNE KOTOPOro OyaeT HalaeHO mo3xKe.
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ObparuMcesa coGCTBEHHO K BBIYUCJICHUIO TPSIMOTO Tpeobpazoanust Dypbe
2
dbyukuuu f(z) =e % :

o~

fly) =

e Y dg az’ [cos zy — isinzy] du.

g [ g [
[Tocneanuil MHTErpas MOJyYeH ¢ HCoab3oBanueM bopMy.bl Ditnepae’® =
cos ¢ + isin ¢. IlockoMbKY MHUMas 9acTh €ro MOABIHTErpaibHOl (hyHKIIN
HEUETHA 10 T, TO WHTErpaJl OT Heé paBeH HYJI0. BerecTBenHas ke 4acThb
ecTh (DYHKITHsT YETHAS ¥ HHTETPAJ OT Heé TI0 CAMMETPUIHOMY OTHOCUTETHHO
HyJid POMEXKYTKY PABEH YIBOEHHOMY WHTETPAJIY IO TMOJOBUHHOMY IIPOME-
KyTky. [Tosromy

~

fy)

_ 2
Y cos xy dx.

2
=—— [ e
V2m

0
Cuanrast y OTJIMYHBIM OT HyJIsl, CIEJaeM B TIOCJIEIHEM WHTerpaJe JnHed-
HYIO 3aMeHY MePEMEHHO, MOJ0KUB T|y| = z u Bocmosb3yeMmcs (HOpPMYJIoi
(23) masa maTerpana (20):

“+o0

~ 2 2, 2
f(y)zi/e_az V" coszdz =
2
lylvam

2 C|y| oY /4(1_ 2C e_y2/4a7 (24)

T yVer Va© V2ra

rae nocrosinHag C' BCE emré 0CTaéTcsa HeOmpeaeIEHHOI.

Bere mbt BoiBesiu opmyaty (24) nus Becexy, He paBHbIX Hy10. Jlokaxkem
Temepb, UTO OHA crupaseinuBa u jajas y = 0. Jnsg sroro, mpexae Bcero,
3aMeTHM, YTO MpaBasi YacTh GopMyIsl (24)

2C e—y2/4a

—
Y V2ma

ectb YHKIUS HEMpepbhiBHAS Ha Beell unciaoBoit nmpsimoii. Jlanee ybemnmcst,
970 U JeBast 9acTh GbopMmyssl (24)

y— fly) = \/ﬂ / ar® =iy iy

TakXKe sABJsiercss (QYHKIMEH, HeMpepPbIBHOW He Beell Yuc/IoBOi mpsiMoil. U3

KypCa MaTeMaTU4IeCKOr0 aHAJIN3a Bbl 3HAETE, YTO MHTErPAJI, 3aBUCAINNN OT

napamerpa (B HAIIEM CJIydae — OT Y), HEIIPEPBIBEH, €CJIU TIObIHTErPATbHAL
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GbyHKIMSA HETPEPHIBHA II0 Y, & MHTErPAJI CXOAUTCA PABHOMEPHO OTHOCUTE b=
HO y. B Hamem ciydae HENPEPHIBHOCTH TOIBIHTErPAIBHON DyHKIINK

IO MapaMeTpy ¥ OUYeBUIHA, & PABHOMEpHAs CXOINMOCTh WHTErpaja cjleayeT
U3 HAJIM9Ws WHTETPUPYEMOI MayKOPAHTHI:

|€7aw2€7i:vy‘ S efazZ'

Taxum 06pazom, (24) yTBEPKIAET, 9TO IBE HENMPEPHIBHBIE (DYHKIIUYM DAHBI
npu Beex y # 0. Ho Torma atu dhyukmuu pasuot u npuy = 0. Ciegosaressb-
HO, PaBeHCTBO (24) crpaBemInBO JJIsi BCEX Y.

Yrober HaitTu nocrosiaayio C'; MbI KaK pa3 U MoJACTaBuM 3Hadenue y = 0

B dbopmyny (24):

+oo
2C ~ 1 2

= f(0) = — e " dzx.
V2ma ) V2T /

Crenas B mocjeHeM MHTErpaJie 3aMeHy IIEPEMEeHHOR t = y/ax, moryanm

+oo
2C 1 / g2 gt
—_— = — e .
V2ma V2ma

Orciofa, uCnoab3ysi U3BECTHOE BaM M3 KypPCa MATEeMATHYECKOTO AHAIW33
3nadenne unarerpasa Ilyaccona

—+o0

/ et dt = VT,

— 00

naxomum C = \/7/2 n

2oy — L —y?/da

IIpu a = 1/2 31a popMyaa CTAHOBUTCSA OCOOCHHO H3SIIIHOM:
(e~ (y) = e /2.

CroBamu €€ MOXKHO BBIPA3UTH TaK: (DYHKIIUS T e=*"/?) gpnmerca cob-
CTBEHHBIM BEKTOPOM HPsIMOro npeobpasoBanus Dypbe, orBedaromumm cob-
CTBEHHOMY 3HaueHu0 1 (Hy?KHO JINIb BCIIOMHUTD, 4TO Tipeobpaszosanue Dy-
Pbe JINHEHWHO, & B KypCe JIMHEHHO aJireOphl BbI HA3BIBAIN HEHYJIEBOH BEKTOPD
v, YIOBIETBOPSIONINN paBeHCTBY Av = Av, COOCTBEHHBIM BEKTOPOM JIMHEH-
HOrO oreparopa A, orBevaronuM cOOCTBEHHOMY 3HAYEHUIO ).
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.o p— 2
Haxkonen, mafingém obparnoe mpeobpasosarme Pypobe or f(z) = e **
Hawnbonee nmpocro caemars 310, BeIpasuB obparHoe nmpeodbpasoBanune Pypbe

byHRIME Yepe3 e€ mpsaMoe IpeodpasOBaHUE:

+oo
1 WY Jp =
fly) = \/ﬁ/ f($)€+ dx =

+oo
- = [ @ dn = Feg) = e

B wacrHOCTH MBI BUAMM, 4TO NMpsAMoe W o0parHoe mpeobpasosanus Pypbe
or dyukuuu f(r) = e %" coBmasaT MEXILY COBOIi.

3amgauanm

Haiinnre npsamoe u obparuoe npeobpazoBanus Pypoe crenyomux GyHk-
A

36.
s ={ St
37. <1
sm={ 5 et
38. <1
ro={ 6 s
59 Fa) = { 22, ecmm |z| <1,
' 1 0,  ecmm |x| > 1.

40. f(z) = e~ /2 cosaz, a € R.
41. f(z) = e * /?sinaz, a € R.
42. f(z) = e~ /2¢i0r g € R.

43. f(x) = ze~ "l a > 0.
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44.
d

flz) = %(xe_m.
45. d 5 .
f(@) = oo (@%emh,
46. .
ra={ 5
47. <
o = { s
48. .
o ={ g s
49. ir 0
10 ={ 0 oy
50. 1 1.2
1= { 0 oo eayane
51. 1
f(z) = 1+ 22
52. A1
@)= w1

53. JlokaxmuTe, 9To ipeobpasosanne Oypobe bynkmmn f(z) = 1/(1+2'2)
HMeeT HelPEePLIBHYI0 IPOU3BOIHYI0 JECATOr0 HOPIIKa.

54. Jokaxure, uro npeobpasosanue Pypbe dynkimu f(x) = ze~lol’
saBasgercsa deckonedno auddepertmpyeMoit pyHKIIReH.

55. Jokaxkute, 9T0 mpeodbpazosanne Pypbe aOCOTIOTHO HHTEIPUPYEMOI
Henpepoisaoit dynxmuu f : R — C apigercs BemecTBeHHO-3HAYHLIM €CIIH
U TONBKO ecam paseHcTBO f(—x) = f(x) cupasenmmuso nost Beex x € R.

56. Ilycrs f : R — C — abconoTHO uHTErpupyeMasi HelpepbiBHAs
dyukiusa. Hokaxkure, urof = f ecau u TonbKo eciu f — yérHast DYyHKIUS.
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§ 7. BricTpo yoObIBarorue byHKIIUN

peapraymum naparpadoM 3aKOHYEHO 3HAKOMCTBO € [EPBOHAYABHBI-
Mz pakTaMu Teopun npeobpasopanus Pypre. B mocenyromux maparpadgax
MbI BCTaéM Ha 60/1ee MPOJBUHYTYIO TOUKY 3PEHUST U PA3BUBAEM TEOPHIO TPe-
obpasoBanus Pypbe st TAK HA3BIBAEMbBIX OBICTPO yOBIBAIOIINX (DYHKITHH.
OTO TO3BONAET HAM HE AEJIATh Pa3audnd Mexay npeobpasoBamusgvu Dy-
pbe bYHKIUN OJHON WIH HECKOJIbKUX MEPEMEHHBIX, a TAKKE CYNIECTBEHHO
YOPOIAeT TeXHUYIecKue netaau. Hauném c onpemenenmii.

Oupegenenue 1. Myasmuundercom a Ha3bIBaeTCA BEKTOP (1, g, . . . Qi ),
BCe KOMIIOHEHTBI (¢vj; KOTOPOIO — HEOTPUIATe/IbHbIE 1esble ynucia. [Ipu stom
YUCIIO N HABBIBAIOT JAUHOT MYALMUUHIEKCa, TUCTO |a| = ag +ag+- - Fay,
— €ero 6ecom M 4acTO HCIOAb3YIOT obo3HaudeHme ! = ap! - ag! - -+ - ayl.
Cymmoti 1ByX MyJbTHUHIAEKCOB v U [ HA3BIBAIOT HOBBIA MYJbTHHUHIEKC
(a1 + b1, a0 + Bay - .., + Br), 0603HATAs ero Yepes a + (. [TumyT o < 3,
ecnm Jns Beex j = 1,2,...,7n BRIIONHAIOTCA HepaBeHcTBA o < B4, Jna
moboro Bekropa x € R™ npoussenenue 7! - 5% - - -+ - 2" KPATKO 3aIUCHI-
BaOT Kak £, a Jyist moboit (mocrarouno raankoit) dyukuuu f 1 R — C eé
[IPOU3BOIHY O

olelf

« @ 20
Ox{" - 0x5” - ... 0xp

KPATKO 3aMUCHIBAIOT Kak DY f. D1 0603HaUEHNs CYNIECTBEHHO COKPAIIAIOT
dbopmyIbI.

Onpegnenenne 2. Oyukuuw f : R™” — C naseBaor Ouicmpo ybviea-
towed, eciu 1) f Geckoneuno mauddepennupyema B R™ u 2) mias xaxkgao-
ro MyJbTHHHIEKCA (v U KAXKIOTO TMOJOKUTETBHOTO YHCIA P HAKAETC Mo-
crogunas K, ), < +oo takas, uro |D*f(z)] < Kap/(1 + |zP mns seex
x € R™. 3gech |x| obo3HAuaeT mIMHY BeKTOpa & = (Z1,%2,...,%n): || =
(@f +af + - 4 ap)' /2

Onpegenenne 3. Oyukmuwo f : R” — C nmassBaor 6wcmpo ybuiea-
rwet, ecin 1) f Geckoneano muddepenimpyema B R™ u 2) must jo6bix
MYJIBTHHHIEKCOB o, (3 dbynxmus x +— x*DPf(z) orpanudena B R™ (1. e.
naiinérea nocrosuuas Co g < +00 Takad, uro [z DP f(x)| < C, 5 nns Beex
x € R™).

Jlemma. Onpedesenus 2 u 8 9K6UBGAEHMHDL.

JlokazarebCTBO JIeMMbL MbI OITYCKA€M, IIOCKOJIBKY OHO UMEET YUCTO TeX-
HUYECKUIA XapaKTep.
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IIpexne wem nmpuBecTn npuMmepbl ObICTPO yObIBaOMNX (DYHKIWH, HATO-
MHUM CJIeayIommii (PakT, U3BECTHBIA BaM M3 KypCca MATEMATHIECKOrO aHAa-
mmn3a; Pyarnusa w : R — R, 3amannas dpopmytoi

fz) = 0, ecimrz <0,
= e /7 ecim x>0,

obamaer cBoiicTBaMu

1) w(z) > 0 nna Beex x € R;

2) w(z) > 0 mgna x > 0;

3) w(z) =0 mna z < 0;

4) w Geckoneuno muddepennupyema B R.

Hanomuum, uro colicTso 4) ycranasauBaercs ciaeayomum oopazom. Ode-
BUIHO, jiuist 006X M > 1 u & < 0 m-a npousBoaHas OYHKINN W B TOYKE
z cymectByer u pasHa 0. Maaykiueil mo m HECJIOXKHO MOKA3aTh, 4TO IJIs
mo6bIx m > 1 u x > 0 m-s npou3BoaHasT (DYHKIUK W B TOYKE & CYIIECTBYET
1 UMeeT BU/J

dm 1
~ (1) =P, ()61/367
X

d xrm

rae P, — HekoTopbiil MHOrOWIeH cremnenu m. 11ockonbKy Ha miaroc H6eCKo-
HEYHOCTH KCIOHEHTa PacTér 6bicTpee JII0O0ro MHOIOYJIEHA, TO HOCAEIHEe
BBIPAXKEHUE CTPEMHUTCA K HYJIIO IPH T CTPEMAIIEMCcd K Hy o cupasa. OTcio-
112 BbITeKaeT, 9To hyHkuusa d"w/dx™ umeet (MepByio) NPOU3BOTHYIO B HYJIE
U OHA PaBHA HYJII0. SHAUNT, W UMEET BCE IPOU3BOAHLIE B HYJE, 4 3HAYUT —
sipsisieTcst 6eckoHedHo nuddepeHnnpyemMoii.

Hanomuum rakxke, uro dyukuus f : R" — C mazeiBaercs gunummot,
€CJIM OHA 3aHYJISETCsl BHE HEKOTOPOIO Iapa KOHeYHOro paauyca, 1. E. eciu
cymecTByer unciao R < 400, takoe uro f(z) = 0 ams Becex © € R™ nya
KOTODBIX || > R.

W3 ckasaHHOrO cieayer, 9To Ipu JoboM Beibopezg € R™ u € > 0 ¢yHK-
s Wy, - : R — R, onpenenénnast Gopmyioit wy, o (7) = w(e? — |x — z0)?),
ob1amaer ceoiicTBaMu

1) wg, e Oeckonedno muddepennnpyema B R” (Kak Cyneprnosnunns MHO-
rounena 2 — |x — xo|? u Geckoneano audbepeHmUpPyeMoil GYHKIIH wW);

2) wy, . GunHETHA, TOUHEE Wy (x) = 0 11 Beex © € R™ Takux, 410 |2 —
x| > ¢ (Bemb A TaKUX T apryMenT €2 — |z — x¢|? dbyHKIMYU W cTanoBUTCS
OTPUIATENBHBIM);

3) Wyy.e CTPOTO MONOKUTENBHA B OTKPBITOM IApe | — Zo| < €.
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HOpyrumu cioBamu, GYHKINSA Wy, o SABISAETCA HEOTPHUIATEIBHON (K HE
PaBHOI TOXKJIECTBEHHOMY HYJI0) Geckoneuno auddepenuupyemoii dbunut-
voii dyukuneit. Takue QyHKIimu OyayT HAM HYXKHBI HE TOJIBKO IPU U3Y-
gerun npeobpazosannst Pypbe. Mur Becerma OyeM MCTOMB30BATE IS HUX
BBeJIEHHOE ODO3HAYUEHUE Wy ¢

Temeps MBI TOTOBBI IPUBECTU TPUMEPHI OBICTPO YOBIBAIOTINX (DYHKITHIA.

1) Jhobas punumnasn beckoneuno duddeperyupyeman PyHKUUL ABAAET-
cs Oviempo yovearowet.

HoxkazarenabcTBo. DUKCUPYEM MYJIbTHHHIEKCHI & U U IPEIOI0KUAM,
aT0 HaM JaHa Oeckoneuno auddepentupyemas bunutHas dyskms f, 3a-
HyJsoIasicss npu seex |z| > R. OueBuaHO, npu 3TOM M €€ NPOU3BOIHAL
D? f zanynsercs npu seex |z| > R. C apyroii cropomnbl, MEOKecTBO |2| < R
KOMIIAKTHO, a 3Ha4nT (1o Teopeme Beliepmrpacca) menpepeiBHAsA byHKIUSA
x +— |2 DP f(x)| mocTuraer Ha HEM CBOETO MAKCHMATBLHOTO 3Hadenusd. O60-
3HAYMB 9TO MaKCUMaJbHOe 3HadeHue depe3 Cy, g, & TOUKY, B KOTOPOil OHO
JTOCTUTAETCS, Yepe3 &, MOKEM HANKCATH

sup |2 D7 f(x)| = sup [¢*D f(x)| < Ca,p < +o00.
wER™ j2|<R

Ha ocnoBanun onpeaenenns 3, orciofa ciaemnyer, 9o f — ObICTPO yOBIBAIO-
masg QyHKIH.

2) Ecau ay,az,...,0, — NOAOKHCUMEAbHBE YuCAG, MO Pynkyus f(T) =
flz1, 29, zpn) = eI —a2BZ = —aAnTL o aemen bviempo ybuisarowet.

Jdoka3aTeJabCTBO CIelyeT U3 TOrO, YTO JiI00ast npou3BoaHas PyHKIUM f
UMEET BUJT «MHOTOUJIEH OT X1, L2, . . . , Ln, YMHOXKEHHBIN Ha f», a IKCIIOHEHTA,
Ha, TLUTIOC OECKOHETHOCTH PACTET ObICTPee JII0OOT0 MHOTOUIEHA.

OrmeruM, uTO (DYHKIUS U3 IpUMepa 2), ABJssACh GbICTPO YOLIBAIOIIEH,
HE SBJISIETCsI, OTHAKO, (DUHUTHOM!.

O6cymumM mosesHbie 1is faabHeHero cBoiicTBa 6pICTPO yObBaonmx GyHK-
ITIH.

1) Feau f u g — 6uiempo ybusarwujue dynryuy, mo 0ii s066LT KoM~
naexcHux wucea a u b dynkyua af + bg asasemea bvempo yowvearoued.

HoxkazatenabcTBo. To, 4To /uHeliHasds KOMOWHAIMSA IBYX OECKOHEYHO
muddepennmpyembix GyHKInit GeckonevHo auddepeHnupyema — XOPOIIO
uzBecTHO. HEpaBeHCTBO XKe, yYacTBYIOIIee B OIPEIEJICHIE 3, HEITOCPEICTBEH-
HO BBITEKAET U3 CAMBIX ODIIUX CBOACTB CympeMyMa (DyHKIUN:

sup [¢°D°(af +bg)| = sup aa® DP f(z) + bar* D g(x)| <
rzeR™ rzeR™

< Ja| sup [2°D7 f(x)| + [b] sup |¢°D?g(x)] < +oo.
rER™ reR™
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2) Ecau f — Guempo y6uearouwas Pynkyus, mo 0as a106020 Mysbmu-
underca o pynuryus D* f maroce asasemces bvempo yovearowed.

Hoxka3zareabctBo. Jliobas mpoussoanas 6eckomedno auddepeHiupye-
Mot pyHKIHHU siBAseTcst Oeckoneuno audpdepennupyemoit ¢pyuarmmeii. [1o-
sromy D f — beckoneuno mudepennupyema.

C napyroif ¢TOPOHBI, TIOCKONBKY f — OBICTPO yOBIBAIOIIAsI, TO, COTJIAC-
HO ONpEIeIeHno 3, js JO6bIX MYJIBTUUHIEKCOB W Y HalAETCd MOCTO-
aunas Cg ., Takad, uro |2°D7f(z)| < Cs, ana seex z € R™. Ho rtoraa
|28 DV [Df(z)| = 2P DTV f(2)]| < Cpary < +00 aaa Beex z € R™. A
3Haunt, D f — 6picTpo yObIBaromasa pyHKIHA.

3) Ecau f — 6vicmpo ybusarowas Gynkyus, mo 0ai 4106020 MYysbmu-
underca o pynuryus [ asasemea 6vicmpo yoviearowed.

HoxkasarenabcTBo. I3 u3BecTHON BaM M3 Kypca MaTeMaTHIeCKOI'O aHa-
sm3a, bopmyaibt Jlefbruna myist mponssenenns OyHKITHI

CIeyeT, 4To

D% (u - v) ZC’ﬁ (DP) - (D™ Pu),

BLa

re C? — mexoropsie moctostambie. [TosTomy

Y@ fl@) =) K (D7),

0<vy

rie Kg — HEKOTOpbIe TocToAHHbIe. ClemoBaTeabHo,

@D (2 f(2))] < ) |KY] sup |22 HP=2(DY0 f(2)] < +oo,
6<~v

IIOCKOJIBKY KazK/J0€ C/laraeMoe B HOCJ'Ie,HHeI;’I CyMM€ KOHEYHO BBHAY TOro, 4TO
f — OBICTpO yOBIBAET, & YMCIIO CIATA€MBIX KOHEUHO.

4) IIpouseedenue Goiempo youeatouets PyHKUUL Ha MHOZOYACH €CTND PYHK-
YuA 6o.empo yoveaouLas.

JokazaTeJbCTBO HENOCPEACTBEHHO CleayeT u3 cBoiicts 1) u 3).

Bamernm, 9T0, COTIACHO CBOHWCTBY 1), COBOKYTTHOCTB BCEX GBICTPO yOBIBA-
omux GYHKINA, 3aJaHHBIX B npocTpancTee R™, obpa3yer BEKTOpHOE MIpo-
CTPAHCTBO OTHOCHUTEJHHO OOBIYHBIX ONEpPAInil CIOKeHUsT (DYHKIINH U YMHO-
KeHus (DYHKIUKU HA YUCI0. DTO MPOCTPAHCTBO obozHavaior uepes S(R™)
wm S(R™).
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3amgaun

Cuanrast @ u f MyJIbTUHHIEKCAMHE, JOKAXKHUTE CJACAYIONINE « MHOTOMEDHBIE
BApPUAHTHI» M3BECTHBIX BaM (HhopMyI.

57. bBunom Hbrorona:

2By P
(w4 = 3 e,

B<a
rme x,y € R™.

58.

Zﬂla— — 9lel

B<La
59. @opmyna Jleitbauna:
= 3 e (DN ),
B<la
rae f u g — pocrarodHo raagxue pyHkuuu B R™,
60. ®opmysa Teitnopa:
yOt
faty) = > [D*f @)y +r(@)lyl™,
o <m ’
rae z,y € R, a f ur — pyskuuu 8 R, npuyém r — 0 upu y — 0.

61. IIposepsre, uro dbynkus e~ *®l (a > 0), kax u Bce eé mPoOU3BOI-
HbIe, onpeaenéuubie npu x # 0, yobiBaeT Ha GeckoHeYHOCTH OBICTPEE JTI000H
CTENEeHN TIEPEMEHHON T U, TeM He MeHee, 9Ta (PYHKIUs He ABIIgeTcs DbICTPO
yOBIBAIOIIEA.

§ 8. IIpeobpazoBarne Pypre ObicTpO yOBIBaromux byHKIAH

Omnpenenenne. boictpo yosiBatomeit dynkiuu f : R™ — C conocraBum
JB€ HOBblE (PYHKIUH

Fo) = @0 [ fwpe e do

RIL
n
fo) = @n) " [ faye e da,
Rn
n
rae (z,y) = Y, x;y; — CKaJsApHOe Tpomspenenue B R, a i — MHUMAA
=1

eIUHATIA.
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IIpeobpazosanue, nepeBoasinee Gyurmio f B QYHKINAO f, Ha3bIBAET-
csa npamvim npeobpaszosaruem Pypven oboznauaercsa wepes Fly. IIpu stom
caMy (QYHKIHIO J? = F.[f] nazpiBatoT npamoim npeobpazosanuem Dypve
dyuarIMY f.

AHAIOrHYHO, IPeobpa30BaAHEe, IepeBosIIee f B [, HABIBACTC 06pam-
HotM npeobpasosanuesm Pypven obozuadaerca depe3 F_. Ilpu stom dynk-

maro f = F_[f] masemator obpamuwm npeobpasosanuem Pypve byHKImn

OTMeTuM, 9TO MHTErpajibl, 3aJAI0NIHe MPIMOoe U obpaTHoe mpeodbpaszo-
Bauusi Oypbe, ABIAIOTCA CXOAANIUMUCS, TOCKOIBKY MOIYIb IKCIOHEHTHI €
9HCTO MHHUMBIM MTOKA3aTeIeM PABeH €IUHUIE, U, IJId Jiodorop > 0, ObICTPO
ybbiBaromasa GyHKIwsA f JOMyCKAET OIEHKY

C
<77
14 |xlp

/()]

CIPABEIUBYIO C HEKOTOPOH mocrosuuoit C' < +oo st Becex @ € R™. 3ua-
9HT,

‘SL,
L+ fafp

[f(@)eT V)| = | f(x)

a, KAK M3BECTHO M3 KypPCa MaTEeMaTHIECKOTO aHATN3A, TIOCTeT s (DYHKITHS
WHTETPUPYEMA, TTO BCEMY MPOCTPAHCTBY R™, eciim TONBKO p > n.

OrmeruM Takeke, 4To npu 1 = 1 onpenenenune npeodbpaszopanusa Pypobe,
JIAHHOE B HACTOAIIEM Maparpade, COBIAIAET ¢ OIMPeIeJeHIueM, JTAHHbIM Pa-
Hee B § 5.

Paccmorpum Hanbosee yrnorpedurenbhbie cBoiicTBa nipeodpazoBanus Py-
pbe OBICTPO yOBIBAIOIUX (DYHKITHTA.

1) (JImmeitnocts). Jas awobwz a,b € C u mobwz f,g € S(R™) cnpased-
auev, pasencmea Fylaf 4+ bg] = aFy[f] + bFy[g].

Jloka3zaTeabCTBO HEMEJIEHHO CIEAYeT U3 JUHEHHOCTH WHTErpasia

Filaf +bg)(y) = (2m) /2 / (af(z) + bg(x)]e T dz =
R’!L

= a(%)_n/z/f(ﬂf)ey(r’y) d93+b(277)_n/2/Q(I)eﬂ(r’y) dx = aF[f](y)+bFx[g](y)-
R R»

2) Jaa 4106020 mysvmuunderce o u 410600 6vempo yowearowed dymx-
yuy f cnpasediussbs pasencmaea

Fila® f(2)] = (£0)l*'D*(FL[f]).



,Z[OKa3aTeJII)CTBO BBITEKACT U3 CJICAYIOMIECT'O BBIYUCICHUA
D (Flni)) = D |22 [ e ae] -
R™

= (muddepeHnupyem no 3HAKOM MHTErPANa) =
Olel g Filmryr+-+znyn)
Ayt ... 0y

— (2m) "2 / F@r, .y an) dos ., —

Rn

= (27r)_”/2 /($im1)‘“ e (Fixn) O f (21, . ,xn)eﬂ(“yﬁ”*‘””y”) dzy...dx, =

R

= 0)lem) 2 [ fa)em e do = () Fala® f(@)(0).
]R'n,

JL71st 3aBepInenns J0Ka3aTeabCTBA HAM OCTAJIOCH ODOCHOBATH 3aAKOHHOCTH
gudPepeHIMPOBaHAA O, 3HAKOM HWHTerpasa. Jast 9Toro, Kak M3BECTHO,
JIOCTATOYHO yOeIUThCs B PABHOMEDHOH CXOMUMOCTH HWHTErPAJad OT MPOU3-
BOJIHO TI0 TTapaMeTpy, B HAIIIEM CAydae — MHTErpasia

/x"f(x)ej”(””y) dz.

R™

Ha ocnosanuu teopembr Beiteprirpacca, Mbl MOXKeM ObITH YBEPEHBI, UTO MO~
CJIeTHUN WHTETPaJl CXOAUTCH PABHOMEDPHO, €CJIM TOJBKO MBI CMOYKEM HalTH
MHTErPUPYEMYIO MarKOPAHTy AJd €r0 HMOAbIHTerpaabHoil (yukmun. Takas
MaxKOpaHTa, JefcTBUTENbHO 0e3 Tpya MOKeT ObITh yKa3aHa, Had0 JIULIb
IPHHATH BO BHEMaHue, 910 pyHKIusd © — x° f(x) aBasgercs ObICTPO yObl-
BaIOH.[efI, a MOAYJb 3KCITOHEHTHI C HUCTO MHUMbBIM TTIOKa3aTeJieM pDaBeH eau-
HUTIIE:
2 F(@)eF O = o f ()] < —

r7e B Ka9eCTBe D CJIeayeT B3aTh Jirob0# dncmo 66bimee n.

B manbreiiem Mb1 He 6yaeM AeTaaIbHO 000CHOBBIBATH 3AKOHHOCTD OTIePa-
Ui, KOTOpbIE HAM IPUJAETCA MTPOU3BOIUTD O] 3HAKOM UHTETrPaJjia, OCTaBJAs
COOTBETCTBYIOLIME BOIPOCHL YuTareto. Ilpuunna Kpoercs B eauHooOpasuu
MOJOOHBIX PACCYXKICHUN: KAXKIBI pa3 peIIafolnly0 pPolb UIPAeT HATIIAEe
I/IHTerI/IpyeMOﬁ MaXKOPaHTbhI Y HEKOTOPOT'O BhIPDaXKCHUA; CaMa 2Ke MazKOpaH-
Ta KaXK/IBIH pa3 cTpouTcs 6e3 mpodieM, MOCKOIBKY MBI paporaeMm ¢ ObICTPO
yobiBaommMu Oy HKITUIMUA.
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3) daa mobozo myavmuunderca o u A100017 Guempo youearowets dym-
yul f cnpasediusss pasercmaed

Fi[Df(2)](y) = (Fiy)* (FLf)(y)-

JIoKa3aTeJIbCTBO BLITEKAET U3 CIAEIYIOMUX BbIUUCICHIH

FLD"f(@)(y) = (21) ™/ [ D p(a)e™om do =
]Rn

:(HpeBpamaeM KPATHBI{ WHTErpaJl B TOBTOPHBIN, BBINIE A B KAYECTBE BHY-
TPEHHEro OMHOMEPHBIN HHTErpas 10 MEePEMEHHON 1)=

—+o0
al—1
_ (27r)_n/2 / / i 716‘ | f eTFiz1y1 dxy eFi(@2y2++2nyn) dzy . ..dz,,.
Oxy [0z~ 0x5? ... Oxpm

Rr—1 —o0
(25)
Nurerpupys BHYTPEHHUN WHTEIPAJ MO JACTAM, TMOIYyIAeM JIJisi HErO CIIeTy-
I0II1ee BbIpasKeHue

—+oo

—+o0 _
olol=1f .
— i e T 1Y dgy.
/ Fiwn) dx T 1oxs> . oxpr !

olalf

&) @ @
a$118$22.-.8$nn

eFiz1y1

— 00
— 00

[Tockonbky dyHKums f — ObICTPO yObIBAIOWIAA, TO BHEMHTEIPAJIbHbIE CJIa-
raeMble 3aHyJISTIOTCsT. [109TOMY MBI MOYKEM MIPOJIOJIKITEH PABEHCTRO (25) cie-
AYIOmuM 00pa30M:

glel-1r

Fi(z,y)
e dz.
18x(2’2 ...0zan

Fe(D° (@) () = <iv:y1><2w>"/2R[ o

Takum obpazom HaM yAaJIOCh MOHU3NTH TOPSAOK Aud dbepeHmpoBaHmst
O TEPEMEHHON T Ha eWHUILY, HO TTPU ITOM H3-TI0J] 3HAKA WHTErPAJIa, «BbI-
CKOYMT» MOTIONTHATETHHBIN MHOKUTEMb +iy,. [IpuMenss moaobHbIe paccy-
JKJIEHUS MHOTOKPATHO K KAXKIOW U3 TEPEMEHHBIX L1, L2, . - . , Ly, MBI MOXKEM
[IOJIHOCTBIO M30aBUTHC OT NPou3BOAHbIX GyHKumH f. IIpu 3TO0M MBI HOITY-
qUM

Fe[Df(2)](y) = (iiyl)m(iim)“z~~-(iiyn)“"(%)*”/z/f(x)ejFi(I’y) da = (£iy)* F[f](
R

CeoiicTBa 2) ¥ 3) HHOT/IA BBIPAKAIOT CJIOBAMHU, TOBOPs, YTO MPpeoGpa3oBa-
are @ypbe TepeBOJIUT, C TOYHOCTHIO 10 TTOCTOSHHOTO MHOMKHUTE S, OTIEPALIAIO
YMHOXKEHUS HA HE3ABUCUMYIO TIEPEMEHHYIO B omeparuio auddepeHmpoBa-
HUST 1 HA0OOPOT.
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4) Mycmv A — nesvipootcdentan n X n-mampuya, b — n-meproti eexmop
u f:R" — C — 6ocmpo ybusarues Pynwkyus. Toeda

Felf(Az+b))(y) = |det A~ = @A R f(2)((A7)"y).

Brecs A~ obosragaer marpuiy, obpaThyio K A, a (A~1)* obosnadaer Mat-
puiy, conpskéaHyio K A~ T. e. Takyro (eOMHCTBEHHBIM 0GPA30M OIpe-
JIENIEHHYI0) MATPHUILY, UTO IJIs JIOOBIX BEKTOPOB u,v € R™ cmpapeniuso
pasencreo (A~ u,v) = (u, (A71)*).

Jloka3zaTeabCTBO HENOCPEICTBEHHO CeayeT u3 (POPMyJIbl 3aMEHbI ITe-
PEMEHHON B KPATHOM HWHTErPaJIe:

Flf(Az + D)) = (2) 7 [ f(An 4+ 0)eme do =
R’n

=(memaeM 3aMeHy mepeMeHHBIX Ax + b = z)=

= (27r)‘"/2/f(z)eﬂf“’lz—f"lbvy)\detA|—1d:c =

Rn

— | det A|flei<y,A*b>(2ﬁ)fn/2/f(z)ew,wl)*y) ds —

Rn
= |det A| LAV EL[f(2) (A7) *y).

CaoiicTBo 4) IOKa3bIBaET, KaK MeHsercd npeobpasosanue Pypobe, Korpa B
HCXOOHON (DYHKINH JeJaeTCH IUHeHiHad HeBBIPOXKICHHASA 3aMEHa, IIePEMEeH-
HbIX. Huxke MBI IPUBOZMM B3 HaubOIee 9acTO HCIONb3YEMBIX CIIEICTBHS
ceoifcrsa 4).

5) (Teopema o cuasure.) Fcau f : R" — C — Gucmpo yoweaowas
Ppynruyua, a xg € R™, mo

Fi[f(z = 20)](y) = T @™ FL[f](y).

Joka3aTeabCcTBO MOXKET ObITh [IOJIyHE€HO HEIOCPECTBEHHBIM [IPUMEHE-
HUeM cBoiicTBa 4) uisi caydasi, Korja A — eTuHUIHAS MaTpuna, ab = —xg.
Ormerum TonbKO, uTo npu 3tom A~ = (A™1)* Takske sBigeTca enuHUUHOI
MaTpUNEen.

CroBamu TeopeMy o casure GhOpMyTUPYIOT Tak: mpeobpasoBanne Oypobe
NEPEBOAUT CABUT O aPIyMEHTY B CABUT 1O (ase.

6) (IlpaBuiio usmenenuss maciuraba.) Ecau f : R — C — Guempo
You6a0uan PYHKUUA, GG — OMAUNHOE O HYAA GEULECTNEEHHOE YUCAO, O

Fe[f(a))(y) = — Falf@)(Y).

R a
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JokazaTeabcTBO 0NATh MOXKET OBITh TIO/TY Y€HO HETIOCPEICTBEHHBIM TTPH-
MEHEHHUEM CBOHCTBA 4). Ha stor pa3 BekTop b Hag0 CUMTATH PABHBIM HYJIIO,
a Marpuny A — IMAroHaJIbHOMN, Y KOTOPO HA TJIABHON IMATOHAIH CTOHUT
qUuCcjIo a:

a 0 0
A 0 a 0
) a
IIpu srom det A = a™ u
a ! 0 0
A_l _ (A_l)* _ 0 a_l 0 ’
0 0 é;.l

a suaunt (A~1)*y = y/a.

7) Kax npamoe, max u obpamuoe npeobpazosarnue Oypve nepesodum npo-
cmpanemeo dvicmpo yowsarouwux Gyurkyul 6 ceba. lpyrumu crroBamu, Ka-
KoBa Obr Hu Obuta Gyekmus f € S(R™), o6e dbyukmun FL[f] npunamiexar
S(R™).

HokasatenbeTBo. CymecTBOBAHNE BCEX TPOU3BOMHBIX y (hyHKImil Fly | f]
y¥Ke YCTAaHOBJIEHO B cBoiicTBe 2). [loaTOMY mOCTATOUHO yOEIUTHCS JIHIb B
TOM, 9TO JI7TsT TIOOBIX MyThTHIHIeKCOB 1 3 byHkIms y +— |y DP Fy[f(2)](y)]
orpauudena B R™. ]Iy 9T0T0, B CBOIO OYepehb, JOCTATOYHO YOEIUTHCS, ITO
9Ta QPYHKIMA CTPEMUTCA K HYJIO [PU Y CTPEMSIIEMCH K OECKOHEYHOCTH.
Ho ecrm y = (y1,- - -, Yn) CTPEMATCA K GECKOHEYHOCTH, TO XOTS ObI OTHA W3
€ro KOMIIOHEHT cTpeMuTcs K Geckonednocrn. He orpanmuumsas obmHOCTH,
MOYKEM CUUTATH, 9TO UMEHHO ¥, — +00.

CornacHo cpoiicrBam 2) u 3) 6bicTpo yObIBaomux (MyHKIMHA, HyHKIUsA
x — D¥(2Pf(z)) apnserca 6uicTpo yobBatomeil. O603HATMM €8 Hepes g.
Torma moxkeMm Hamucarhb

ly* DPFL[f(@)](y)] = [Felg(2))(y)| = (2m) 7"/

/g(z)e:Fi(z’y) dx

Rn,
—+oo
— (271-)—?1/2 / eTi@y+ - trn1yn_1) [/ 9(1‘1, o 7xn)e¥imn,yn dxn} dzy...dz,_1|.
Rn—1 o0

(26)




[Tpu buKCHPOBAHHBIX 3HAYECHUSIX TIEPEMEHHBIX L], . . . , Tp—1, QYHKIUA Ty
g(x1, ..., Tpn) OMHOTO BEMIECTBEHHOTO MEPEMEHHOTO X, ABJISAETCA OBICTPO yObI-
Balorieii. B wacrHocTu, ona mHTErpupyeMma Ha Bceit duciaoBoit mpsmoit. Cie-
JOBATEILHO, YCIOBUsT JeMMbl Pumana—/lebera 1151 GECKOHETHOTO TPOMe-
JKYTKA BBINOIHEHBI JIJIsl MHTErPAJIa, CTOAIIEro B (26) B KBaJIPATHBIX CKOOKAX.
3HauuT, CaM 3TOT WHTErPAJ CTPEMUTCS K HYJIIO TIPUY,, — +00. [lepexoas B
dbopmyne (26) k npeaeny npu y, — +00 mo 3HAKOM (1 — 1)-MEepPHOrO WHTe-
rpasia, BUIUM, 9TO BCE BhIpazkeHue (26) CTPeMUTCS K HYJIO TIPAY, — +00.

8) (Dopmyaa obparttenust.) iz 41060t 6vicmpo yowearowed Phynryuy
f R — C cnpasedauen, pasencmea FL[F_[f]] = f u F_[Fi[f]] = f-
Jpyrumu coBaMu, MOCTEIOBATEIHFHOE TIPUMEHEHNEe TPSIMOTO B OOPATHOTO
npeobpazosanuii Pypbe He n3Menser QyHKIUN.

Hokasareabctso. s n = 1 dhopmyna obpameHnst yzKe yCTAHOBJIEHA,
Hamu B § 5.

Hokaskem dopmyny FL[F_[f]] = f nnsn = 2:

PLP- (@) = o [ FoAnpmde w0 dyydys =
R2

1 . )
R2 R2

[Momwaysice Tem, uTo byHKIust f — OBICTPO yOBIBaOMIAS (DYHKIUS, H3MEHUM
MTOPSAI0K WHTEIPUPOBAHUS:
1 i =
FLP_(fl)a) = 5 [ [ et x
T

R2

+oo  +oo
1 ) )
X | —— t1,t2)e Y dty se” Y dyy | dtadys.
{m/{/f(l 2) 1} y1:| 20Y2

Bruiparkenne, crosiniee B hUrypHBIX CKOOKAX, MPeICTaBIsIeT COOOH OHO-
MepHOe (IIOCKOJIbKY to HE YUACTBYET B MHTErDUPOBAHUU U BbIIOIHSET POJIb
napamerpa) obparHoe npeobpazosatue Dypbe dynkuuuty — f(t1,t2) on-
HOro nepeMeHHoro t1. Kpome Toro, BhIparke€HWe, CTOSINEE B KBAAPATHBIX
cKODKax, npejcrapiser coboil ojgHoMepHOe npsiMoe npeobpasoBanue Pypbe
oT (hyHKINH, 3aIMCAHHON B (PUrYypHBIX CKOOKax. IlosTomy, Ha OCHOBAHHH
OTHOMEPHOHN (HOPMYJIBI OOPAIEHHUsI, 3aKII0TAEM, UTO BBHIDAKEHWE B KBAJl-
paTHBIX CKOOKax pasHo f(x1,t2). CremnoBaTesbHO,

Fy[F_[f]](z) ! //eH(twruW)f(xhtz)dtzdy2~

T or
R?
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[Mocnenuwit uaTerpast npeobpasyem mogo0HO TOMY, KAK MbI TOCTYTIAJN PAHb-
e, T. €. TPEBPATUM KPATHBIN WHTErpaj B MOBTOPHBIN, PA3TVISIUM TaM Of-
HOMEpHBIE IpAMoe M obparHoe Ipeobpaszopanusd Pypbe U BOCIOIb3YEMCS
OJIHOMEPHOH (bopMyJIoil obpaleHus:

FLIF_[f]](z) = \/% 70{\/12? 70f($17f2)€+it2y2 dtz}e_mz” dys = [ ().

Tem cambiv pasenctso Fy [F_[f]] = f aoxazanmo mpu n = 2. Ero moka-
3aTeabCTBO B OOIIEM CIydae, PABHO KAK U JO0KA3aTeIbCTBO BIOPOrO PaBeH-
crea F_[F}[f]] = f, NpOBOAUTCS COBEPIIEHHO AHAJIOIUYHO. I109TOMY MBI UX
OITyCKACM.

3agaunm

62. Joxaxure, uro npeobpaszosanue Dypre byukmumz — e?l (¢ > 0)
6eckoredHo muddepeHpPyeMo Ha BCEH YUCIOBOM MTPSIMOiA, HO HE SBIISETCI
ObICTPO yOBIBatOIIEH (DYyHKIIHEHH.

§ 9. PaBencrBo IlapceBaja

Teopema(papercrso [lapcepassi). Jas 4106612 6oicmpo youearowus dymx-
yut f,g: R” — C cnpasedauso pasencmeo

/f dﬂc—/f dx—/f 2)5(@)

2de wepma, Kak 00BLUHO, 03HAMALT KOMNAECKCHOE CONPANCEHUE.
JokazaTeabcTBO pa3obbLEM HA TPU FTAIA.
Ha mepBom 3Tame ycTaHOBUM DABEHCTBA

[ Falgto)do = / @i w [ f@gerdo= [ f@)gta) d.

R R R R

TO eCTh IIOKAXKEM, YTO CHUMBOJIbI [IPSIMOIO U 00paTHOro npeodbpazopanus Py-
Pbe MOYKHO MMEPEHOCUTDH C OJTHOTO COMHOYKUTENISI HA JAPYTOil IO 3HAKOM WH-
TerpaJia.

Yro0b!r yOeauThCst B 9TOM, JOCTATOYHO, MOJL3YSCh TeM, 9T0 (DyHKIuu f
u g — GbICTPO yOBIBAIOIIHE, U3MEHUTD TOPSIOK HHTEIPUPOBAHUS:

/f z)de = /[/f(y)e‘i(“”y) dy}g(w) dr =

R”L R’IL
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= /{/g(x)e_i(r’y) dm}f(y) dy = /f(y)g(y) dy
ke

]Rn Rn
Bropoe paBeHCTBO, COCTABIIAIONIEE TIEPBHIN ITAI, NOKAZBIBAETCA AHAJIOTHY-
HO.
Ha BTOpOM 3Tame ycTaHOBUM paBEHCTBA

f=fr m f=/
TO €CTHh MOKazKeM, 9YTO IPpU «ONMyCKaHUN» KOMIIJICKCHOTO CONPAXKEHUA PI-
MOe u obparHoe npeobpasoBanus Oypbe MEHAIOTCH POJIAMU.
B camom gene, momb3ysach T€M, 9TO KOMILIEKCHOE COMPSIZKEHUE OT IIPO-

WU3BeJIEHNS KOMIIEKCHBIX YUCeJl PABHO IIPOU3BEJIEHNUIO NX KOMILJIEKCHBIX CO-
NpAXKEHU, TMeeM

=

() = (2m) 12 / f(@)eiten) dx = (2m) "2 / F@e @9 dr = F(y).
R» Rn

Bropoe paBeHCTBO, COCTABJIAONIEE BTOPOI STAI, TOKA3BIBAETCS AHAJIOTUIHO.

Haxomer, Ha TperbeMm dTame mokaxkem coOcTBeHHO paseHcTBO Ilapcesa-
ng. JIas 9Toro mociesoBaTeIbHO BOCIOAb3yeMcsa (popMysoit obpalmeHust u
pe3yabTaTaMy TEPBBIX ABYX ITANOB JOKA3ATEIbCTBA:

/f dx—/f dx—/f )dxz/f(x)%dm
Er

Bropoe pasercrso ITapceBansg m0Ka3bIBAETCA aHAJIOTHTHO.

3amgaun

63. Ilycrb ¢(z) u 1 (p) — Gbicrpo yobBaomue byHKUMH BEIIECTBEHHBIX
[EPEMEHHEBIX T U P COOTBETCTBEHHO, IPAYEM IYCTh ¢ ABJISCTCA IPeodpaso-

—+oo +oo
Barnem @ypoe ot ¢ (T. e. v = @) u [ |p(@)|*dz = [ |[¢(p)]Pdp = 1.

—0o0 — 00

B takom cayuae dynkmun |¢|? u [1]? MoxHO paccMaTpEBaTh KaK MIOTHO-
CTH pacIpeiesieHus BepOsiTHOCTeH CTYYafiHbIX BEIUIUHY U P. B KBaHTOBO#
MeXaHUKe TMOKA3LIBACTCA, YTO COOTHOIIEHUE 1) = $ TIO3BOJIACT WHTEPIPETH-
POBATDH CIyYaifHble BEIMYUHBI T H P KAK KOOPIUHATY U UMITYJIhC KBAHTOBOIM
YACTHIIBL.

a) TTokazKuTe, 4TO CABUIOM TI0 apryMeHTy (CHelnuaibHbLIM BHIOOPOM Ha-
gama orcuéra aprymenTa) OyHKIUA ©(X) MOKHO, HE M3MEHSIS BEJUIUHBI

—+o0 —+oo
[ lp(z)|? dz, monyunrs nHosyio dyukimio p(z) Takyio, uto Mi(¢) = [ z|p(z)* dx =
SS —c0

0, T.e. TAKYIO, UYTO €€ MATEMATUIECKOE OKUIAHIE PABHO HYJIO.
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6) IMokaxkuTe, YTO AHAJOIMYHBIM CABHIOM MO apryMeHTy QyHKIUHU 1)
+oo “+o00

MOZKHO, He Hapymas paseHcTB My () = 0u [ |p(z)Pdz = [ |v(p)[*dp =

— 00

— 00

—+oo
1, nobursea Toro, aro My (¢) = [ pl(p)|*dp = 0.
—00
B) Y6eaurech, 9TO Aucrepcrs (CpeJHeKBAIPATHIHOE YKJIOHeHHe) o2 =
—+o0
[ (x — x0)?|p(z)]? do ciyvaiinoit BeIMUUHEBL T ¢ TJIOTHOCTBIO PaCIpe/Iese-
— 00

+oo
uust |¢(x)|? n Maremarnaeckum oxuganmeM ro = Mi(p) = [ z|p(z)* dx
oo
npescrapaserca B Bune o’ = Ma(o)— M7 (¢), tne Ma(p) = [ 2?|p(x)]? da.
— 00

+oo
r) Paccmorpure semuunny [ |aze(x) + ¢/ (z)]?
— 00
HEOTPHUIATEIHHA TIPH JTIOO0M 3HAYEHNN BEIIECTBEHHOTO nmapamerpac . Omm-
pasch Ha papeHcTBO IlapceBasts u GoOpMyTy a1 HAXOXKIEHUsT TPE0OPa30Ba-
nust Dypbe 0T NPOU3BOAHOMN, BbIBEAUTE OTCI0Aa, YT00 Mo () —a+Ma (1)) >
0.

1) HMonyunte w3 1) coorHommenune Ma(p) - Ma(vp) > 1/4.

DTO COOTHOITIEHNE TOKA3BIBALT, UTO YeM 0Osiee «COCPETOTOUYEHA> CaMa
dyHKIEA, TeM «pa3MbiTee» eé mpeodbpazoBanue Pypoe u obparno. B kBan-
TOBOM MEXaHUKE ITO COOTHOIIEHNE HA3BIBAIOT IPUHIIUIIOM HEONPEAETEHHOCTH
leitzenbepra u MHTEPNPETUPYIOT B TOM CMBIC/E, YTO HEMb3s OHOBPEMEHHO
TOYHO U3MEPHUTDH W KOOPAWHATY KBAHTOBOW YACTHIIBI U €€ UMITYJIbC.

dx, KoTOpas, O9eBUIHO,

§ 10. CBéprka ObicTpO yObIBaromux (pyHKIIHHI

Kaxapivm gBym ObicTpo yowmBarorum dyukmnusM f, g : R — C comocra-
BuM HOBYIO pyurnuio f * g : R” — C, mazeiBaemyio ceépmroti Gyuxumii f
1 ¢ ¥ 337aBaeMyo popMyIoi

(fxg)(z) = /f(w —y)g(y) dy. (27)

IMMockonbky dyuKINN f 1 g — OBICTPO YOBIBAIOIIHE, TO CXOIUMOCTH 3TOrO
unTerpana odesuana. Uuorma rosopar, uro (27) 3anaér cBEPTKY J106bIX
(re 06s3aTeNBbHO OBICTPO YOBIBAIOMIAX ) (DYHKIHUH, A/ KOTOPBIX WHTErDAJ,
CTOAINI B TIPABOU YaCTH, CXOJUTCS.

Paccmorpum Hanbosiee BaXKHBIE CBOMCTBA CBEPTKU OBICTPO yOBIBAIOIINX
byHRIM.

1) (KommyTaTuBHoCTB:) f % g = g * f.

40



JokaszaTeabCcTBO HEME JIEHHO BHITEKAET U3 (POPMYJIBI 3aMEHBI TEPEMEH-
HOI B KPATHOM HMHTErpaJe:

(f *9)x /fx— -

=(cmemaem 3ameHy T — Y = 2)=

— [ fergta -~ 2)dz = [ gla - 1) dz = (g Pla).
R R

2) (AccommaruBHocTh:) (f *xg)*xh = f* (g*h).

3) (ductpubyrusHocts.) Jia 4106mx Komnierchur wucesa,b € C u
A10061 Gorempo yowearowux Gynkyud f, g, h cnpasedauso paserncmeo (af +
bg) *h =a(f xg) +b(g*h).

JokazareancTBa CBOWCTB 2) U 3) CTOb ¥Ke MPAMOJUHEHHBI, KAaK U [TPH-
BeZIGHHOE BBIIIE J0Ka3aTe/IbcTBO cBoiicTBa 1). IlosToMy MbI OcraB/isem ux
YUTATENIO B KAYECTBE YIPAKHEHWIA.

4) Jlaa 2106020 myavmuunderces o v 406615 Obcmpo yomearowus Gymr-
yutd f,g,h cnpasedauens pasencmea D*(f x g) = (D*f) x g = f * (D%g).
Jpyrumu cioBamu, 9To0bl mpoaudhepeHpoBaTh CBEPTKY, MOKHO CHAYA~
sia nponud depeHnupoBaTh J00yI0 u3 MYHKIUH, 8 3aTeM CBEPHYTH PE3yiib-
TaT C aApyroi dbyHKIue.

JlokazaTeJabCcTBO OnupaeTcs Ha BO3MOXKHOCTL AudhepeHInpOBaHN 110
rmapaMerpy MHTEerpaJia oT ObICcTpo yObIBaroIeil (pyHKITHN:

D?(fxg)(x) = D“/f(x—y)g(y) dy = /(D(’f)(l‘—y)g(y) dy = (D f)xg)(x).
R R
Bropoe cooTHoIIeHne 13 CBOCTBA 4) BBITEKAET U3 yIKe TOKA3AHHOTO BBU-
ny KomMmyTarusaocTu cBeprku: D*(fxg) = DY (g« f) = (D*g)xf = f+xD%g.
5) Fi[f * g] = (2m)"/?Fi|f] - Fi[g).

doka3zaTesbCcTBO.

Fulf g = (2m) /2 / (f * 9) ()T dy =

n/2/_/f(y — 2)g(z) dz] eFi@) gy

R Rn
=(U3MEHNM TIOPSIOK MHTErPUPOBAHNUS )=

/2 / _/f(y — z)e¥i @) dy}g(z) dz =

Rn Rn
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=(BO BHYTPEHHEM UHTErDAJIE CIEIAEM 3aMEHY NePEMEHHOWY — 2 = t)=

= (2m)~"/? / [/ f(t)eFi@b) dt] g(2)eT @) 4y =
R’!L Rn
=(BHyYTpeHHWIT HHTErPaJI HE 3aBUCAT OT [IEPEMEHHOI! 2; BBIHECEM €0 M3-TI0/
3HAKA BHEILHEro WHTerpaJa)=

= nl? [(%W/QR[ e | [(%)%”RZ o)) 0] =

= (2m)"?Fe[f](x) - Felg)(x).
6) Fu[f - g] = (2m) "/?Fi[f] % Fi[g].
HoxkazateabcTBo. BoiBenem ceoiicTso 6), coorBeTcTBYIOIIEE BEIOOPY BEPX-
HUX 3HAKOB, U3 CBOHCTBA 5) 1 hOpMYIIbI OGpAIeHns: TOACTABHB B 5) f BMe-
cro f u § BMecTo g, OyaeM nuMerh

Fy[f) g) = @m) "?Fy[f] - Filg) = (2m) "2 f - g.
[Ipumenus K 0benm vacTam nociaeaHeil popmysibl 00paTHOe IpeodpasoBaHue
Oypbe, TOMyIUM

fxg=F_[Fy[f*g]] = 2m)"?F_[f - g]
nJIn
F_[f - g] = (2m)"/*F_[f] * F_[g].
®opmysia, COOTBETCTBYIONIAST BLIOODY HUAKHUX 3HAKOB, JOKA3LIBAETCS aHa-
JIOTUYHO.

CaoiicTBa 5) u 6) o3nadator, uyro npeobpazosatue Pypne nepesogur (C
TOYHOCTBHIO 0 IIOCTOAHHOI'O MHO)KI/ITG.HH) CBépTKy B IIPDOU3BEICHHUE W Ha-
obopor. Hajmmuue Takoil aBOMCTBEHHOCTH OObACHSET BAaXKHOCTH OlEpaluu
CBEPTKHM: C TOYHOCTBIO 70 mpeobpasosanua Pyphe, Ham He3pasIuaHO mepe-
MHOKaThb (byHKLH/H/I 1M CBOpaYuBaTh UX.

Sagaun

64. Ilycrs o — Bexrop u3 R™. Oneparopom capura B S(R™) HazoBéM
oToOparKeHne, COMOCTABJAIONIee KaXKA0i ObIcTpo yObIBaomeil pyHKiun f
HoByto dyukumio Ty, f, onpenensiemyto dbopmynoit (T, f)(z) = f(x — xo).
JlokaxkuTe, 9TO /s JOOBIX OBICTPO yOBIBAIONUX (DYHKIUH CIIPaBEIJINBbI
pasescrsa Ty, (f + ) = Ty ) g = f * (Tuyg).

B crenyiomux 3agadax BeIaucauTe CBEPTKY, cunrtasd, uroH — dyukuus
Xesucaiina, . e. uto H(z) =0 mna ¢ < 0w H(z) =1 maa z > 0.
65. H(z)* H(z).
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66. H(z)* H(1+ ).

67. H(1 —22)x H(1 — 2?).
68. z+ (z2H(x)).

69. H(x)* (H(z)sinz).

70. (22H(z)) * (H(z)sinz).
71. (z3H(x)) * (H(z) cosz).
72. (H(z)sinz) * (H(z)sh z).
73. e l7l s eIl

2
74, e x (xe” az’ ), a > 0.
B crexyromux 3a1auax JOKAKUTE PABEHCTBA, CINTAs IIAapaMeTpbla u b
HOJTOXKUTETHHBIMI

75. fo* fo = f oz, ecmn fo(z) = a—1(27r)—1/2€—12/2a2.

76. fa * fb = fa+ba ecin fa(x) = a,’Til(a‘Q + 12)71'
T7. fa* fo = farv, ecn fo(x) = 2" e " H(x)/T(a).

§ 11. ®opmyJa Ilyaccona

Teopema(dopwmyrna [Iyaccona) Ecau f : R — C — 6uempo ybwsarouas
PyHEYUA, TO

FZfQﬂn Zf

n=-—oo n=—oo
HoxkaszaTteabcTBo. Mbr gokaxkeMm, 9TO s Bcex * € R BoimonageTcs
PaBEHCTBO

V2r Z f(z+2mn) = Z f ene, (28)
n=—oo n=—oo
nojicTaBuB B Koropoe = 0, ogesuaHo, nonyaum dopmyy [lyaccona.
Jesyto gacth dopmysabt (28) obozuaunm yepes F(z) u ycraHoBUM HEOO-
XOAUMBIE IJid nasbHelinero csoiictsa gyukimm F.
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1) Oynxyua F aeasemes 2m-nepuoduyeckoti. ITO BHITEKAET U3 CIIEAYIO-
MINX BBIYHACIEHNI:

“+o0
F(z+271) =V2r Z flx+ 27+ 2mn) =

n=—oo

=(memaeM 3aMeHy WHIEKCA CyMMUpOBaHUs k = n + 1)=

+oo
=V2r > flx+2rk) = F(x).

k=—o00

2) Pynryua F nenpepvisno duddepenyupyema. IT00b1 yOETUTHCS B 9TOM,
MOYKHO HCTIONB30BATH TeopeMmy Beitepmtpacca o nowienHoM auddepentm-
poBanun (HYHKIMOHAJBHOTO Psijia. B HalleM cliyuae HEOYEBUIHO BHIIOTHE-
HUE TOJILKO OIHOIO YCIOBUS TeopeMbl Beitepirrpacca: HaMm HAIO yOeauThest,
9TO (PyHKINOHAIBHBIA P

+oo
Z %(l‘ + 27n) (29)

CXO[IUTCsT PABHOMEPHO Ha BCell Yuca0Boil mpstmoii. C yaéToM MeproguIHOCTH
F', njist 370ro 10CcTaTo9Ho yoeamThes, 9To ps (29) cXoauTes paBHOMEDHO Ha
JII000M IPOMEXKYTKE, JINHA, KOTOPOro Dosibie mepuoaa dbyukiun k', nanpu-
mep, Ha [—27, 27]. 13 onpenenerns Gb1cTpO yOBIBAOMEH DYHKINA CIIEITyeT,
YTO NJIs TE000TO p HalnéTcsa nocrosHHas C) TaKas, YTO HEPABEHCTBO

df C,

—(r+2 < —Fr
dx(T+ ™)| < 14 |z + 2wnP

cnpagemeo s Beex @ € R. CrnemoBarensHo, mys Beex © € [—2m, 27)
nMeeMm
df

e (x + 27n)

pU4éM, KaK U3BECTHO, DA

Cp
<
~ 1+ (2m)Pn—1Jp

“+o0

1
2. 17 2m)P[n — 1]

n=—o0
n#1

CXOUMTCA eciy TobKO p > 1. Takum 00pasoM, Mbl HALLIM CYyMMHDPYEMYIO
MaxKOpaHTy Jyisi 001ero 4dieHa psaga (29) u, Ha oCHOBaHWU TeopeMbl Beii-
EpIITPACCa O MasKOPUPOBAHHON CXOMMMOCTH, MOYKEM 3AKTIOYHTH, 9TO DA
(29) cxomurca parOMepHO Ha [—27, 27]. YUTO 1 3aBepIIAeT JOKA3ATENbCTEO
cBoiicTBa 2).
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IIpucrynum Teneps cOOCTBEHHO K A0Ka3aTeabCTBY dopmysibr [lyaccona.
Kak Bcakas 2m-niepuoanteckast HenpepbiBHO auddepenmupyemast hyHK-
nus, F' pasnaraercs B cXoasmuiica K Heil pan OPypbe

—+o0

F(z) = Z cpe™®.

n=—oo

Hnst morazarenperBa GbopMyasl (28) HaM HYXKHO TOMBKO yOEAUTHCS, UTO
¢n = f(n). A 910 BBITEKAET U3 MPSIMOTO BBIYNCIECHHS:

n=—oo

ﬂ' Tr +oo
1 . 1 .
oy =— | F —wmr = — 9 9 —inz _
Cn 27r/ (z)e dx 27r/\/ ™ E fz+2mn)e dx

=(uHTErpUpyeM DPsijl MOUIEHHO) =

1 ¥
= 7 2

n=—oo

/ f(z +2mn)e” " dy =

=(memaeM 3aMeHY MEPEMEHHON y = T + 271 ¥ MOJIb3yeMCsl TeM, 4TO IKCIO-
HEHTA 27i-NephoJuIHa )=

1 Yoo 2mn+m

o
2
ﬂ-n:—oo%rniﬂ

=(3aMevaeM, 9TO HHTEPBAJIBL [27T0 — T, 27N + 7] MOKPBIBAIOT BCIO IMCJIOBYI)
NPAMYIO B MOMB3yEMCsl I JATUBHOCTBIO MHTErPATIA) =

+o0
= == [ fwe v ay = fin).

Yto u TpeboBAJIOCH JOKA3ATH.

3agaun

78. Obocuy#iTe 3aKOHHOCTH TOWIEHHOTO HHTEIPUPOBAHUS P B MPH-
BeIEHHOM BbIle Jokaszaresaberse dopmyibl [lyaccona.

79. Hokaxkure, uro ecim f : R — C — Gbictpo yObIBatoIas (OyHKIHsT,
TO CyMMa pAna,

“+o0
V2r Z f(z+ 2mn)

n=—oo
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aBagerca bekonedno auddepennupyemoii dyukupeil (a He TOIBKO Hempe-
peiBHO auddepeHImpyeMoii, Kak ObLTO TOKA3aHO B MPUBEAEHHOM BBIIIE 10~
KazaTenbcTBe opMyisl [lyaccona).

80. /lokaxkure CleAyioIiee COOTHOIIEHNE, HA3BIBAEMOe O-popmyroti n
WUTPAIOIIEe BA2KHYIO POJIb B TEOPHUH JLIUITAIECKAX (DYHKIUI U TEOPUH TeTl-
JIOIIPOBOAHOCTH

+oo . T +oo 2
—tn® __ 7 —I—n
S e T et w0
n=—oo n=-—o0
81. C nowmornpio dhopmysibl Ilyaccona BeHMucauTe CyMMy psiia
n?+a?
n=—oo

Obparure BHUMaHWE, YTO YIACTBYOIINE B BEIYUCTEHUAX (DYHKIIUN HE SABIISI-
1orest ObicTpo yobiBatonmmu. OBoCHY#HTe [1JIsT HUX 3aKOHHOCTH IPUMEHEHU
dopmyasl Ilyaccona.

§ 12. Teopema KoreabuukoBa—IllenrnoHa

Teopema(Korensuukopa—Illennona). IIyems f : R — C — 6Guempo
ybuearowan PyHKyuA u NYCmyb CYWECTNBYEM NOAOHCUMEALHOE HUCAOA, M-
koe, wmo f(x) =0 daa ecex sewecmeennvx r maxux, wmo |x| > a. Tozda
das 6cex x € R cnpasedaueo pasencmeo

1= 55 (2 Y [ 2], "

2de dynryus t — sinct onpedeasemces pasencmeom sinc t = (sint)/t u
Hazveaemces Pyrryuetd omcwémos.

HdokaszaTenbcrBo. Vcnonb3ya ¢popmyay obpalneHus 4jist Ipeodbpa3oBa-
nusi Oypbe u MOAB3YHACH TEM, UTO ]? 3aHynfeTCA BHE MHTEPBANA [—a,al,
MO2KEM HallUCaTb

—+o00 a
1 = izy g, _ L £l ety
f(l')m_/ Flupetiordy = —— _/ Fwemvay.  (31)

Paznmoxxkum dyukimio f B psg @ypbe B KOMILIEKCHON (hopMe B HHTEpBaJE
[—a,al:
—+o0
_inmn

V) = oy - = e~ =Y du.
f(y) E Cne ® Y, TAE  Cn = oo / f(y)e Yy

46



IMoacrasum 3ror psig B dopmyay (31) u, monb3ysice Tem, 4ro psn Dypbe
HempepbiBHO auddepennupyemMoit (PyHKIHH CXOOIUTCA PABHOMEDPHO, TIPONH-
TErpupyeM ero mo4uJeHHO:

@ 4o
for= e [ (S5

+oo

1< 2asin| (2 + x)a 2 ) mn
= \/7272% a([élaﬂ)) ] _ m§cns1nc [a(—+2)]. (32

Teneps obparuMcs K BBIYUCICHUIO KOIMQDUIUEHTOB Cyp. [Ipu 3TOM ermé

pa3 UCIHOJIb3yeM YCIOBHE T€OPEMBI O TOM, YTO f 3aHYJIsAETCs BHE HHTEPBAJIA
[—a,al:

a +oo
1 [ e 1 [ = e
= — e Ydy = — e Ydy =
on= e [ e ®ray= oo [ Fpe#vay
—a —o0

+oo
1 \/ﬂ ~ i(—=2 _m ™
=5 [ By = (-0, (33)

[Tocnentee paBeHCTBO 3/1€Ch HATMCAHO HA OCHOBAHUM (POPMYIIBI 0OpAIEHM .
IMoncraBus Bbipazkenue (33) B dopMysy (32) ¥ MOMEHSB UHIEKC CyMMHU-
POBAHUS N Ha —7, TOJIYIAM

“+o0
Fa) = 2a7T Z Vor ™ ™

T 2izrf(f?)sinc [a(z + ?)] =

“+oo
™Y . ™
= E fl — ]sinc a(w——) ,
a a
— 00
9T0 U TPeOOBAJIIOCH TOKA3aTh.

Teopema Korenpraukosa—Illennona npumvedarebia HE TOIBKO IETAHT-
HOCTHIO KOMOMHMPOBaHUs pAga u npeobpasoBanus Dypbe, HO U TEM, YTO
OHA, SIBJISIETCS KPAaeyTOJIbHBIM KaMHeM Teopun 1udpoBoit nepegadu uudop-
Manuu. YTobbl TOSICHUTH 3TO, TPENOJIOKNM, YTO Mbl HAMEPEHBI TepeaTh
0 UupPOBOMY KAHAIY CBI3M HENPEPLIBHbIN (TOuHee ObLIo Obl CKa3aTh —
- AHaJIOrOBbI) curuas @. Mbl HE MOXKEM <«IIPOCTO» MEpeIaBaTh 3HAUYCHUE
GYHKIME ¢ B KaXKIOW TOYKE, MOCKOIBKY BEIIECTBEHHBIX YHUCEN CIUIITKOM
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MHOTr'O: KaK BbI 3HAETE M3 KypCa MaTeMaTUuIeCKOr0 aHaIU3a, MHOXKECTBO Be-
IIECTBEHHBIX YUCEST HECIETHO. [103TOMY NPUXOAUTCA MPUMEHATH HHTEJLIEKT.
Cormacuo ¢opmyse obpaitiieHust, o OOMBIIOMY CUETY HAM DE3PABTUITHO UTO
nepeaBaTh: CaM CHUTHAJ ¢ WM ero npeodpasosanne Pypbe, HANPUMED, —
ero obparnoe npeodbpaszosanune Dypre f = ¢. Teneps npruMeMm BO BHUMAHUE,
YTO U YEJIOBEUECKUil [J1a3, ¥ Y€JIOBEYECKOE yXO BOCIPUHUMAIOT CUIHAJIbI
JIUILb B OPPAHUYEHHOI 00J1aCTH Y9acTOT (HANpUMED, YXO BOCIPUHUMAET 3BY-
Ku TOBKO B quanasone or 20 I'n no 20 kI'n). IIperebperas HepocnpuHUMae-
MOl TaCTBIO CIIEKTPA, MBI MOKEM CIUTATH BBIIOTHEHHDIM YCIOBHE TEOPEMBI
Korenbankopa—IllenHona o Tom, 4t0 f = @ 3aHyJs€TCsl BHE HEKOTOPOIO
KOHEYHOTO WHTepBasa [—a, al.

Ternepb Mbl BUIMM, 9TO MEPEIAYa HENPEPLIBHOTO CUIHAJIA 1O TUPPOBOMY
KaHAJIy CBA3U MOXKeT ObITh OPraHU30BAHA TaK: MEPEJIATINK HAXOAUT 00paT-
Hoe mpeobpaszosarne Oypbe f = P UCXOAHOrO CHUTHATA © W NMEPEmaéT ero
3HAYEHWsI B TAK HA3BIBAEMBIX TOUKaX OTCUETanmn/a (—oo < n < 4o00). Ilo-
ayuuB 3Hadenus f(7mn/a), npuéMHUK ucnonbsyer dopmyay (30) mis Boc-
CTAHOBJICHUsl 3HaveHus QYHKIMA f B NPOM3BOIBLHON TOUKE U, COBEDIINB
mpsiMmoe TipeobpaszoBanne Oyphe, BHIIAET UCXOAHBIH curHAT @ = f.

Tem cambiM, HUCKOJBKO HE yTPATUB KAUeCTBA MEPEIABAEMOr0 CUTHAJA,
MbI CYIIECTBEHHO YMEHbIIWIU OOBEM mepelaBaeMoil nH(MOPMALUK: TOYEK
oTcuéTa XOT 1 GECKOHEYHO MHOTO, HO TOPa340 MEHBIIE, YeM BEIECTBEHHbIX
qHUCET.

Crieyromnmumii mar, eCTeCTBEHHO COCTONT B MPUMEHEHWM W3BECTHOTO HAM
cpoificrea: f(mn/a) = ¢(mn/a) — 0 npu n — £oo. Vcnomp3yst ero MOKHO,
JIOIYCKas KOHTPOJIUPYEMYIO IIOTPENTHOCTD, O0cTaBuTh B popmye (30) siuimb
KOHEYHOE YUCJIO CJIAraeMbIX U, COOTBETCTBEHHO, NEPEIaBaTh TOJbLKO KOHEY-
HOE KOJMYECTBO 3HA4YEHWH [ — MMEHHO B 3TMX TOYKAaX. Bompocy o ToM,
KaKMe UMEHHO CJIAraeMble OCTABUTD, UTOOBI, MUHUMHU3UPYs OOBEM Mepema-
BaeMoit MH(OPMAIA, HE BLIXOANTH 34 PAMKH JOTYCTUMBIX TIOTPENTHOCTEH,
MOCBSAIIEHO GOJIBIIOE KOJUIECTBO PABOT, OTHOCAIIUXCS CODCTBEHHO K TEOPHU
g poBoit epegadn WHQMOPMATIVH.

§ 13. IIpumenenmne npeodbpasoBanuda Pypbe K perIeHUIO
YpaBHEHHS TEMJIOMPOBOIHOCTA

HomycTuM, 4TO n-MepHOEe eBKJINIOBO IIPOCTPaHCTBO R™ 3amomHeHo cpe-
J0# ¢ TOCTOAHHBIM KO3(h(PHUIIMEHTOM TeIIompoBOTHOCTH. [lpeamonoxmm,
Y9TO B IIPOCTPAHCTBE OTCYTCTBYIOT MCTOYHUKUW U CTOKU TEIlJla U 0603Ha‘II/IM
qepes u(t, ) TeMmepaTypy, KOTOPY HMEET TOIKA L = (X1,...,2L,) € R" B
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momenT Bpemenu ¢ > 0. Kak uzBecTHO, mpyu TaKuX MPEANONIOKEHUAX TEMITE-
paTypa nepepaclpenesisiercs CO BDEMEHEM TaK, YTO COOJIIOIAETCH yPaBHEHNE

ou 5 [ 0%u 0%u
8t—a<ax%+"'+ax%), (34)

HA3bIBAEMOE YpagHeHueM menionposodnocmuy, Purypupyroias 37ech mo-
crosiiHast a > ( BbIpaskaeTcss HEKOTOPBIM 00pa3oM 4epe3 KodhduumeHT
TEIJIONPOBOIHOCTH Cpeibl. AKKYpaTHBIN BBIBOJ, YPABHEHUST TEIJIOMPOBOJI-
HOCTH u3 (PU3NIECKUX TPEANOCHLIOK MOKHO HAWTH, HAPUMED, B yueOHUKE
C. K. Tonynosa «¥YpaBuenuns maremarudeckoii ¢puzukus M.: Hayka, 1979.

EcrecrBeHHO 0KHIATH, 9TO, 3HAS PACHPEAEICHUE TEMIIEPATYPbl B HEKO-
TOPBIl MOMEHT BpeMeHu, Hanmpumep, nput = 0, MOKHO BOCCTAHOBUTH PAac-
MIpeIe/IEHNEe TEMTIEPATYPHI B Jii000# mocneayoomumii MmoMenT Bpemennt > (.
Yrobbl ciesiaTh 3T0, HaAO PeIUTh ypauerue (34) npu HAYAILHBIX YCIO-
Busax u(0,z) = ¢(z), tne ¢ : R" — R — HekoTOpas 3amanHast HyHKIWS.
[TockonbKy MbI cObHMpaeMcsi HCIOIb30BaTh 1Ipeodbpasopanne Pypwe, OygeM
OpeAnoNaraTh, 9ro u GyHKIMs ¢ U QYHKIHU ¢ (B3ATasg Npu HGUKCUPOBAH-
HOM 3HAUEHUH t) ABJISIOTCA ObICTPO yObIBaomuMu B R™.

Dukcuposas t > 0, BBenéM B paccMOTpeHue HOBYIO hyHKImY — v(t,y),
KOTOpag sBigercs (npsambiM) npeobpaszoBanuem Pypbe GYyHKUIMUU 110 e~
PEeMEeHHON X:

-

u(t,y) = u(t,z)(y) = (271')7"/2/u(t,az)eﬂ'(z’y) dx.
R’L

Borsicuum, kakomy nuddepeHinaibHOMy yPaBHEHUIO YA0BIeTBOpsAeT dhyHK-
ums v. g s3Toro mpomenaeM CleayIoNue BIIuCIeHUsT:

Ov 0 .
< -n/2 < =) Jp —
5 (2m) 5 /u(t,x)e dz

R

=(muddepermupyeM moa 3HAKOM HHTErPAIIA, KAK OOBIYHO, OIyCKast 000CHO-
BaHUsI, KOTJIA PEYb UIET O OBICTPO YOBIBAIOIINX (DYHKIUSIX)

= (2m) /2 / %(tw)e_i(”’) dx =

R

=(ucmonb3yem (34))=

0%u 0%u , 0%u 0%u
— 42 —n/2 oo 22 i) — 2= .27 =
a®(2m) /(8x% 4+ 81%)6 dr =a (8x% + -+ ax%)
R”L
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=(K KaXKI0My CJIAaraeMOMy [IPUMEHAEM CBOICTBO 3) npeobpasoBanus Pypoe:
Fi[D*f] = (fiy)* Fe[f])=

=a®((iy)* T+ - + (iyn)*0) = —a® (¥ + -+ y2)u = —a®|y|*v(t, y).

Taknum o6pasom, PYHKINA v yAOBIETBOPsieT 1udOepeHInaIbHOMY YPaB-

HEHHIO

v 5

o = —alyp, (3)
B KOTOPOM ¥ UTPAET POb napaMerpa. IIpu kaxkaoM GUKCHPOBAHHOM Y Pe-
[IEHUE ITOrO YPABHEHUs, OYEBUIHO, uMeeT Bu v(t,y) = Ce_QQ‘Wt, e C
— HEKOTOpas MOCTOsAHHAA, He 3apucamaga ort. Ho mra apyroro smagenuns y
nocrosigaasa C' MOKeT NPUHUMATD Apyroe 3HadeHue. [1o3romy Mbl 3anmmem
perienne ypasHenus (35) B Buze

v(t,y) = Cly)e WL,

Moacrasue croga t = 0 u ucronb3oBas HavanmbHbe yenosus u(0, ) = p(z),
Oy IIM

Cly) = v(0,y) = u(0,2)(y) = ¢(z)(y).
B pesysibTare MBI HAIILIIM HE CAMO DeIlleHney, ypaBHerust (34), yI0BIeTBO-
patommee HauaabHbiM yenosuaM u(0, ) = (x), a npeobpasoBanue Pypbe oT
HEro:

~ _ 2 2
v(t,y) = (y)e W
YTo0bl HANTH OTCIONA U, ECTECTBEHHO HCIIOIb30BATH POPMYIy OOpaIleHus.
Haxox nerne ke obparHoro npeotpasoBanus Pypbe OT TPOU3BEIEHUS IBYX

dbyukumit Ham obserauT cBoiicTBO 6) CBEPTKYU GbICTPO yObIBaOIMX (hyHKIMI
(Fe[fg] = @m) "2 Fy[f] * Fi[g]):

o~ —(L2 1 2
ult,x) = F_[o(t,y)](x) = F_[@(y)e™ "] () =
= (2m) PF_[@]x Fo [ Y] = (2m) T2 P [
Bropoit coMHOKUTEIb B CBEPTKE BHLITYUCINM OTACIHLHO:

_ 42 2 _ _ .2 2, ... 2 .
F [6 a?|y| t] (z) _ (27T) n/2 e (yi+ +yn)te+l(y121+ +Ynzn) dyy ...dy, =
R"
=(1osB3yACh TE€M, YTO NOJAbIHTErPaibHasd DYHKIMs ABIIseTcs ObICTPO yObI-
BAIOIIEH, MIPEBPAIIAEM KPATHBI MHTErPAI B TIOBTOPHBIN ) =

= (271')_(”_1)/2 / e_a2(y%"r'“"'—yi—l)tei(ylzl+'“+yn—1zn—l)X

Rn—1
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—+oo
1 / 2,2, .
X { e~ YntetWnin dy N dyy .. dyp_1 =
V2
Tr*OO

=(MOCKONBKY OJJHOMEDHBIIT WHTErpaJl, CTOAIINH B KBaIPATHBIX CKOOKAX, He
3aBHCUT OT MEPEMEHHBIX U1, - - - , Yn, TO MOYKEM BBIHECTH €T'0 KAK TOCTOAHHYTO
u3-10/1 3HaKa (1 — 1)-MepHOro mHTerpasa)=—

_ |:(27T)—(n—1)/2 e—a2(yf+~~~+yi,1)tei(y121+-~~+yn712n71) dyl o dynfl x

Rn—1

+oo
1 2, 2 .
X | —— e~V Yntetynzn g } =
[\/277 / on
— 00

=(KaK BHOMM, HAM YJAJIOCH «OTIIENNTEL» OJHOMEDPHBIN HHTErPAT OT KPAT-
HOT'O; TTIOBTOPUM 3TOT MPOLECC MHOTOKPATHO)=

1 +oo 1 “+o0
2, 2 - 2 2 .
= (27r / eV Viteiyiz dy1> <*27r / e~ Ynlgtynin dyn).

Kaxkmprit u3 dburypupyoimux B nocaeaneit hbopMmysre oqHOMEPHBIX HHTE-
TPaJIOB MpeIcTaBiser coboit omHOMepHOe 00paTHOoe mpeobpaszopanne Oypne
2

oT dbynruuu Buga y — e ¥, b > 0. Ero MbI y:ke cuntamy B § 6 1 3maeM,
uTO

e . 1 2

et (2) = e~ (2) = ——e "% /4,

V2b

Ucnionb3ys 370 coobpakeHne, Mbl MOYXKEM 3aKOHUYHUTH BBIYUCIEHUE MHOTO-
mMepHOTO peobpazoBanns Pypbe caemyomum 06pa3oM:

20,12 1 =1 1 = 1 Bl
—a”|yl*t = | ———e 4%t ———€ 4a?t | = —————¢  4a2t
F_ [e ](Z) = ( 2a2te 4a2 > < 2a2te 4a? ) (2a2t)"/2€ 0%t

YTO TO3BOJIAET HAM 3AIHUCATD PEIIeHNe YPABHEHUs TeIIONPOBOAHOCTH (34)
¢ HavasbHbIME yeopusvu u(0, ) = ¢(z) B BUIe

1 T 1 _z2
u(t,z) = W (cp(z) * e 4a2f/)(x) = W /99(.1 —z)e 1% dz.

R

Mocnemuuit maTErpan HaszbpBaeTCA ukmezpaiom Iyaccona daa daa ypoeme-
HUA MENAONPOBOIHOCTL
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W3noxkennniit B 3roM naparpade MeTo, pPelieHnsi ypaBHEHU TENI0mpo-
BOJHOCTH OCHOBAaH Ha TOM, 4TO npeobpaszoBanue Pypbe 3aMeHseT onepa-
o audhepeHInpoBaHus Onepalmeil YMHOXKEeH Ha He3aBUCUMYIO TTepe-
MEHHYI0. DTOT METOJ MPUMEHUM U K ApyruM AudQepeHnaibHbIM yPaB-
verusiM. OH HA3BIBAETCS ONEPAMOPHOIM MEMOJOM 1 BKPATIIE MOKET ObIThH
W3JTOXKEH TaK.

Ilycts mmerca dyukumsa v : R — R, ynosmersopaiomasn muddepeniin-
AJILHOMY yYPABHEHUIO

d™u dr—1

+ U b P (o) = f(o)
ag—t+a1—+ -+ ap_1— +ayu(x) = f(x

dxmn dxn—1 dx

C TIOCTOSIHHBIMY KO3 DUIUEHTAMH A, - - - , A, U U3BECTHON MPaBOH YaCTHIO

f:R — R Ilycrs dyurxuun v v f TaKoBBI, YTO JIJIs KaxKI0#M N3 HUX OIpe-
neseHo npeobpaszosanne Pypbe U BHINOIHEHO CBOMCTBO 3) Mpeobpa3oBaHus
Dypoe: Fy[d*u/dz*](y) = (iy)* Fy [u](y) (MBI 3HAEM, 9TO 9TH TIPEATIONONKE-
HUSI 33BEIOMO BBITOIHEHBI JJIsT OBICTPO yOBIBAIOIINX (DYHKITHIT, HO MOTE3HO
UMETb BBUJY, YTO OHM BBIIOJIHSIFOTCA U JJIsl HEKOTOPBIX APyTUX (QyHKIwii).
IIprmenus K Hamemy andepeHInaIbHOMy YPaBHEHWIO TPSMOe TTpeodpa-
3oBanue Pypbe, MONIYIUM CJIeLyIoIIee, YTO OCOOEHHO BaXKHO — ajredpauntie-
CKO€, YPABHEHHE JIJIs U

[ao(iy)" + ar(iy)" ™" + -+ + an-1(iy) + an]ily) = F(y).
[Ipnmenus Terneph obparHoe npeobpazoBanne Cyphe K pereHnio
_ fly
u(y) = T\ ; n—l( ) ;
ao(iy)" + ar(iy)" ' + -+ + an—1(iy) + an

9TOr0 AAredpPamvIecKoro ypaBHEHNA, HARAEM PeIeHne U NCXOaHOro audde-
PEHITHATILHOTO YPABHEHUSI.

Sagaun

82. Haitmure dynxuuio v : R? — R, yI0OBIETBOPAIOILYIO OJHOMEPHOMY
BOJTHOBOMY YPABHEHUIO

Pu 0%
T2 2l
ot? 0x?
W HAYATBHBIM YCIOBHAM
ou

83. Haiinure perenne 1ByMepHOTO ypaBHeHUd Jlamnaca
02 0?
7']8 + 7‘][ =0
ox? = Oy?
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B mosymsockoctn y > 0, moguunénnoe ycaosuam a) f(0,z) = g(z) mna
Bcex ¢ € R; 6) dyukmua x — f(z,y) aBasercs GprcTpo yOBIBAIOMEH mIst
kaxkgoro y > 0; B) f(x,y) — 0 mpu y — +oo amas kaxmoro x € R.

§ 14. HavaapHbIe CBeJleHUdA O JUCKPETHOM Ipeobpa3zoBaHumn
Dypbe

IIycrs f : R — R — 27-mepuonmnyeckasi pyHKIMs, KOTOPAs MOXKET ObITh
npeacrasiaena ceouM panom Pypoe, 1. e. Takas, 9To s Bcexx € R cmpa-
BEJIJTUBO PABEHCTBO

+oo
f(z) = Z cne'® (36)
n=—oo

rae
ol
en=— [ flz)e”"" " dx.
2m

Kak m3Bectro 3 TeMbl «Psanst @ypres, 3TO pa3moKenue 3aBe/IOMO UMEET
MeCTO, eciu f — HempepbiBHAA KYCOYHO-TJIAIKAA 27T-TIEPUOINIECcKast (YHK-
s,

IIpu yucnennsix pacyérax f 3a1a10T B KOHEYHOM MHOXKECTBE TOYEK HH-
reppasia [—m, 7]. OOBIYHO — Ha PABHOMEDHOH CeTKe, COCTOSIEH W3 TO-
yek T = 7k/N, HA3BIBAEMbIX Y34QMU CeMKU. 371ech neaoe yuciao N 3a-
JMaéTcsT TPOUBBOJIBHO M PErYJIUPYET KOJUYECTBO Y3JI0B CETKH, a IeJI0e TnC-
a0 k u, ¢ ygérom rtoro, uro f(—m) = f(m), menserca or —N + 1 no
N. Tlpm srom 3amarhb PYHKINIO — 3HAYUT 330aTh €€ 3HAYUEHUS B y3J1aX
fx = F(ag) = F(rk/N). lostomy s GyHKIME, 33JaHHOM Ha CeTKe, UC-
nosb3yor obozuadenue { fi }.

OKazbIBAETCA, UTO HHTEPECOBATHCA TOJIBKO 3HAYEHUSIMU UCXOTHON (DyHK-
uun f B y3/aX CEeTKH, TO MX MOXKHO HAUTH ¢ TOMOIIBIO (DOPMYJIbI, YIUBHU-
TeNTbHO TOXOzKeil Ha (36), HO cymMMupoBaHHE B Hell OyaeT BeCTHCH JIAIIb
110 KOHEYTHOMY MHOKECTBY HMHAEKCOB. [IjIg 9TOr0 HYKHO JIHIIb IPEICTABUTH
[IPOU3BOJIBHOE 11eJ10€ Yucaon B uge n = m+QNj rme ju —N+1 <m < N
— TeJIble YUCIa U BOCTIONB30BATHCS 2T i-TIEPHOAUITHOCTHIO SKCITOHEHTHI:

mk = inZk
fk:f(ﬁ): che N o=

n—=—oo

N

“+o00 N “+o00
imZEZE 1 oriik imZEk
= > CmaanemE TR =Y > Cmrony )¢
m=—N+1j=—oc0 m=—N+1 “j=—oc0
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nJjn

N
imZk
fu= E Ape'™N (37)
m=—N+1
Trae UCIIOJIb30BaHO ob0o3HAUEeHNE

—+oo
Am = Z Cm+42Nj- (38)
j=—o0
Habop uucen A_ny1, A_Nio2,..., AN, Halinenubix no dgopmyse (38), na-

3BIBAETCS NPAMbIM JucKpemmbim npeobpasosarnuem Dypve bynakunm { fi }.
Ero Taxxke MoxkHO TpakToBaTh Kak dbyHkuuio { A, }, 3anaHHy0 Ha TOMH XKe
caMoii ceTke Ty, = 7m/N (—N+1 < m < N). B 9acTHOCTH, MOXKHO UCIIOIb-
3oBarhb hopmyay (37) s nocrpoenus no gyukimu { A, } HoBoI DyHKUIUMK
{fr}, Ha3bIBAEMOIi B 3TOM Ciydae 00pammbim JUCKDEMHbLM TPEOOPA306aHU-
em Pypve dyuxmmm { A, }.

U3 ykazanuoro Bbliie paccyKieHus, npuseiuero nac K dpopmyde (37),
CTAHOBUTCH SICHON TaKas €€ WHTEPIPEeTAINs: ecau K (DYHKIUYA TPUMEHUTH
CHAYAJIa TPSIMOE, & TOTOM 0DpaTHOe TUCKPeTHOe peobpasoBanue Oypwe, TO
npuaéM K ucxomuoi dbyukuuu. JIpyrumu ciosavu, (37) seisiercs popMysioi
obparenus Jisi AMCKPETHOrO mpeodbpazoBanus Pypoe.

st mpamoro auckperHoro npeobpasoBanns Pypbe nmeercs 6omee yao0-
Hag dopmyna, gem (38). Urobbr momyuuth €€, burcupyem mesoe Imucsio
~N+1 < N < N, yvmuoxum kaxayio u3 dbopumyr (37) ma e /N
MPOCYMMUPYEM BCe MOJTydYeHHbIe paBeHCTBA 1o mapaMmerpy k ot —N + 1 1o

N:
N N N
Z fre IR = Z A, [ Z eimweilw} (39)
k=—N+1 m=—N+1 k=—N+1
B xBaapaTHbIX CKOOKAX 3/1€CH CTOUT CyMMa, KOHEYHON reOMeTPUIeCcKOi mpo-
rpeccuu co 3Hamenarenem ¢ = e (m—HT/N, Wcnonp3yem n3BecTHYO U3 CpE/I-
Hell MKOAbl POPMYITY [Jis €€ CyMMBbI

n

’ 1— qM+1
b+bg+-+bg™M =b——
I—q
CIpaBeIUBYIO Ipu ¢ # 1; 31ech M +! — KOMU9IeCTBO CyMMUPYEMBIX “IJICHOB

[IPOrPECCHH.

B dopwmyne (39) mbl cymmupyem 2N 4jieHOB OPOTPECCHH, 3HAMEHATE/Ih
KOTOpO# oTimdeH oT 1 npu m # [. 3Ha4uT, Ipu m # | cymma, CTOsImas B
(39) B KBagpPaTHBIX CKOOKaX, pasHa npousseienuto 1 — ¢+ na b/(1 — q),
HO

)

1— q]LI-l-l =-1— ei(m—l)% -1 e’i('rn—l)27r -0
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BBUAY 27 i-TIEPHOANTHOCTH IKCIOHEHTHI. [109TOMY B CyMMe oM, CTOAEN B
npapoii gactu (39), Bce caraeMble PABHBI HYJII0, KPOME, GBITH MOKET, TOTO
eIMHCTBEHHOTO, 7 KoTtoporo m = [. Ho B 9TOM ciydyae B KBaJPATHBIX
crOOKaxX MBI cymMupyem 2N OIMHAKOBBIX CIATACMBIX, KAXKI0E U3 KOTOPHIX
passO 1.

OxonvaregbHO MbI nojrydaeM u3 (39)

N
A S fe™F, I=-N+1,... N (40)

1

2N
k=—N+1

DT0 U ecTh UCKOMBIE (DOPMYJIBI TIPSIMOTO JUCKPETHOTO mpeobpasoBanus Py-

pbe, anajoruunbie (opmyaam (37).

B kauecTBe xapakTepHOr0 TPUMEPA MCIOAB30BAHUS AUCKPETHOTO MPeod-
pazoBanng @ypbe 0O6CyAUM €ro IpUMEHEHNE M1 CKATHA MUPPOBBIX U300~
paxxenwuii. s onpeaesénnocru Oyaem BecTu pedb O (pororpadpuu, JeMOH-
cTpupyemoit Ha MoHUTOpPE ¢ pasperienneM 1200 x 1024 nukceneit. B Takom
ciydae oOpa3 dKpaHa TPAKTYIOT Kak Habop u3 1024 BeKTOPOB, KAXKABIA U3
KOTOPBIX nMeeT 1200 KOMIIOHEHT, MPUIEM KazK/1ash KOMIOHEHTa, €CTh IeIoe
YUCII0, KOAUPYIOIIEee HOMED [BETa, KOTOPBIM OKPAIleH JaHHbi nukceasb. Co-
XpaHuTh Win nepeaarb Gororpaduio — 3HAYAT COXPAHUTH WM EPEIATh
sror Habop u3 1024 memodnciieHHBIX BeKTOpoB. OCHOBHAS Haesl YMEHbIIIe-
HUST KOJTUYIECTBA MH(MOPMAIIUH OYEHDb MTPOCTA: TABAlTEe BRIYEDKHEM M3 KaXK-
JIOTO 13 BEKTOPOB BCE KOMITOHEHTHI C HEYETHBIMUA HOMEPAMU U B TAKOM BU-
e coxpanuM uiau nepenaaum uHpopmarmio. Jocturayteiit koadduiment
CXKaTHs TpUMEPHO paBeH 2. UToObl BOCCTAHOBUTH (POTOrpaduIio, «pasmyeMs
CXKATYI0 HHMOPMAIINIO, TOOABUB MEKIY KAXKIBIMU KOMIIOHEHTAMU KaXK0-
T'0 BEKTOPA HOBYIO KOMIIOHEHTY, YHCJIEHHO PABHYIO, CKAXKeM, TIOJIyCyMMe eé
coceneii. flcHO, YTO B pe3ysbTare TAKWX MAHWITYJISAIAN MbI MOJIYYUM HE B
TOYHOCTHU UCXOAHYIO (poTorpacduio, a HECKOIHKO UCKAKEHHYIO.

Tenepsb caerka yCaoKHHUM TPOIECC CXKATHA: CHaYa a K Kaxkaomy 1200-
MEPHOMY BEKTODY IPUMEHUM HPsIMOE JIMCKPeTHOe npeodpazoBanue @ypbe,
a 3aTeM pe3yJIbTaT «COXKMEM», BRIYEPDKHYB, KaK W DaHbIle, HEYETHbIE KOM-
moHeHTHI. [Ipu 3TOM mpoIece BOCCTAHOBIEHUS, €CTECTBEHHO, BBITJISIUT TaK:
CHAYAJIA «Pa3IAyeMy CKATYI0 WH(MOPMAIIWIO, BCTABUB AOMOJTHUTETHHBIE KOM-
TTOHEHTHI, & 3aTeM CleaaeM 0OpaTHOe AuCKpeTHoe mpeodbpazosanne Pypoe.

Kak wmbr 3naem, npeobpazoanue ®ypbe MUCKPETHON (DYHKIUNU UMeeT
CTOJIBKO K€ KOMITOHEHT, CKOJIbKO UCXOJHAS NUCKpeTHasd (DyHKITUA U, HA Tep-
BBII B3IJISA, TPEIJIOYKEHHOE YCIOKHEHNE HUKAKOTO BhIMTPHINIA HAM HE JAET.
O1HAKO HKCIEPUMEHTATIHLHO YCTAHOBJIEHO, 9TO 00CYKIAEMBIH YCIOKHEHHBIT
MPOIECC CXKATHUS TTPUBOIUT K MEHBIITNM UCKaykKeHnaM mn3obpazkenus! 3mech
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MBI HE CTAHEM AHAJM3UPOBATH MATEMATHIECKYI0 CYTh 9TOTO (haKTa, Orpa-
HUYMBUIACH JIUIb TAKUM COOOpazKkenueM: cornacuo (37), norpeuHocru, Bo3-
Hukimme B koddgdunuentax @ypoe A, «pacupenensiorcsas o BeeM fi 1 He
TaK CHJIBHO «OpOCAIOTCS B TJIa3as.

()TMGTI/IM7 YTO MMEHHO OIIHCaHHAasA BbINIE MOed HMCIIOJIbB30BAaHUA HpeO6—
pasoBanus Pypre misa cxaTusa n300PaKEHWsS JIEKUT B OCHOBE aJITOPUT-
moB cxkarust JPEG, npennoxenusrx the Joint Photographic Experts Group
(http://www.jpeg.org/public). HyKHO TONBKO UMETH BBHIY, 9TO K HACTOSI-
IeMy BPeMeHU M3BECTHA [eJiast Cepus aJITOPUTMOB, HEKOTOPBIE U3 KOTOPBIX
WCTTONB3YIOT AUCKPETHBIN aHajaor mpeodbpasoBanusd Pypbe B KOMILJIEKCHON
dopme (kKak 370 ¢HeIaH0 Y HAC), HEKOTOPBIE — AMCKPETHBIE aHAJIOIM CUHYC-
nim Kocuuayc-ipeobpazoBanuit Pyphe, 8 HEKOTOPBIE — NUCKPETHBIN aHAIOT
aByMepHOro upeobpaszopanua @ypoe. IloapobHee 06 3TOM MOXKHO IPOYU-
Tarh, HanmpuMmep, B crarbe G. Strang “The discrete cosine transform”, omy6-
MuKoBaHHOH B xKypHate STAM Reviews 41, no. 1 (1999) 135-147.

Bo Bcsakom ciaydae, Temeph BbI 3HAETE, UTO KOT/IA BbI COXpaHsierTe aii
B dopmare jpg, Balll KOMOBIOTED Aeaaer mnpsmoe npeobpasosanue Pypoe,
a Korga Bbl OTKpbIBaere daiin *.jpg, o menaer obparHoe mpeobpasoBaHue
Dypbe. [Ipu 93TOM BasKHEHIITMM CTAHOBUTCS BOIIPOC O KOJIUIECTBE OMEPAITHii,
HEOOXOUMBIX JJIsT HAXOXK/IEHUST TIPAMOTO MJIM 00PaTHOTO Mpeodpa3oBaHus
@ypre. He yraybasiach B geTanan, OTMETHM, UTO OMEPAINH TEPEMHOXKEHHU ST
WUJIA CJIOZKEHMA IBYX YHCEeJ C IJIABAIONIIEN 3alaTON 3aHUMAIOT y IIPOLEeCccopa
3HAYUTEJIbHO 60J'[bHIe BPEMEHHN, I€M BBI3OB YHCIIa U3 OHepaTI/IBHOfI IIaMATn
WJIN BBIYMUCJICHUE IKCIIOHEHTHI OT 4Yucdjia C HﬂaBaIOIlIeﬁ 3a14TOM. HOSTOMy
O6ymeM OparTh B pacdér TOMBKO apudmerndeckue omneparuu. Hampumep, co-
riacuo dopmyie (37), ajs HaxoxRaeHus oaHoro koaddunuentTa fi obpar-
HOTO AMCKpeTHOro npeobpasosanus Pypbe Ham HEOOXOIUMO CIOKUTH 2N
YHUCes C TIIaBAOIel 3amsaTol, KaKI0e N3 KOTOPBIX ABIIAETCS TPON3BEIEHU-
eM JIByX YHCeJl ¢ I1aBamoleil 3anaroil. To ecTh, Ajis HaXO0K I€HUs OIHOIO fi
HaM HeoOXOAMMO BBIMOMHUTL 2N ymHOKeHHe u 2N — 1 CI0:KeHne; BCEro —
4N —1 apudmMernueckux onepauuii. /st Haxox aeHus Becex komnonenT{ fi }
obparHoro auckpernoro npeobpasosanus Pypue norpedyercsa2N (4N — 1)
apudmMermyeckux onepaimii. IT06bI yIPOCTUTH U3JI0KEHUE U HE CIEAUTD 33,
KOHKPETHBIMH ITOCTOSHHBIMH, MBI OyI€M TOBOPUTD, UTO IS 9TOTO MOTPeby-
erca O(N?) oneparuii, mompasyMeBas IIPH 9TOM, B COOTBETCTBUH ¢ ODIIeit
HUIEOJIOTHEH MATEeMATUIeCKOTO aHAJIN3a, YTO HAHIETCS HEKOTOPast TIOCTOSTH-
Has C' Takasi, 9T0 HEOOXOANMOE HAM KOJUIECTBO OIEpaIiii He IMPEBOCXOIUT
C - N2
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ECTQCTBGHHO BO3HUKAECT BOIIPOC O TOM MOXKHO JIX U HACKOJbBKO yMEHb-
[IATH YUCTIO ONEpPanuii, HEOOXOTUMBIX /11 HAXOXKIECHUS AUCKPETHOrO Ipe-
obpazoBanusg @ypbe, 3a CHET parMOHATbHON opranu3anuu Boraucaenuii? 06
3TOM peub TMONAET B cleayromeM maparpade.

§ 15. IlepBbie cBegeHUA 0 OBICTPOM TpeobpasoBanuu Pypbe

Bricrpoe npeobpasopanne @ypbe ecTh CoCO6 OPraHU3aluyi BEIYUCICHUIA,
NPUMEHAEMBIH 71 HAXOXKICHU AUCKPETHOro npeobpasosanusa ®ypoe. Ero
uzest COCTOMT B TOM, 9TOObI, HanpuMep, B (popMynax (40) BbLAEIUTD IPYII-
IIbI CJIATAEMBIX, KOTOPBIE BXOJAT B BLIPAXKEHH JJIA PA3IUIHbIX KOdhdumm-
eHTOB A;. DKOHOMPS BBIYHCICHUIT JOCTHTAeTCA 38 CIET TOrO, UTO KAXKIASA
I'PYIIA BBIYUCAACTCA TOJBLKO OOUH Pas.

Jist onpeneéHHOCTH MPEIIIONOKHEM, 9TO MBI COOMPAeMCcs HANTHU IIPAMOE
JIucKpeTHoe peobpazosanne Pypre 1o hopmyram (40), To ecTh 115t JaAHHOM
nuckpernoit dbyukimu { f} Mbl cobupaemcs HaiiTu aucia

A, = 2N g:vﬂfke—mw, ~N+1<n<N. (41)

Homyctum, uTo aucao N gBIgeTCsS COCTABHBIM U MIPEJICTABJIEHO B BUJE
N = p; - po. llpuMensis aaropuT™ JeJeHUs ¢ OCTATKOM, 3aMUIleM MPONU3-
BOJILHOE TIeJI0€ YUCIO0 N, jiexkaree Mexiay —N+1u N B Bume n = nj +ping,
T7Ie OCTATOK N JIEXKHUT B MPEIEIAX OT —P1 110 P1, & JACTHOE Ng — B TIPEIETIAX
OT —p2 10 P2

—p1 < n1 < pi, —p2 <z < pa. (42)
ITpu 3TOM MBI TOJIy4aeM HOBYIO BO3MOXKHOCTD 33/IaBATh UHUCION U3 UHTEP-
BaJta 0T —N +1 10 N: 1151 TOTO AOCTATOYHO 33aTh YUCIAN] U Mo, YIOBJIE-
reopsronpe HepapencrBam (42). Ilosnb3ysack 3rum coobpazkenuem, BBEIEM
obosnauenne A, = A(ny,na).

Ob6paruTe BHEMAHUE, UTO, HAITMCAB HEPABEHCTBA, (42), Mbl H3JIUIITHE OIPa-
HUYUH ce0st B BBIOOPE BO3MOXKHBIX YACTHOTO W OCTATKA, CIEJIAB, HAPUMED,
HEBO3MOXKHBIM TIPEICTaBIeHNEe ducian = N = p1ps B BUAE N = N1 + PiNa.
Ho mbI coznarensro He yraybisemcs B 06CyKaeHue mogo0HOr0 poia «rpa-
HUYHBIX 3P PHEKTOB> YTOOBL HE 3arPOMOXK AATH U3JI0KEHHE.

ITomobubIM 2Ke 00pa30M BCIKOE Iemoe Iucio k, jgexkairee Mexay —N + 1
u N npencrasuMm B Bue k = ko +poky, e —p1 < k1 < p1 u —pg < ko < po.

Ternepb Mbl MOYKEM [O-HOBOMY OPraHU30BaTh CyMMmupoBanue B (41):

An = Alni,n2) = 5 Z fre R =

k=—N+1
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p1—1 p2—1
1

—i(n1+pinz)(ke+p2k1) —=—
E E fk2+p2k16 (n1+p1n2)(ka+pe 1)p1p2. (43)
ki=—p1+1 ka=—p2+1

T 2N

ITpeobpazyem mokazare/ib IKCIOHEHTHI:

] ™ . nkQ . n1k1
—1(n1 + p1n2 ) +p2k1 = T —= — T
( )( )p1p2 N P1

— ’L"/TTLQ]{Zl.

[TockonbKy 4mcio noky — UE10€, TO SKCIOHEHTA B CTENEHU —inmNok] pas-
Ha ILIIOC WM MUHYC equHuie. I1osToMy, meperpynnupoBas CIaraeMble, Mbl
MOKeM TPOIOJIKNTE PaBeHCTBO (43) ciieayromnmM o6pa3oM

p2—1

1 . nk
Ap = A(ni,ng) == N Z AW (ny, ko)™, (44)
ko=—pa+1
riue
pizl i1k
A(l)(nl, kg) = Z (:l:fk'q-‘rpﬂi’l)e_wrT .
ki=—p1+1

Berancrrenne omaoro soipaxenns A (ny, ko) Tpebyer or mac O(p; ) apud-
METHIEeCKUX ONepaIiii ¢ YncIaMu ¢ TIaBatoreit 3ansaToil. ITockombKy caMmx
STUX BBIPAXKEHUH 2D - 2p2 MTYK, TO JJIs BEIYACICHUSA MX BCEX MOTPedyeTcst
O(p?p2) oneparii. ITocie Toro, kax Bee sorpazenns A1) (ny, ky) maiizensr,
JJIsT BBIYMCJIEHUST OMHOTO Bhipazkerns A(n1, ny) tpebyerca O(ps) omeparuii.
Camux ke BbIpazkeHuil A(nq,ne) uMeeTcd 2p; - p2 WITYK. SHAYWT, AJIA Ha-
XOKJIeHUs uX Beex norpedyerca O(pip3) onepanuii.

OKOHYATENBHO TOIYYIaeM, 9TO JJIsI HAXOMXKJCHNST MPAMOTO JUCKPETHOTO
npeobpazosanus Pypbe mo dopmyaam (44) tpebyercsa O(pips) + O(p1p3)
onepanuii. B 4aCTHOCTH, €CTM COMHOKUTENNP] U Po NPAOJU3UTEIBHO PABHDBI
MeX 1y coboii (a 3HAYWT, TPUOIUZUTETHLHO DABHBI VN ), TOo ofIee UUCIO
oneparmii cocrasur O(N3/2).

BoT MbI ¥ IPpOCTEAMIN KAK 33 CYET PALNMOHAILHON OPraHU3aLMN BBIYHC-
JleHuil yMeHbHIIUTb KonudecTso onepammii ¢ O(N?) B dbopmynax (41) 1o
O(N®/?) B bopmymnax (44). BmecTe ¢ Tem 1erko monaTs, 910 hopmyisr (44)
HE fABJAIOTCA IPEACAbHO SKOHOMMYHBIMH: IIPU BbIYUCICHNU KO3hDuUuIpen-
108 AV (ny, ky), B CBOIO OYepeb, MOKHO BBLIEISATH HEKOTOPHIE BBIPAZKe-
aus A2 momobHO ommcanHOMYy Bbimre Bbimeennio Beipakernii A (ny, k)
us A(ny,ns); us A% MOXKHO 110106HBIM 06PA30M BbIIEIATH BhIpaskenus A3
U T.J. YCJIOKHEHHbIE TAKUM 00pa30M BBIYUCIUTEIbHBIE (DOPMYJIbI IIO3BOJIS-
IOT JTOBECTH YHCJIO ONEPAINH, HEOOXOMMMBIX I BBIYUCICHHAS TUCKPETHOTO
npeobpazosanusa Pypoe, 10 O(Nlog, N). B srom u cocrour bncmpoe npe-
obpasosarue Dypuwe.
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Bonee nerasnbHoe usnoxkenue OpicTporo npeobpazosanust Pypbe duTa-
renb Moxker Haditu B kaure H. C. Baxsamosa, H. I1. ZKunkosa u I'. M. Ko-
6enbkoBa « Yncnennbie Meronbrs M.: Hayka, 1987. O apyrux 6bICTPBIX ajro-
puTMax (HampuMmep, — 06 aJropuT™Max GbICTPOTO YMHOMKEHHUS GHCEIT) MOKHO
npouuTarh BO BropoMm tome kuuru J. Kayrra «HckycerBo mporpammupo-
Banus st 9BMs M.: Mup, 1977.

Bepuémcsa k npumepy cxkarus mudgpoBoit dpororpadun, n3o06parzkEHHOM
Ha mouurtope ¢ paspemeraunem 1200 x 1024, B stom ciy4ae kaxxzgas u3 1024
crpok uMmeer auHy N = 1200 u HaxoxK geHue npeobpasoBanus Pypbe oT HEE
no opmynam (40) Tpebyer C - 1200% omeparmii, a 1o dhopMyIaM GLICTPOro
npeobpazosanus ®Pypoe — ronbko C - 1200log, 1200) oneparuii, 9410 npu-
MepHO B 120 pa3 menbire. I 9T0 pu KaxKI0M OTKPBITUU WIH COXPAHEHUHN
* jpg daitna! He yauBuTenbHO, 4TO NPOM3BOIUTENN IPOrPAMMHOIO 00€CIIe-
Y€HUsI C TOTOBHOCTBIO UYT HA YCIOKHEHNE BBIYUCTUTETbHBIX AJTOPUTMOB,
obecrieunBalonX TaKo# pocT cKOpocTH 06paboTKu nHMOPMAIINH.
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OTBeThI U YKazaHud

7.a) =2 fOJrOO 1—|ic0;7ry cosxydy; 0) f(l) =2 fOJrOO Slln;y sin zy dy.
8.a) = 2 f(+oc 75””’“)”“’ dy; ©6) f(z)=2 O+°° i Co“’blnxydy 9.a) f(x) =
0+DO %Cosylcosxydy, 6) f(x) = 2f0+00 WSmxydy 10.a) f(z) =
O+O° ysm(2y/3)+§(608(2y/3) D cos aydy; 6) f(z)= 0+<>C 2y— 3%;11(21;/3) sinzy dy.
11.f( Y=e Y, y>0.12. f(y) =e Y,y > 0.13. f(y) = (2/7) fo (sinzy)/(1+

22) d; 3TOT HATErpan He 6epETCA B MEMEHTAPHbIX (byHKuHHX HO €10 MOXK-
HO npeo6paSOBaTb k Buay f(y) = [e7VEi (y) — eVEi (—y)]/7, rae Ei (y) =
% e~ /1 dx. 14. Her pemennit. 15. f(y) = 27 ty(14y%) L. 16. f(y) =

(sm7ry)(1 y2) "L 17, f(y) = (ysinmy)(1—y2) "L 18, f(y) = 27 1a—1/2yev"/4,
19. 27 ly~lsinay. 20. 771 (1 —y) tsina(l—y)+7 (1 +y) tsina(l+y).
21. (2m) V2" /4, 22, 21/251/2 cog(y? /4 — 7 /4). 28. 21/ 25 1/2 cos(m /4 —
y2/4). 24. 2~ Ly=1(1 — cosay). 25. 2 Lye ¥ /2. 26. 7 1n |(1 +y)/(1 —
y)|. Vxasanue. Ucnonszyiire unrerpasibr Opynianu f0+°° M dx =
f(0)ln & =, TJe mpeamonaraeTcd, 9ro a > 0, b > 0, bynkiua f HempepbiBHA
npu & > 0 u wHTErpan fioo 271 f(x) dx cxommTca xoTs GBI A8 OTHOTO A.
30. F_[e"“ f(2)](y) = F-[fl(y + a). 81. F_[f(z — a)](y) = e"*“F_[f](y).
32. ®opmyaa me m3menserca. 33. F_[f(x)sinaz](y) = [f(y +a)— fly —

0))/(2i). 86. fy) = fly) = 2/ °n 1y Tsing. 37. fy) = —f()
i2'/27 _1/2y:2(ycosy—siny) 38. f( ) f(y)—21/2 “1/29=2(cosy — 1
ysiny). 39. f(y) = f(y) = 2!/27 /2y ~>(2y cos y+(y°~2) siny). 40. f(y) =
fly) = e 2ch ay. 41. fy ) —f( ) = —ie” D 25k ay. 42. fy
F(my) = e W2, 43, f(y) = —f(y) = —i8' 2! Pay(y>+a?) 2. 44. f(y
Flo) = 82 5P 1) 45 Fly) = —fl0) = 827 200 =3
1)73. 46. f(y) = f(-y) = 2207 V2(1 — y) " sinmy. 47. f(y) = f(y) =
21/27r:1/2y(1jy2)_1 sinmy. 48. f(y) = —f(y) = —i2'/%x _1/2(1 Yy )_V1 sin Ty.
29. 7(y) = F(—y) = i@n) (1 —5)~ (1 + ™). 50. F(y) = F(y)
2127 =1/2y(sin 2y — siny). 51. f(y) = f(y) = 2712712~ 52, f(y) =
—fly) = —i271 27/ 2yB3e~ vl 65, xH(z). 66. (v + 1)H(z + 1). 67. (2 —

|z|)H (2—|x|). 68. 2> H(x)/3. 69. (1—cos z) H (z). 70. (v®—4sin®(z/2)) H ().
71. (322 4+ 6cosx — 6)H(z). 72. (sh z — sinz)H(x)/2. 73. (1 + |z[)e~ =]
74, —47La"2ge=7"/2 81, ra~ (e%/2+e/2)(e¥/2—=/2) =1 = 1q~Lcth a/2.
82. u(t,z) = [f(x — at) + f(z + at)]/2+ 27} fg[g(x —az) + g(x + az)] dz.
83. f(z,y) = %fjooj mg(z) dz. Yrasanue. Yoequrech, 9T0 mpsAMOe

+
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+
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