
Âàðèàíò 1

1. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

I[y] =

π/3∫
0

(
(y′)2 − 9y2 +

18y

1 + cos2(3x)

)
dx, y(0) =

π

2
, y

(π
3

)
= 0.

2. Íàéòè îáùåå ðåøåíèå ñèñòåìû
ẍ1 + x1 + x2 = 0,
17ẍ2 + x1 + 17x2 + 4x3 = 0,
ẍ3 + 4x2 + x3 = 0.

3. Äàíî óðàâíåíèå y′′ + 100y = cos(7ωt) + 4.
à) Ïðè êàêèõ ω > 0 ñóùåñòâóåò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå ñ ïåðèîäîì,

ðàâíûì ïåðèîäó ïðàâîé ÷àñòè? Âûïèñàòü ýòî ðåøåíèå.
á) Ïðè êàêèõ ω > 0 íå ñóùåñòâóåò ïåðèîäè÷åñêèõ ðåøåíèé?
â) Ïðè êàêèõ ω > 0 ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïåðèîäè÷åñêèõ ðåøåíèé? Âû-

ïèñàòü âñå ïåðèîäè÷åñêèå ðåøåíèÿ è óêàçàòü èõ ïåðèîäû.
Çàìå÷àíèå. Ïîä ïåðèîäîì ïîíèìàåòñÿ ÍÀÈÌÅÍÜØÅÅ ÷èñëî T > 0, ïðè êîòî-

ðîì âûïîëíåíî y(t+ T ) = y(t).

4. Íàéòè ïðîèçâîäíûå ïî ïàðàìåòðó
∂x

∂µ

∣∣∣∣
µ=0

è
∂y

∂µ

∣∣∣∣
µ=0

îò êîìïîíåíò ðåøåíèÿ çà-

äà÷è Êîøè 
ẋ = 4te−16ty2 + µ2 ln(1 + x2 + y2),

ẏ = 8y + e8t + 5µxe8t,

x
∣∣
t=0

= µ,

y
∣∣
t=0

= 5µ2.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Âàðèàíò 2

1. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

I[y] =

9π∫
3π

(
(y′)2 − y2

36
+

y

9(1 + sin2(x/6))

)
dx, y(3π) = 0, y(9π) = π.

2. Íàéòè îáùåå ðåøåíèå ñèñòåìû
13ẍ1 + 13x1 + 2x2 + 3x3 = 0,
ẍ2 + 2x1 + x2 = 0,
ẍ3 + 3x1 + x3 = 0.

3. Äàíî óðàâíåíèå y′′ + 16ω2y = cos(5t) + 11.
à) Ïðè êàêèõ ω > 0 ñóùåñòâóåò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå ñ ïåðèîäîì,

ðàâíûì ïåðèîäó ïðàâîé ÷àñòè? Âûïèñàòü ýòî ðåøåíèå.
á) Ïðè êàêèõ ω > 0 íå ñóùåñòâóåò ïåðèîäè÷åñêèõ ðåøåíèé?
â) Ïðè êàêèõ ω > 0 ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïåðèîäè÷åñêèõ ðåøåíèé? Âû-

ïèñàòü âñå ïåðèîäè÷åñêèå ðåøåíèÿ è óêàçàòü èõ ïåðèîäû.
Çàìå÷àíèå. Ïîä ïåðèîäîì ïîíèìàåòñÿ ÍÀÈÌÅÍÜØÅÅ ÷èñëî T > 0, ïðè êîòî-

ðîì âûïîëíåíî y(t+ T ) = y(t).

4. Íàéòè ïðîèçâîäíûå ïî ïàðàìåòðó
∂x

∂µ

∣∣∣∣
µ=0

è
∂y

∂µ

∣∣∣∣
µ=0

îò êîìïîíåíò ðåøåíèÿ çà-

äà÷è Êîøè 
ẋ = 2x+ 4te2ty2 + µ2 sin y,

ẏ = 1 + 5µxe−2t + µ2 sinx,

x
∣∣
t=0

= 4µ,

y
∣∣
t=0

= 0.



Âàðèàíò 3

1. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

I[y] =

π/5∫
0

(
(y′)2 − 25y2 +

100y

1 + cos2(5x)

)
dx, y(0) = π, y

(π
5

)
= 0.

2. Íàéòè îáùåå ðåøåíèå ñèñòåìû
ẍ1 + x1 + x3 = 0,
ẍ2 + x2 + 3x3 = 0,
2ẍ3 + x1 + 3x2 + 10x3 = 0.

3. Äàíî óðàâíåíèå y′′ + 81y = cos(5ωt) + 5.
à) Ïðè êàêèõ ω > 0 ñóùåñòâóåò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå ñ ïåðèîäîì,

ðàâíûì ïåðèîäó ïðàâîé ÷àñòè? Âûïèñàòü ýòî ðåøåíèå.
á) Ïðè êàêèõ ω > 0 íå ñóùåñòâóåò ïåðèîäè÷åñêèõ ðåøåíèé?
â) Ïðè êàêèõ ω > 0 ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïåðèîäè÷åñêèõ ðåøåíèé? Âû-

ïèñàòü âñå ïåðèîäè÷åñêèå ðåøåíèÿ è óêàçàòü èõ ïåðèîäû.
Çàìå÷àíèå. Ïîä ïåðèîäîì ïîíèìàåòñÿ ÍÀÈÌÅÍÜØÅÅ ÷èñëî T > 0, ïðè êîòî-

ðîì âûïîëíåíî y(t+ T ) = y(t).

4. Íàéòè ïðîèçâîäíûå ïî ïàðàìåòðó
∂x

∂µ

∣∣∣∣
µ=0

è
∂y

∂µ

∣∣∣∣
µ=0

îò êîìïîíåíò ðåøåíèÿ çà-

äà÷è Êîøè 
ẋ = 4te−14ty2 + µ2 sin(x+ y),

ẏ = 7y + e7t + 5µxe7t,

x
∣∣
t=0

= 2µ,

y
∣∣
t=0

= 3µ2.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Âàðèàíò 4

1. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

I[y] =

6π∫
2π

(
(y′)2 − y2

16
+

y

16(1 + sin2(x/4))

)
dx, y(2π) = 0, y(6π) =

π

4
.

2. Íàéòè îáùåå ðåøåíèå ñèñòåìû
ẍ1 + x1 + 3x2 = 0,
5ẍ2 + 3x1 + 25x2 + 4x3 = 0,
ẍ3 + 4x2 + x3 = 0.

3. Äàíî óðàâíåíèå y′′ + 64ω2y = cos(9t) + 1.
à) Ïðè êàêèõ ω > 0 ñóùåñòâóåò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå ñ ïåðèîäîì,

ðàâíûì ïåðèîäó ïðàâîé ÷àñòè? Âûïèñàòü ýòî ðåøåíèå.
á) Ïðè êàêèõ ω > 0 íå ñóùåñòâóåò ïåðèîäè÷åñêèõ ðåøåíèé?
â) Ïðè êàêèõ ω > 0 ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïåðèîäè÷åñêèõ ðåøåíèé? Âû-

ïèñàòü âñå ïåðèîäè÷åñêèå ðåøåíèÿ è óêàçàòü èõ ïåðèîäû.
Çàìå÷àíèå. Ïîä ïåðèîäîì ïîíèìàåòñÿ ÍÀÈÌÅÍÜØÅÅ ÷èñëî T > 0, ïðè êîòî-

ðîì âûïîëíåíî y(t+ T ) = y(t).

4. Íàéòè ïðîèçâîäíûå ïî ïàðàìåòðó
∂x

∂µ

∣∣∣∣
µ=0

è
∂y

∂µ

∣∣∣∣
µ=0

îò êîìïîíåíò ðåøåíèÿ çà-

äà÷è Êîøè 
ẋ = 3x+ 4te3ty2 + µ2 ln(1 + y2),

ẏ = 1 + 5µxe−3t + µ2ex,

x
∣∣
t=0

= 5µ,

y
∣∣
t=0

= 0.
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Âàðèàíò 5

1. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

I[y] =

π/7∫
0

(
(y′)2 − 49y2 +

14y

1 + cos2(7x)

)
dx, y(0) =

π

14
, y

(π
7

)
= 0.

2. Íàéòè îáùåå ðåøåíèå ñèñòåìû
17ẍ1 + 17x1 + x2 + 4x3 = 0,
ẍ2 + x1 + x2 = 0,
ẍ3 + 4x1 + x3 = 0.

3. Äàíî óðàâíåíèå y′′ + 121y = cos(3ωt) + 6.
à) Ïðè êàêèõ ω > 0 ñóùåñòâóåò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå ñ ïåðèîäîì,

ðàâíûì ïåðèîäó ïðàâîé ÷àñòè? Âûïèñàòü ýòî ðåøåíèå.
á) Ïðè êàêèõ ω > 0 íå ñóùåñòâóåò ïåðèîäè÷åñêèõ ðåøåíèé?
â) Ïðè êàêèõ ω > 0 ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïåðèîäè÷åñêèõ ðåøåíèé? Âû-

ïèñàòü âñå ïåðèîäè÷åñêèå ðåøåíèÿ è óêàçàòü èõ ïåðèîäû.
Çàìå÷àíèå. Ïîä ïåðèîäîì ïîíèìàåòñÿ ÍÀÈÌÅÍÜØÅÅ ÷èñëî T > 0, ïðè êîòî-

ðîì âûïîëíåíî y(t+ T ) = y(t).

4. Íàéòè ïðîèçâîäíûå ïî ïàðàìåòðó
∂x

∂µ

∣∣∣∣
µ=0

è
∂y

∂µ

∣∣∣∣
µ=0

îò êîìïîíåíò ðåøåíèÿ çà-

äà÷è Êîøè 
ẋ = 4te−12ty2 + µ2 arctg(ty),

ẏ = 6y + e6t + 5µxe6t,

x
∣∣
t=0

= 3µ,

y
∣∣
t=0

= µ2.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Âàðèàíò 6

1. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

I[y] =

15π∫
5π

(
(y′)2 − y2

100
+

y

25(1 + sin2(x/10))

)
dx, y(5π) = 0, y(15π) = π.

2. Íàéòè îáùåå ðåøåíèå ñèñòåìû
ẍ1 + x1 + 3x3 = 0,
ẍ2 + x2 + 4x3 = 0,
5ẍ3 + 3x1 + 4x2 + 25x3 = 0.

3. Äàíî óðàâíåíèå y′′ + 100ω2y = cos(3t) + 5.
à) Ïðè êàêèõ ω > 0 ñóùåñòâóåò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå ñ ïåðèîäîì,

ðàâíûì ïåðèîäó ïðàâîé ÷àñòè? Âûïèñàòü ýòî ðåøåíèå.
á) Ïðè êàêèõ ω > 0 íå ñóùåñòâóåò ïåðèîäè÷åñêèõ ðåøåíèé?
â) Ïðè êàêèõ ω > 0 ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïåðèîäè÷åñêèõ ðåøåíèé? Âû-

ïèñàòü âñå ïåðèîäè÷åñêèå ðåøåíèÿ è óêàçàòü èõ ïåðèîäû.
Çàìå÷àíèå. Ïîä ïåðèîäîì ïîíèìàåòñÿ ÍÀÈÌÅÍÜØÅÅ ÷èñëî T > 0, ïðè êîòî-

ðîì âûïîëíåíî y(t+ T ) = y(t).

4. Íàéòè ïðîèçâîäíûå ïî ïàðàìåòðó
∂x

∂µ

∣∣∣∣
µ=0

è
∂y

∂µ

∣∣∣∣
µ=0

îò êîìïîíåíò ðåøåíèÿ çà-

äà÷è Êîøè 
ẋ = 4x+ 4te4ty2 + µ2 arctg y,

ẏ = 1 + 5µxe−4t + µ2(x2 + y2),

x
∣∣
t=0

= µ,

y
∣∣
t=0

= 0.

3



Âàðèàíò 7

1. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

I[y] =

π/6∫
0

(
(y′)2 − 36y2 +

36y

1 + cos2(6x)

)
dx, y(0) =

π

4
, y

(π
6

)
= 0.

2. Íàéòè îáùåå ðåøåíèå ñèñòåìû
ẍ1 + x1 + 3x2 = 0,
13ẍ2 + 3x1 + 13x2 + 2x3 = 0,
ẍ3 + 2x2 + x3 = 0.

3. Äàíî óðàâíåíèå y′′ + 64y = cos(9ωt) + 2.
à) Ïðè êàêèõ ω > 0 ñóùåñòâóåò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå ñ ïåðèîäîì,

ðàâíûì ïåðèîäó ïðàâîé ÷àñòè? Âûïèñàòü ýòî ðåøåíèå.
á) Ïðè êàêèõ ω > 0 íå ñóùåñòâóåò ïåðèîäè÷åñêèõ ðåøåíèé?
â) Ïðè êàêèõ ω > 0 ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïåðèîäè÷åñêèõ ðåøåíèé? Âû-

ïèñàòü âñå ïåðèîäè÷åñêèå ðåøåíèÿ è óêàçàòü èõ ïåðèîäû.
Çàìå÷àíèå. Ïîä ïåðèîäîì ïîíèìàåòñÿ ÍÀÈÌÅÍÜØÅÅ ÷èñëî T > 0, ïðè êîòî-

ðîì âûïîëíåíî y(t+ T ) = y(t).

4. Íàéòè ïðîèçâîäíûå ïî ïàðàìåòðó
∂x

∂µ

∣∣∣∣
µ=0

è
∂y

∂µ

∣∣∣∣
µ=0

îò êîìïîíåíò ðåøåíèÿ çà-

äà÷è Êîøè 
ẋ = 4te−10ty2 + µ2ex+y,

ẏ = 5y + e5t + 5µxe5t,

x
∣∣
t=0

= 2µ,

y
∣∣
t=0

= 2µ2.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Âàðèàíò 8

1. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

I[y] =

3π∫
π

(
(y′)2 − y2

4
+

10y

1 + sin2(x/2)

)
dx, y(π) = 0, y(3π) = 10π.

2. Íàéòè îáùåå ðåøåíèå ñèñòåìû
5ẍ1 + 25x1 + 3x2 + 4x3 = 0,
ẍ2 + 3x1 + x2 = 0,
ẍ3 + 4x1 + x3 = 0.

3. Äàíî óðàâíåíèå y′′ + 25ω2y = cos(8t) + 2.
à) Ïðè êàêèõ ω > 0 ñóùåñòâóåò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå ñ ïåðèîäîì,

ðàâíûì ïåðèîäó ïðàâîé ÷àñòè? Âûïèñàòü ýòî ðåøåíèå.
á) Ïðè êàêèõ ω > 0 íå ñóùåñòâóåò ïåðèîäè÷åñêèõ ðåøåíèé?
â) Ïðè êàêèõ ω > 0 ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïåðèîäè÷åñêèõ ðåøåíèé? Âû-

ïèñàòü âñå ïåðèîäè÷åñêèå ðåøåíèÿ è óêàçàòü èõ ïåðèîäû.
Çàìå÷àíèå. Ïîä ïåðèîäîì ïîíèìàåòñÿ ÍÀÈÌÅÍÜØÅÅ ÷èñëî T > 0, ïðè êîòî-

ðîì âûïîëíåíî y(t+ T ) = y(t).

4. Íàéòè ïðîèçâîäíûå ïî ïàðàìåòðó
∂x

∂µ

∣∣∣∣
µ=0

è
∂y

∂µ

∣∣∣∣
µ=0

îò êîìïîíåíò ðåøåíèÿ çà-

äà÷è Êîøè 
ẋ = 6x+ 4te6ty2 + µ2 sin(x+ y),

ẏ = 1 + 5µxe−6t + µ2 cos(x− y),

x
∣∣
t=0

= 3µ,

y
∣∣
t=0

= 0.

4



Âàðèàíò 9

1. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

I[y] =

π/4∫
0

(
(y′)2 − 16y2 +

64y

1 + cos2(4x)

)
dx, y(0) = π, y

(π
4

)
= 0.

2. Íàéòè îáùåå ðåøåíèå ñèñòåìû
ẍ1 + x1 + 4x3 = 0,
ẍ2 + x2 + x3 = 0,
17ẍ3 + 4x1 + x2 + 17x3 = 0.

3. Äàíî óðàâíåíèå y′′ + 49y = cos(6ωt) + 10.
à) Ïðè êàêèõ ω > 0 ñóùåñòâóåò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå ñ ïåðèîäîì,

ðàâíûì ïåðèîäó ïðàâîé ÷àñòè? Âûïèñàòü ýòî ðåøåíèå.
á) Ïðè êàêèõ ω > 0 íå ñóùåñòâóåò ïåðèîäè÷åñêèõ ðåøåíèé?
â) Ïðè êàêèõ ω > 0 ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïåðèîäè÷åñêèõ ðåøåíèé? Âû-

ïèñàòü âñå ïåðèîäè÷åñêèå ðåøåíèÿ è óêàçàòü èõ ïåðèîäû.
Çàìå÷àíèå. Ïîä ïåðèîäîì ïîíèìàåòñÿ ÍÀÈÌÅÍÜØÅÅ ÷èñëî T > 0, ïðè êîòî-

ðîì âûïîëíåíî y(t+ T ) = y(t).

4. Íàéòè ïðîèçâîäíûå ïî ïàðàìåòðó
∂x

∂µ

∣∣∣∣
µ=0

è
∂y

∂µ

∣∣∣∣
µ=0

îò êîìïîíåíò ðåøåíèÿ çà-

äà÷è Êîøè 
ẋ = 4te−8ty2 + µ2(sinx+ cos y),

ẏ = 4y + e4t + 5µxe4t,

x
∣∣
t=0

= 4µ,

y
∣∣
t=0

= 5µ2.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Âàðèàíò 10

1. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

I[y] =

12π∫
4π

(
(y′)2 − y2

64
+

y

32(1 + sin2(x/8))

)
dx, y(4π) = 0, y(12π) =

π

2
.

2. Íàéòè îáùåå ðåøåíèå ñèñòåìû
ẍ1 + x1 + 3x2 = 0,
2ẍ2 + 3x1 + 10x2 + x3 = 0,
ẍ3 + x2 + x3 = 0.

3. Äàíî óðàâíåíèå y′′ + 4ω2y = cos(9t) + 20.
à) Ïðè êàêèõ ω > 0 ñóùåñòâóåò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå ñ ïåðèîäîì,

ðàâíûì ïåðèîäó ïðàâîé ÷àñòè? Âûïèñàòü ýòî ðåøåíèå.
á) Ïðè êàêèõ ω > 0 íå ñóùåñòâóåò ïåðèîäè÷åñêèõ ðåøåíèé?
â) Ïðè êàêèõ ω > 0 ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïåðèîäè÷åñêèõ ðåøåíèé? Âû-

ïèñàòü âñå ïåðèîäè÷åñêèå ðåøåíèÿ è óêàçàòü èõ ïåðèîäû.
Çàìå÷àíèå. Ïîä ïåðèîäîì ïîíèìàåòñÿ ÍÀÈÌÅÍÜØÅÅ ÷èñëî T > 0, ïðè êîòî-

ðîì âûïîëíåíî y(t+ T ) = y(t).

4. Íàéòè ïðîèçâîäíûå ïî ïàðàìåòðó
∂x

∂µ

∣∣∣∣
µ=0

è
∂y

∂µ

∣∣∣∣
µ=0

îò êîìïîíåíò ðåøåíèÿ çà-

äà÷è Êîøè 
ẋ = 7x+ 4te7ty2 + µ2ey,

ẏ = 1 + 5µxe−7t + µ2ex,

x
∣∣
t=0

= 3µ,

y
∣∣
t=0

= 0.
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