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Sanpgarue 1

YpaBHeHUs C pa3JeJdIOIIIMUCA IIepeMeHHbIMU

HuddeperiuaibiblM ypaBHEHUEM ¢ Pa30eAA0UUMUCS NEPEMEHHDIMU

Ha3bIBalOT YpaBHEHHUE BUJa

y' = f(x)-g(y). (1.1)

C TakuMu YpaBHCHHAMMK Bbl y2K€ HE PDa3 BCTPECYIAJINCD. Mepbr aumib HaIlIOMHHUM,

KaK OHHN peliaroTCHd.

IIpexxjie Bcero 3aMeTuM, 4TO €CJIM B KaKOH-uOO TOUKe Yy = ¢y (PYHK-
nus g(y) obparaercss B HOJb, TO MYHKIUSA Y(T) = ¢ ABISAETCS PEIeHueM

ypasaenust (1.1), 7.k obparaer ero B TOXKJIECTBO.

Yrobbl HAWTH JpyTUe peIIeHHs, MPEJICTABUM MPOU3BOJIHYIO Y’ Kak OT-
nomenue nuddepennnanos: y’ = %, W «Pa3JeJUM [IePEMEHHBICY, TTPUBEJIs
ypasuenue (1.1) k BuIy

G(y) = F(z) + C. (1.2)

1
Bnecy G(y) n F(x) — nexomopue nepBoobpasubie OT (QyHKIHl ok f(x)
g\y
coorBercTBeHHO, a C' 03HAYAET NPOU3BOALHYIO TOCTOSHHYITO.
Coornormmenne (1.2) ompemesnsieT 3aBUCHMOCTH MEXKJY TE€PEMEHHBIMHA
T U y. 3aMeTuM, 4TO 3a4acTyio PasperiuTh ITO COOTHOILICHUE sSBHBIM 00-
Pa30M OTHOCHTEJILHO MEPEMEHHON § TeXHUYECKH CJIOXKHO, Jia U He BCerja

11eJ1eco00pas3Ho.

IMpumep 1. Penmm ypasuenue y' = x - (1 + y?), cieiys onucannomy

BBIIIE aJITOPUTMY:
dy

_ 2
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dy

1+y2:x-d:c

2

arctgy = %—I—C’

Kak BujuTe, ajJrOpuTM pelieHns ypaBHEHUS € pa3JessaioNuMuIcs TepeMeH-
HBIMU JIOCTATOYHO TTPOCT. DTO TTO3BOJUT HaM Ha IIpUMepe YpaBHEHUH ¢ pas-
JIETIIONTIMUCA TTEPEMEHHBIMU OOCY/IUTH OCHOBHBIE BOIIPOCHI, BO3HUKAIOIINE
1pu perienun Joboro jinddepeninajibHOIO ypaBHEHUsI, He OTBJIEKasiCh Ha

TeXHUYECKUE 1PODJIeMbI.

I camblil 11epBbIil BOIIPOC — 4TO »Ke Takoe «perieHue juddepeHimaib-

HOT'O ypaBHeHust». ajiuM orpejiesieHue.

Pewenuem muddepenimansrHoro ypaBHeHus Ha naTepBase (a; b) Ha3biBa-
ercsi HerpepbiBHO Juddepennupyemast Ha (a; b) dyukuus y = p(x), koropast

obpallaeT 3T0 ypaBHEHHUE B TOXKJIECTBO.

[Touemy Tak Ba)kXHO YyKa3blBaTb WHTEPBAJ, Ha KOTOPOM (DyHKIUS
y = @(x) sBastercst periennem? PaccMoTpuM npuMepsbl.

1
r— 2

y' =y’ (1.3)

ITpumep 2. Oyukiust y = SIBJISIETCS PELIEHUEeM yPaBHEHUS

Ha WHTepBaJie (2;+00), HO He SIBJISETCs DEIlleHueM HU Ha KakoM OoJjiee Ii-

POKOM MHTEepBaJe, TaK KaK OHa He OlpejlesieHa B TOUKe T = 2.

Ota ke GyHKIUS ABIsETCs perienneM ypapaenus (1.3) Ha uHTepBaJe

(—00;2). Ho mpaBusibHee 66110 ObI TOBOPUTH O JIBYX (DYHKITHSIX, STBIISTEOTIAXCST

PA3/IMUHBIMU DEIIEHUSAMU YDABHEHUsL: Y1 = — ¢ 00J1aCThIO OIPEJIeIeHU s

-2
¢ obsacThio onpeeenus (2;400). O

(—00;2) mys = —5

ITpumep 3. Oyukinust y = sin T sABJETCH PEllleHUEeM YpaBHEHUSI

y'=V1-y (1.4)

™o
Ha UHTepBaJe (—5; 5), OJIHAKO HE SIBJISICTCs PelleHueM Ha 0oJiee HHPOKOM
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UHTEpBaJe, XOTs U OlIpejeseHa JJisl JIOObIX 3HAUCHNH TepeMeHHOl T .

HeitcrBuTesbuo, moACTaBUB (DYHKIMIO §y = SINT U ee IPOU3BOJIHYIO B
ypaBaerue (1.4), MbI OJy9IUM PABEHCTBO COSX = | COS |, KOTOpPOE sIBJIsIeT-

™ T
Cs1 TOXKJIECTBOM Ha MHTEpBaJe (—=; ). DTO PABEHCTBO MOJCKAXKET HAM, Ha

272
KaKUX MHTEepBaJax, KpoMe YKa3aHHOIro, (PYHKIUS 4§ = SIN T TaK¥Ke siBJIeTCs

pemenvem. [

Yacro Tpedyercst Halitu perienne JiuddepeHnmnajibHOr0 ypaBHeHUsd, Y10~
BJIETBOPSIIONIEE B TOUKE T JONOJHUTEIHLHBIM YCIOBUSIM, KOTOPbIE HA3bIBa-
I0TCSL HauasoroLmu darnnoimu. Takast 3agada HasbBaeTcs sadavet; Kowu u
JUist ypaBHeHuUst epBoro nopsiyika y'(z) = f(z;y) craBurca ciaeayrommm 06-

pasoM: HaiiTu perierue JuddepeHnuaabHOro ypaBHeHUs, YIOBIETBOPSIOIIEe

yeaoBuio y(xo) = .

Tak, paccMoTpeHHas B mpuMepe 3 MYHKIUS ) = Sin T sIBJISIETCS pelieHu-

v = VI 7

em 3ajlauun Koriu 3ameTnuM, 9TO MOCTaHOBKa 3aja4dn Ko-
y(0) = 0.

IITU HOCUT JIOKAJILHBII XapakTep, TO ecTh TpebyeTcs HalTH pelenne, orpe/ie-

JIEHHOE B HEKOTOPOIT OKPECTHOCTH TOUKHU T = X. TaK, pyHKIus y = sin x sB-

JIIETCS PEeleHreM mocTaBieHnoi 3agaqu Komu suib Ha naTepBade ( —g; g),

KOTOPBIHN ABASAETCA OKPECTHOCTHIO TOUKN T = 0.

Obowyum pewenuem JuddepeHnuaJbHOr0 ypaBHEHUs IIePBOTO MMOPSIIKA,
y'(z) = f(x;y) nassBaerca dyukiws y = @(x, C'), obragaromias cieryo-

[UMU CBOUCTBAMU:

1. mpu sobom suadennn C' pyuknust y = @(x, C) sgBiasgercs pereHnem

JnddepeHIa bLHOIO YpaBHeHNsI,

2. ecam 3a1ada Komu ¢ HaYalbHBIME JIAHHBIME Y(To) = Yy UMeeT pe-
[IEHUE B HEKOTOPOH OKPECTHOCTH TOYKU ZT(, TO MOXKHO YKa3aTb TaKoe

suauenne Cy, aro dyukiws y = ¢(x, Cy) yaosaersopsier yciosuio Ko-

i y(x0) = Yo-

Takum obpazom, 3a1auy Korrm oObrdHO pernaroT B JiBa dTara;
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1. HaxomsaT obiee pemenne auddepeHnuajibHOr0 ypaBHEeHNS,

2. onpejesstior 3Hadenue koucranrbl C' usz yenosus p(xg, C) = yjo.

Hanpuwmep, nponnrerpuposas ypashenue (1.3), Mbl Hajijem ero obiiee pe-

wenne: y = ——=. Jlna pemenns sanasn Komm ¢ natasmubimm jgannbivm
T
1
y(zo) = yo, onpegenum Koucranty C' U3 yCJIOBUS Yy = — Orcrona no-
2o
1
ayuanm, aro C' = — — x.
Yo
[Tocrasus juist ypasuenus (1.3) aBe 3agaun Ko oqay — ¢ HAYAIbHBIMA
nanabiMu y(3) = 1, a apyryio — ¢ HadambHBIME JaHHbIME Y(1) = —1, MbrI
noJryauM ojiHo u 10 ke 3nadenue C' = —2. Ho, kKak 6blJI0 OTMEUYEHO BblIIeE,
1
MBI [OJLy9MM Dasuble BeTBH (QYHKIMM § = ——: Oy — ONPEACICHHYIO

B OKPECTHOCTH TOYKM Ty = 3, a JIPYI'yI0 — OIPeJIeJIEHHYI0 B OKPECTHOCTH

TOUYKHN T = 1.

Puc. 1.1. T'paduku pemenuit ypapuerus (1.3)

3aMeTuM OJHAKO, YTO MBI MOXKEM OIpeeauTh 3HadeHne C' TOJIbKO IpH

yeiaosun, 9to Yy # 0. Eciu ke yg = 0, To ecTb TpedyeTcss penuTh 3aady

Kommu ¢ navanbabivu ganubiMu y(zg) = 0, ee pelnenneM, o4eBuIHO, Oyer

byskiusg y = 0 (Mbl HOJIYyYWIIM €€ Ha [IEPBOM IIAre Pas3jiesieHus [epeMeH-

HbIX). TakKe 09eBKHO, UTO ITO PEIIeHre He MOYKET ObITh MOJIyYeHO u3 (op-
1

MYJIbL Y = I—F—C

Ha puc. 1.1 uzobpaxennl rpadukn pemenuii ypasuenus (1.3). Dru siu-
HUM 3aII0JIHSIIOT BCIO TJI0CKOCTh 2Oy, NIpUYeM depes Kaxyio Touky (xq; yo)

IIPOXOUT POBHO ofHa KpuBad. IIpamas y = 0 B 3TOM CMBICTE HHYeM He
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OTJINYAECTCA OT OCTAJbHBIX JIMHUIA. HOSTOMy pelienue Yy = 0 MBI Ha30BEM

YaACMMYILM, HECMOTPsI HA TO, YTO OHO HE OIUChIBaeTCs 0011el (POPMYJIOii.

Ob6parumcst Tenepsb K pumMepy 3. Unarerpupys ypasuenue (1.4), nogyanm
coorHomenue arcsiny = x + C. 'paduku pernienuit ypaBHeHUsT HECJI0XKHO
1PEJICTABUTD, 3aMETUB, YTO [OJyIYEHHOE COOTHOIIEHNE 3aJ1aeT SIBHYIO (DYHK-
o & = arcsin y—C', T0ITOMY BCe JIMHUW 9TOT0 CEMEHCTBA MOXKHO IOy IUTh

u3 rpaduka GyHknun x = arcsiny casuramu BioJb ocu Oz (Puc. 1.2).

o

Puc. 1.2. T'paduku pemenuit ypapuenus (1.4)

Ecinu B pesyibrare mHTerpupoBaHus JudPepeHIuagbHOro ypaBHEHU
MbI Tpuniin K coorHomiennto P(x;y; C') = 0, TO NPUHATO TOBOPUTH, UTO
1HoJIydeH obwuti unmeezpan juddepeHnnaibHOI0 ypaBHenusi. TouHee ropo-
pst, coorrotienne P(z;y; C') = 0 Ha3biBaeTCs1 OOIIUM UHTEIPAJIOM YDABHEHUST
y' = f(z;y), eciin oHO onpejiessier (HesiBHBIM 00pa30M) BCe MHOYKECTBO pe-

[ICHUI 3TOr0 ypaBHEHUS.

[Ipojoskum obcyxenne npumepa 3. Ypashenue (1.4) nmeer eie jBa
perieruss — y; = —1 u Y9 = 1 — KOTOpPbIE HEBO3MOYKHO TMOJIYYUThH U3 ODIIEro
yHTerpaJja Hu npu KakoMm 3Hadennu C. JlobaBuM 5TH jiBe IpsiMble K KapTHHE
pemennii ypasuenus (1.4). HerpynHo BuUeTh, 9TO 9TH MpsIMbIe SIBJISIOTCS
02ubaOULUMY CEMERCTBA MHTerPaIbHbIX JUHUIH arcsiny = x + C', T0 ecThb B

KaKJ[01 CBOEH TOYKe KacCaloTCd OJHOW U3 JIMHUI YKA3aHHOT'O CeMeunCTBa.

Jpyrumu cioBaMu, ecyin Mbl octaBuM Ji7tst ypasaenust (1.4) 3amaay Ko-
M ¢ HavyaJbHbiMK JlaHHbiMu Y(zg) = —1 wiu y(xg) = 1, 10 Mbl 0OHAPY-
JKUM, 9TO pemienue 31oil 3ajaun Komu neepuncrsernHo. Harpuwmep, yciio-
suto Y(0) = —1 yaOBIETBOPSIIOT KaK peIleHre §y = — COST, TaK W perie-
aue y = —1. Pemenune ypasuenusi y' = f(x;y), B KaxK10#l TOUYKE KOTOPOTO
HAPYIIAETCA €JMHCTBEeHHOCTL penleHns 3aja4u Ko, HasbiBaeTcst 0cobbim

pewenuem. Takum obpazom, ypasrenue (1.4) umeer jiBa 0COOBIX DPEITEHUS:
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y1=—1ny =1.

Tak Kak ucropuiecku Muorue jguddepeHiuaibible ypaBHeHUsI ObLIN CBsI-
3aHBbl C PA3JUYHBIMU T'€OMETPUUYECKUMHU 3aJadaMu, TO B Teopuu audde-
peHIMAJbHBIX YPABHEHUIT TIPOYHO YTBEPAUIACH «T'€OMETPpUYIECKassy JIEKCUKA.

Tak, zajauy Koriu
y'=flz:y)

(1.5)
y(l’o) = Yo

MOYKHO MTOHUMATH CJIeIYIONIUM 00pa3oM: Tpedyercs HallTh Ha mirockocTu Oy
TaKyl0 KPUBYIO, KOTOpas TPOXOJUT Yepe3 TOUKY (Zg;yp) ¥ B KaXKJIOHU CBO-
el Touke (x; y) UMeeT KacaTe/bHYIO, YIVIOBOI KoM UIMeHT KOTOPOil paBeH
f(x;y). Takyio KpUBYIO IPUHSITO HA3BIBATH UHME2PAALHOT AuHuel jtudde-

PEHIMAJBLHOI'O YPaBHEHU .

Pemenne 3ajaun Komiu u ero reomerpuieckuit obpa3 — uHTerpaJibHas
JIMHUST — HACTOJIBKO TECHO CBSI3aHBI, 9TO BMECTO (bpas3bl «pyHKus y = y(x)
sipiisiercst perennem 3ajadn Komm (1.5)» MBI 9acTo rOBOpHM  «pelieHve
y = y(x) npoxogut uepe3 TouKy (xo;yo)». OMHAKO, HOHATHE «HHTEIPAJIH-
Has JuHUs T depeHInaJlbHOr0 ypaBHeHn» MOXKHO paccMaTpuBaTh B 00-

Jlee IHUPOKOM KOHTEKCTE.
IIpumep 4. PaccmorpuM cemeiicTBo okpysxuocreit 22 + y? = R2.

VpapHenue KacaTebHON B Touke (Tg; o) UMeeT B To - T + Yo - y = R2.
. Lo

Ee yriosoit koaddunuent pasen (——), cJIeI0BATEIHHO, PACCMATPHBAEC-
Yo

MBI€ OKPYKHOCTH SIBJISIIOTCS NHTErPAJILHBIMU JIMHUAME JuddepenumaabLHo-

T
ro ypasuenust y’ = 5 Eciin ke roBoputh 0 perieHusix 3roro judepen-

1AJIbLHOIO YPaBHEHUs, TO UMU HeCOMHEHHO OyayT dyukuun y = v/ R? — 22
uy=—vR2— 22

B roukax (x;0) ypaBuenue y' = —g He OlpejielisieT 3HaUeHIe IIPOU3BO/I-
HOi1 iy, TO ecTh He onpejesieT yriIoBoil KoadUIUenT nHTerpaJbHOl KPUBOii
y = y(x) mo orromrenuio K ocu Ox. Ho ¢ reomeTpnaeckoit TOTKH 3peHust B Ta-
KOIi CUTyallnu COBEPIIEHHO €CTECTBEHHO PACCMOTPETDH YIJI0BOi KO3 duuuenT

Y

KpUBOii 110 oTHOMmEHNIO K ocu Oy, TO €CTh IepeiiTn K ypaBHenuio r’ = —=.
T
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Kak Bugum, B Toukax (z;0), rme x # 0, yruosoit kosddunuent x’ pasen

HYJIIO, TO €CTh KacarejbHas K Kpuboil * = x(y) napasuieibia ocu Oy.

I rosbko B Touke (0;0) MBI He MOXKEM ONpEJIIUTH HU 3HAUYCHWE y ', HU
snauenue r’. Takue Touku HasbiBaOTCH 0co6bIMU TOUYKamu auddepeniiy-
aJbHOro ypasHenns. Kak MbI BUJMM, P PEOMETPUYECKOM HOJXO/E, KOIJla
IIEPEMEHHBIE T U Y «PABHONPABHBI», D0JICE €CTECTBEHHO 3alNCAThL YDABHCHUE
B «CUMMETPUIHOM» BHJIE dg = f—i win B Buge xdr + ydy = 0, u garn emy
CJICJIYIONNY IO MHTEPIIPeTaIrio: TpeOyeTcs HaiiTh Ha IJIOCKOCTU TaKKie KPUBLIE,
KOTOPBIE B KaxK 0¥ CBOeil TouKe (;y) MMET KacaTebHblii BekTop (dx; dy),
KOJIIMHEAPHBIH BEKTOPY (X; —Y) WK, 4TO TO YKEe CaMoe, HePHeH MK YJIsPHbIT
BekTopy (x;y). B Hamem npumepe B 0coboit rouke (0; 0) ypaBHenue He 3ajjaer

HUKaKOI'O HallpaBJIEHUA KaCaTE€JIbHOI'O BEKTOPA. (]

B niporiecce perenusi gudhepeHnnaibHOro ypaBHeHusi Mbl TIOJIBEPTJINA €10

1peodpa30BaAHMSIM:
T d d
y' =—= — =Y 5 T rdr +ydy = 0.
Y x y -z

Bosnukaer ecrecTBenHblit BOIIPOC: MO2KHO JIM CHUTATh, 9YTO Mbl UME€EM JIEJIO C

OIHMM M T€M 2KE€ YpaBHEHMEM B Pa3HBLIX BHJ/JaX HNJIN 3TO pa3HbIE ypaBHeHI/IH?

OrBer Ha 9TOT BOIPOC, KaK IIPABUJIO, COJIEPKUTCs B IIOCTAHOBKE 3a/1aMN.
Hanpumep, ecin Hy:>KHO HaiiTu perreHuss nudpepeHuaabHOro ypaBHeHnusd
y' = 1/x, ro yuknuo x = 0 HEJB3sT CIUTATH PEIICHUEM, eCJTH YKe HYXKHO
onucarTh MHTErpaJibHble JIMHUHA TOr0 ypaBHenus, 7o ¥ = 0 gBJjsieTcs OJHO

n3 HUX.

Mbr ne 6y,ZLGM AdaJic€ aKIECHTUPOBaThb BHUMAHKWE Ha 9THUX PaA3JINIUAX, 110-

CKOJIbKY M3 KOHTEKCTa BCEr'Jla IMOHATHO, YTO UMEETCsA B BHUJLY.

Eciu B ypasrenuu y' = f(x) upasast uacrsb f(x) HeupepbiBHA HA UHTED-
BaJie (a; b), 1o obiiee penerue juddePeHIMaIbHOIO YyPABHEHUsI HA ITOM MH-
tepBaJie umeet Buj iy = F(x)+C, rjae F(x) — mobast mepBoobpastast GhyHK-
mun f(x). Bagaua Komm ¢ HavasbHbIMI JaHHBIMEA (T0; o), e g € (a;b),

uMeeT pelleHue mnpu JwoboM 4y € R u 3anuceiBaeTcs popMyJioit
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y= [ F€)ds+ .

Kapruna uHTerpaibHbixX JIMHUI OCTAaeTCsd MHBAPUAHTHOM 1IPU T1apaJsiie/IbHOM

neperoce BoJib ocu Oy.

st nyutrocTpalmm 3Tux yTBepK JIeHU pacCMOTPUM TPU TUIIMYHbBIX IIPUMEpPA.

Hudd. Ob1ree Pemenne 3agaun Buj unrerp. KpuBbIx

ypaBHEHUE  pelleHue Komu y(xg) = yo

B

y'=1/z  y=Ilz[+C y=Inlz/zo|+ o

y' =z y=32"34+C y=3z"3 —3:1:(1)/3+yo

T x

y' =el/? yz/eéd@rC y:/61/§d§+yo

1 ZTo

B nepsbix JiByx npumepax npsimas r = 0 sBjsieTcst UHTEIPaJibHOMN Jini-
HUel, HO B MEPBOM CJydae OHa He KacaeTcs JIPYTUX WHTErpaJbHbIX JIMHUM,
a BO BTOPpOM — KacaeTcs. B Tperbem mpumepe tnipsmas x = 0 #e sapisercs

MHTErpaJIbHON JIMHUAEH.

Tenepn paccmorpum ypasrernust Buja y' = f(y) ¢ HempepbIBHOI Ha WH-
tepsase (a;b) dyuknueit f(y). Kax mbl yxe Bugenun panee, eciau f(c) = 0
npu KakoM-10 € (a;b), 10 dyukius y(x) = ¢ ABIsETCSA peleHreM ypaBHe-
aust y' = f(y). OnHako mpsiMast Yy = ¢ MOYXKET KaCAThCsl IPYTUX WHTEIPAJTh-

Hbix sununii (puc. 1.2), a moxker u He Kacarbes (puc. 1.1). Hanomuum, dro
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pelienne, B Kaxk 10l ToOUKe KOTOPOro HapyIIaeTCs €JIMHCTBEHHOCTDh peIleHu s

zajadn Koim, Has3biBaeTcss 0COObIM.

Kak ke BBISICHUTD, sIBJISIETCs perierue y(x) = ¢ 0coObIM U YaCTHBIM?
Pacemorpum nosiocy € R, y € (a;b). Yepes kaxyto touky (xq;yp) 910i

0JIOCK! (Y 7 €) POXOJUT WHTErpaJbHAsT JTUHUST
/ d
-
r=x9+ / —, 1.6
ARG (1.6)
Yo

a BCE OCTaJIbHbBIE MHTEIr'DaJIbHbIC JIMHWUW B 9TOW MoJioce MMOJIY49aXOTCsA M3 HeEe

nmapaJiieJIbHBIM IEPEHOCOM BAOJIL OCH Ozx.

Tenepsb nocmorpum, Kak Bejer cebst dpyukiust x = (y), 3ajannast Gop-
mysioit (1.6), mpu y — ¢, npejnoyaras, 9To y TOYKH Yy = € €CTh HEKOTOpast

OKPECTHOCTD, B KOTOPO#i HeT Apyrux HyJei Gynknuu f(y), Kpome y = c.

Yy
dr
Homycrum, mHTErpaJ /m pacxonuTcsd B Touke c. Ilockosbky Hempe-
T

Yo
poiBHast GyHKINASA f (7‘) COXPpaHseT 3HAK B IIPABOI 1 JIEBOU MOJIyOKPECTHOCTAX

TOYKH ¢, TO byHKIws (1.6) MOHOTOHHA U HEOrpaHWUIeHA, U 3HATHUT X (Y) — 00

npu y — ¢ £ 0.

y
dr

Ecnu ke unrerpasn / F(r) CXOMHICA B TOUKe ¢, 3TO O3HATALT, 41O z(y)
T

Yo

C
dr
“MeeT KOHEYHbIN 1pejies r1 = Ty + /m upu y — c. Jpyrumu ciioBamu,

Yo
depe3 TOUKY (x1;¢) MPOXOJUT JiBe WHTErpaJbHbIX JuHuu: Kpusas (1.6) u

upsiMasi Yy = c. IlockoJiIbKy KapThuHa MHTEIPAJbHBIX JIMHUNE HE MEHSIeTCs 1PU
napaJijieJibHOM epeHoce BJ1oib ocu Ox, TO B KaxKJI0# TOUKE MPSIMOi iy = ¢

HapyHmaeTcCda €IMHCTBEHHOCTDL DEIICHNWA 3a/da491 Kormmmn.

Takum 06pa30M, MbI HOJYIHJIH TPOCTON Kpurepuit: ecau f(c¢) = 0, 1o

dbyHKIMsI iy = ¢ gBJsieTcs 0coObIM periennem ypashenus y' = f(y), eciu u

Yy
dr
TOJILKO €CJIN I/IHTeraJI m CXOOUTCA B TOUYKE y = C.
T

Yo
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Hamomunm, 9To pemnmTh BOMPOC O CXOAUMOCTH Jierko, ecan f(y) ~ k -

(y — )P upu y — c.

Ecmu p >

1, TO WHTErpaJ pacxoJuTcst — perienue y(r) = ¢ JYacTHoe.

Eciu 0 < p < 1, 1o uaTerpas cxopurest — perienne y(x) = ¢ ocoboe.

PaccMorpum Tpu XapakKTepHBIX MPpUMEPA.

Hudpd. O06mnit mHTErpas Buji uHTErp. KPUBBIX
ypaBHEHUe
1
I 2 _ —
(Y Y y=7 ok Y
y' =3y y=(z+C),
y' =e 1/ :c:/el/TdTJrC -
! /

/|

B nepsom mpumepe dpyukmys y = 0 ABIsgETCA YaCTHBIM perenneM Jud-
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(gepeHIMANIBLHOINO YpaBHEHHUsI, a BO BTOPOM — 0cOObIM. B TpeTheMm mpumepe
dbyukuus y = 0 He sBisiercs perennem (npu y = 0 ypaBHeHue He onpejie-

JIAET HallpaBJICHWA WHTET'DAJIbHBIX JH/IHI/II/UI>

Hakowner, obcyjiuM BOIPOC O 1OBEJEHUU UHTErPaJbHbIX KPUBbLIX «B I€-
jgom». Jleqo B TOM, UTO KJIACCHMYECKHE TEOPEMbl CYINECTBOBAHUSI W €JIMH-
CTBEHHOCTH perriennsi 3aa49n Korm, o KOTophix OyIeT WaThu pedb Ha MsITOM
3aHATHH, HOCAT CYNIECTBEHHO JIOKAJbHBIN XapaKTep, TO €CTb TapaHTUPYIOT
CYIIECTBOBaHUE W €JIMHCTBEHHOCTD PEIIEHUsT TOJbKO B HEKOTOPO# OKPECTHO-
cti TOUKE (Zo; Yo). A BOMPOC O MOBEJICHUM WHTETPAJbHBIX KPUBBIX Ha BCeii

obJiacTu onpejiesenns JindepernajbHOr0 ypaBHEHU JIOCTATOUHO CJA0XKEH.

Taxk, dbopmyna y = (z+C)3 naer obiiee pemtenne ypasuenus y' = 3y2/3.
I — 3 2/3
Y Y
Onnako penrenurem 3aauu Komm caIeyer CauTaTh (PyHKINIO
y(1) =1

y = 3 ¢ 06J1aCTBIO OIpe/IeIeHUA (0; +00), MOCKOJIbKY PACITHPEHUE HHTEPBa-

Jla IPUBOJIAT K TIOTepe eJIMHCTBeHHOCTH pernenns. Tax, bynxuun v (r) = 23,

0,z <0
R, wy(r) =< SIBJISIIOTCSL pelnenneM AuddepernuaabHoro

23,2 >0

yDABHEHUsI U yJIOBJETBOPsieT OjiHuM U Tem ke ycjaosusm Komu y(1) = 1.

Hnst ypasuenusi y' = f(y) ¢ menpepwiBHOii Ha uHTepBase (a;b) dyHkuuei
f(y) Mbl MO2KEM OIUCATH MAKCUMAJIBHYIO 00J1ACTH CYIECTBOBAHUST PEIICHUSI,
MPOXOJISAIIEro depe3 ToUKy (xo;yo). Takoe pererne Ha3bBACTCS HENPOIOA-

AHCAEMDBIM NIIN MAKCUMAADHDBIM.

Mbi yke Bujiesn, 9ro ecian Ha uarepsase (a;b) dyuxius f(y) He umeer
HyJIeil, TO KaXK1ash MHTErpaJbHast JUHUS MOYKET ObITh 3aaHa COOTHOICHNEM
(1.6). Tax kak dynknus f(y) HenpepbiBHa U He obpataeTcs B HOJIb Ha (a; b),
TO OHa 3HaKomocrostiHa. Jomycrum st onpeenennoctu, 1to f(y) > 0 Ha
(a;b). Torna dyukius © = x(y), 3aganuas dhopmysoit (1.6), MOHOTOHHO BO3-
pacraer, a cJejloBaTe/lbHO, MOHOTOHHO BO3pacTaer u obparHas eil pyHKIus

y = y(x), asasomasics permenneM audQepeHmasbHOr0 ypaBHEHNUSI.

[Tosejienue sroro perieHusi 1pu r — £00 OLPEJIEIHETCH CXOJUMOCTHIO
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+o0

dr
WA PACXOIMMOCTBIO HHTErpaJia ——. Tak, ecyit ©HTErpaJ CXOAUTCs MIPH

(1)
Yo
Yy — 400, TO 3TO O3HAYAET, UTO IIepeMeHHas T UMeeT KOHEUHBIH mpenen x*,
CJIe0BATEJbHO pelleHne y = y(:c) nMeeT BePTUKAJILHYIO acuMITOTY. Hemm
2Ke MHTerpaJl PacxoJuTcsd, TO T — +00, U BePTUKAJIBHON aCUMIITOTHI HET —

peleHure CylecrTByer Ha Jiyde (Tg; +00).
AHaJIOrn4HO peraeTcst BOIPOC Ipu i — —00.

IIpumep 5. Mccaenysa cXoauMoCTh COOTBETCTBYIONIUX WHTETPAJIOB, BbI-

y/ =14+ y2
sicHuM, OyJier Jiv perienue 3ajaau Koiu CyIIECTBOBATH HA
y(0)=0
BCEIl BEIECTBEHHOU ITPAMON.
+o0
dr dr dr

CXOJSATCS, TTOCKOJIbKY — Tpu T — £00.

NurerpaJan / ~
P 1+ 72 T2

0
CrenoBareibHO, 00JIACTBHIO OIpPEJEJIeHUsT HEIPOJOJXKAEMOT'O pEeLICHUs SAB-

1472

JsIeTCsT OrpaHudeHHblii uaTepBas (—x*;2*) (B cuiy HedeTHOCTH (DYHKIUH
y

dr
/m 9TOT I/IHTepBaﬂ CI/IMMeTpI/Iqu OTHOCUTEJIBHO TOYKU I = 0)
T
0

MbI MOXKEM TakzKe IOJIYUUTDh pelieHre 3Toi 3a1auu Koy B sBHOM BujIE,
IPOMHTErpupoBaB ypasaenue. M3 obuiero unrerpaja arctgy = x + C' Bbl-
JIQJINM PeIIeHne, yIO0BJIeTBOpsIoee HadaabHoMmy yeaosuio: arctg 0 = 0+ C.
Orciona C' = 0, n pemenne 3agaun Komm jaercs popmydioit arctgy = x,
wi Yy = tgx, v € (—g; g) Nurerpanbuas unus y = tgx, NpOXOAAIIasn
aepes Touky (0;0), umeer jiBe BePTUKAIBHBIX acCUMITOTHL. OCTaJbHbIE HHTE-
IpaJIbHbIE JIMHUK [IOJIyYAIOTCA U3 Hee HapaJlIe/IbHbIM IepEeHOCOM BJOJL OCH
Oz (puc. 1.3). Takum ob6pa3om, HECMOTPsT HA TO, UTO MpaBas YaCTh ypPaBHE-
nust y' = 1 + y? HenpepblBHA IPH BCeX 3HauYeHUAX (T;y), KaxKJoe pelleHune

3TOr0 yPaBHEHMs CYIIECTBYET TOJLKO Ha OrPAHMYEHHOM MHTEepBaJe. [
Bepremcs k ypasuenuto y' = f(x) - g(y).

Teopema. Eciu dynkiun f(x) n ¢g(y) wenpepwiBant npu @ € (a;b) u

y € (¢;d), npuuem g(y) we obpammaercs B Hy/Ib Ha (¢;d), TO Yepe3 KaxkKIyo
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Puc. 1.3. Uurerpajibubie JIUHUU B IIpUMepe D.

TOUKY (Z0;Yo) MPAMOYToJbHUKA a < = < b; ¢ < y < d TPOXOJUT OJ[HA U

TOJILKO OJIHA WHTErpaJibHasi KpuBasd YpaBHEHUs, U ypaBHEHUE 3TON KPUBOIi
nMeeT BU/I

Y

|5 / £() .

Yo

IIpumep 6. HapucoBath KapTuny MHTErpajbHLIX JUHAN YpaBHEHNA

y/:_x(lﬁ_l): X

y(a? —1) 22 —1

y? —1
—

YpaBuenue He onpejelisieT HallpaBJeHHe, KacaTeJbHoe K MHTerpasbHOl
quann, B naru Toukax: (0;0), (£1;£1). D10 0cobble TOUKE ypaBHEHUSI.

3aMeruM, 4TO IpsAMbIE T

= Flny =

+1 ¢ BBIKOJIOTBIME TOYKaMU
(£1; £1) aBasioTCs UHTETPATBLHBIMA JTHHUASIM.

Ilepenmuiem ypaBHeHuEe B BUJIE

xdx ydy
2 +
s —1 yt—1

=0

Y IPOMHTETPUPYEM €ero:

1 1
§ln|x2—1|—|—§ln\y2—1| =)
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In|(z* = 1) - (y*" = 1)| = O

(2 = 1) (¥ =D =P =C3, C3>0

2—1)- (y* — 1) go/mKHa GBITH HEMpPEepbIBHA BJOJDb

Oynknusa P(x;y) = (z
pellieHusi, TaK Kak pelierue y = (&) HeUPEPbIBHO, U CJIEJ0BATENLHO, JIOJIK-
Ha MpUHUMAaTH Jnb0 3Haderue C3, mmbo 3HadeHne —(C3, HO He MOYXKET MEHSITh
3HaK. [103TOMY B MOCJIE/IHEM PABEHCTBE MbI MOYKEM OCBODOIUTHCST OT MOJLYJIs,

3amnucaB oOIMit UHTErpaJ B BU/JIE
(2> =1)- (1P —=1)=C, C#0.

Samernm, ato npsmbie £ = +1 u y = +1 Takke ONMMCHIBAIOTC 9TOiH dop-
MyJI0ii, ecin oTKazaTbcst or Tpebopanusa C' # 0. Takum obpaszom, Bce WHTE-

I'paJibHbIE JIUHUU OIKMCBIBAIOTCS (POPMYJIOit
(¢ =1)- (- 1) =C,

rie C' — Ipou3BOJILHOE TUCIIO.

Taxkoro pojia nipeobpazoBanus 00IIEro HHTErpaJa K 60J1ee mIpocTOMY BUJLY
HCIIOJIB3YIOTCsT IOBOJILHO dacTo. [Ipu srom Boznnkaorue kKoncrantsl C, Co,
(3 Kax mpaBujio obo3HaUal0TCA OHOM 1 Toi »Ke OykBoit C'. B jajbHeiimem

MbI 6y,ILeM IIOCTYIIAaThb TaK 2K€, HE BJ/laBasCb B HO,ZLpO6HbIe pa3bsACHEHNA.

Tenepb, KOrjia Mbl IOJIYUMJIA IPOCTYIO (POPMYJIY OOIIEro nHTerpaJsia, Boc-
I0JIb3YEMCsI COBPEMEHHBIMU KOMITLIOTEPHBIMU IIPOrpaMMaMM, UTOOBI U300~
pasuTh KAPTUHY WHTErpajbHbX JuHuil (puc. 1.4). Ecau 61 Mbl mucann sty
KHUKKY 20 JieT Hasaj, TO MbI HOJYyYWUId Obl 3Ty KapTUHY, HPUMEHsIsS all-
napaTr MareMaTnieckoro aHaJjm3sa. [Iposepbre cebst, mornpobdoBaB 000CHOBATD
0CODEHHOCTH, KOTOPBIE BBl BHJIUTE Ha pucyHke: BOJM3u ocoboii Toukn (0;0)
MHTerpaJbHble KPUBBIE MOXOXKU Ha OKPYKHOCTHU, & BOJIM3U OCTAJIbHBIX OCO-
ObIX TOUEK — Ha T'UIepOOoJIbI, TaK»Ke ODOCHY#Te HaJuIne BEPTUKAJbHBIX U

T'OPU30OHTAJIbBHBIX aCHUMIITOT. U]

B zakmouenne paCcCMOTPpHUM IIOBE€AEHHE <«B IEJOM» HMHTEI'PAJIbHBIX KPHU-
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Puc. 1.4. lHTerpanbHble MUHUN B TpuMepe 6.

9(y)

f()

g(y) onpejenenn u Henpepbisabl pu x > 0, y > 0; f(0) =0, g(0) =0, u

BLIX ypaBHeHust y' = MpHU CIeyIomux yeiaopusix: dyukuuu f(x) un

f(x) >0, g(y) > 0 opu x > 0, y > 0. 3ameTum, ITO NPHU STUX YCJIOBHUIAX
uepes Kax iyt Touky obsactu {x > 0;y > 0} npoxoaur euHCTBEHHAS UH-
TerpajbHas KPUBas, U HAKJIOH KACATEJBLHON B 9TOl TOUKE MOJOKUTENCH, TO

ecTh Kaxkj10€ pelierue y = y() sBJISeTCs MOHOTOHHO BO3PACTAIOIIUM.,

Touka (0;0) sBiasgeTcsa equHCTBEHHON 0c0b0it Toukoil ypasHerus. [lose-

JA€HUE MHTEI'PaJIbHbBIX JIMHUT B OKpPECTHOCTHU ITOM TOYKU oupeneJAaeTcda Cxo-
Y

x
d d
JMMOCTBIO UJIH PACXOMMOCTBIO HTErpasios F(x) = % n Gy) = /TZ)

Lo Yo
B HyJe (M. Tabsmiy)
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G(y) \ F(x)  cxomurcs PACXOJIUTCSI

A
A

CXOJIUTCSI

PaCXOTUTCsT

A\

IloBenenne MHTErpajabHBIX JUHUN NpH £ — 400 WA Y — 400 OIpe-
x

_ [ 48

f(€)

Lo

JEIACTCS CXOIMMOCTHIO NJIM PACXOANMOCTBIO HHTErpasos F(z) u

Y

G(y) = / % Ha OECKOHETHOCTH (CM. TabsuIy)

Yo

G(y) \ F(x)  cxomures PACXOUTCSI

A

CXOJIUTCA

\4

PACXOTUTCS /

Takum obpazom, nojydaercs 16 BO3MOXKHbIX KOMOuHaLMi, 1 J00as u3

v+ /Y

HUX BosMoxKHa. Hanpuwmep, 1y1s ypasuenust y' = —~— unrerpan F'(x) cxo-
i

JTCsi IPU & — 400 1 pacxoures upu © — 40, a unrerpai G(y) cxopurcs
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npu y — +0 u npu y — +00.

CamocTogTenpbHas padoTa

1. Haiitu Bce perenus ypasuenus e Y(1 +y') = 1.

2. HaiiTu Bce mHTerpaJsibHbIC JIUHAN ypaBHeHud 12y’ — 22y = 3y.

2/3

3. Haiitn Bce pemenus ypasuenust y' = 3y/°, y10oBIeTBOPSIIONIAE YCI0-

Buio y(2) = 0.

4. Haiitu obiee pemenne ypasuenus 3y°y’ + 16x = 2xy®; waiitu pere-

HUE, OrpaHuYeHHOe TIPU & — +00.

. / 2 _ 1. an
5. Haiitu obimiee pemienune ypashuenus 2xy’ — y° = 1; Haiitu perieHue
sajaqun Komu ¢ wHagaasabivu gartabivi (1) = 0. Ykasars obaacts omnpe/ie-

JICHUA MaKCHMaJIbHOI'O pelieHuA, YIOBJECTBOPAIOIICIO 9TOMY YCJIOBHIO.

JlomamntHsss paboTa

B nomarrioo pabory BxogasdT 3agadn n3 ()
NeNe 51, 54, 57, 60, 62, 64, 69, 70.

(*) @uiunios A. @. CHopruk 3aj1a4 110 JuddepeHiaibHbIM ypaBHEeH M-
siM: YdebHoe 1ocodue st By3oB. — 6-e uzj., crep. — M.: Hayka. 1985. —
128 c1p.

OTBeThl K caMOCTOATEJIbHOII pabdore

L. InleV-1l=2+C,y=0
y=Cz2 3% =0
y=(z—23y=0
?=Inly’ -8 +C,y=2

AN

1 1
arctgyzﬁln\x\qLC, y=tgslnz, ze (e77 eM)
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OgHopoaubie ypaBHEeHNIs

Odnopodnvim Has3bBAIOT I MEPEHITMAIBHOE yPABHEHNE BHJIA,
r— (Y
v =7(Y). (2.1)

" . Yy
Beegennem HoBoit uckomoit dyukiun v = u(z) no dbopmysne u = = 3T0
X
YyPaBHEHHUE JIEI'KO CBOJIUTCA K YPABHEHUIO € Pa3JIE/ISIONUMUCS IePEMEHHbIMU.
JeficTBUTEILHO, TTOCKOJILKY § = U - &, To y' = u’ - x + u. [lojcrasiss stu

BhIpasKeHUs1 B ypasHenue (2.1), moayunwm ypashenve v’ -z = f(u) — u, win
du dz

flu) —u x

Eciu F(u) — ofaa u3 nepBooOpasHbIX (yHKIIUH , TO ODIMil WH-

-
fu) —u

Terpas ypaHenusi (2.1) MOXKHO 3amucarh B BHJIE
F(%) = In|z| + C.

[Tomarass C' = InD, tne D > 0, MOXHO npwjaTh 31O Qopmye Bu
F (%) = In D|z|. Usbasumcsi or mojyiist, 3amenus ycjaosue D > 0 yciio-

BueMm D £ 0, u npeobpasyem oOIIHit WHTErpaJl K BUILY
F( %) = In Dzx. (2.2)

HTerpasbHbie JIMHUKM OJHOPOJIHOIO yPaBHEHUsT 00JIAJAI0T CJAEYIONINM 3a-
MedaTesbHBIM CBOHCTBOM: TpeobpazoBanue mojobus (z;y) —  (Ax; Ay),
(A # 0), coxpansger KapTuHy WHTErDAJbHBIX JUHUN HEU3MEHHO, TO eCTh
WHTErpaJbHas JIMHUSI P 9TOM MPEeOOPA30BAHUU MEPEXOJUT B MHTEIPAJIH-

HYIO JIMHUIO. DTO HETPYIHO JIOKAa3aTh, WCTOJBL3Yysi dhopmyny (2.2). Ecmam
F(%) — In Dz, 10 F(%) — F(%) — In Dz = In Dy (\x).

HamomuaumMm, 9T0 Ipu pasjiesieHnH IepeMeHHbIX MOT'YT OBITh IOTePSHBI Pe-

menus Buja y = kx, riae k — kopeub ypastaenust f(u) = u. Tounee, HyxHo
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TOBOPUTL O HEIPOJIOJIXKAEMBIX PEHICHUIX BUJIA Y = kI ¢ 00JACTBIO Olpejie-
gerust © < 0 wim x > 0, nockosibky Touka (0;0) siBisiercss 0coboi TOUKOI

ypasrenus (2.1).

a 11ePBOM 3aHSTUM Mbl BbISICHUJIU, 1IPU KAKUX YCJIOBUSX TU PEIIEHUs
H : y
OyayT ocobbimu. Ilepedpopmysiupyem 1oJiydeHHbIl KpuTepuit jijist 0JHOPO/I-

HOTO ypaBHEHWSI.

Pemenue y = kx, rje k — usojupoBanublil KOpeHb ypashenusi f(u) = u,

SIBJISIETCST 0COOBIM J1ist ypaBHenusi (2.1) ¢ HenpepbiBHOit dbynkuei f(u), ecin
u

dr
U TOJIBKO €CJIM MHTerpaJl /W CXOJUTCSI B TOUKE K.
T —1T
k

Eciu xe dyuxius f(u) venpepsiBaa Ha (a;b) u BCioy Ha 9TOM HHTEP-

Basie f(u) # u, TO Yepe3 KaxkJAyi TOUKY (To;yp) TaKyto, 910 a4 < LA b,

Zo
HpOXO,Z[I/IT OJIHa 1 TOJIbBKO OJIHa I/IHTeraJIbHaH JINHUA, 1 ce ypaBHeHI/Ie nmMmeeT

BUJI
y/x

/#:ln)xﬁo.

Z/o/ﬁCo

y(2y — )

IIpumep 1. Haiinem pemenust ypasnenus y’ = PO

DTO ypaBHEHWE OJHOPOJIHOE, TaK KaK €ro MOXKHO 1Mpeobpas3oBaTh K BULY

2
r_ o (¥ _ (Y
4 _2<x) (x)
Bamenay = z-u, y' = x-u’+u, TPUBOINT K ypaBHennio T-u'+u = 2u® —u,

1 IOaJice K YypaBHECHHIO

du dx
—=2—
u(u —1) x
Ero obmmii unTerpaJ
-1 -1
In |- ‘ =InDa? | wm Z = Oz
u u

Bepremcst K UCXOJIHOM TIepeMEHHO Y 1 3arnuiieM obiiee perieHue:
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X

Y

[Ipm paspenennn mepeMeHHBIX MBI «IMOoTepsany pemenus v = 0 uw u = 1,
9TO COOTBETCTByET perieHusiM y = 0 1 y = T MCXOJHOIO ypaBHEHHUsI. DTH

pereHust — He 0cobble, B UeM MOYXKHO YOeIUThCs HEIOCPEJICTBEHHO, UCCJIE Ly st

du
dbopmyiy (2.3), win uccaeays: CXOAUMOCTb HHTEPAJIa /— mpu u — 0
u(u —1)
uu— 1.
Bamerum, aTo npsamasg r = (0 TakxKe sBJISETCS WHTErpPaJbHOM JTUHUEH

HCXOJTHOTO ypaBHEeHUs, U TpH Hpamble y = 0, y = x u © = 0 jgeadar mioc-
KocTb Oy Ha CEKTOPBI, B KaXKJOM U3 KOTOPBIX JTOCTATOTHO HAPUCOBATH OJTHY
UHTErPaJbHYIO JIMHUIO, 8 OCTAJbHBIC TTOJYIUTh U3 Hee MpeoOpasoBaHUeM T0-
J1obus. IIpuyem, jlocrarouHo paccMOTPETh JIMIIb 1OJIYIIOCKOCTL & > 0, Tak
Kak Kapruha 1npu xr < 0 nojyudunrcs npeodpaszoBaHueM 110j100usi ¢ Koahpu-
nmenToM A < 0 (nsm noBoporom Ha 180° BOKpyT Havaja KOODJMHAT).

Y[

4}

Bii
| II

=]

(2,1)

-10 -5

(2,-213)

-4}

Puc. 2.1. Uurerpasnbubie Juauu B mpumepe 1.

Haiijilem uHTErpajibHyIO JIMHUIO, 1IPOXO/siiyto depes rouky (2;1). [Mog-

craBuM ee KoopjuHaThl B dopmyry (2.3): 1 = orkyga C' = —1/4 u

1—4C”
HecmoTpst Ha TO, uTO (DOPMAJIHLHO 3T

x
COOTBETCTBYIOIICE PEIeHne §j = :
yioree p V=1
dbyuKIms onpeesnena npu Beex & € R, MbI JI0JIKHBL HCKJIIOUUTL 0CODYIO TOY-
Ky (0;0) ¥ TOBOPUTH O HEIPOIOIKACMOM PEIIEHUH ¢ 00JIACTHIO OIPEIeICHUST
(0; +00), mpoxositiieM depes Touky (2; 1). CooTBeTcTByOIMAST HHTEIPATHHAST

KpuBast jiexxur B cekrope 11 (puc. 2.1).
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Teneps HaileM WHTEMPAJBHYO JIHHUIO, TTPOXOJISAIILY O Yepe3 TouKy (2; —2/3).

[ToscraBum ee koopuuarsl B hbopmyly (2.3): —3 = 710 OTKyAa C=1umu

OueBuHO, 3Ta DYHKIINA HE Olpe/ie-

COOTBETCTBYIOMIEE PeIIeHue i = - _:sz.
JeHa B Touke x = 1, n jannas dpopmyna 3ajgaer npu z > 0 1Ba HEIPOIO-
XKaeMbIx perenusi: ¢ obiacrsmu onpejeienus (0;1) u (1;4+00). Bropoe us
HUX U $IBJISIETCS HCKOMbIM, TaK KakK POXOAUT depes Touky (2; —2/3). Takum

00pa3oM MBI MMOJIYUWIM HHTEIPAJIHHYIO JIMHUIO, JIeXKaIlyio B cektope [. A pe-

HIeHUe Yy = ¢ obsacteio onpesenenus (0; 1) maer HAM HHTErpajbHYIO

1 — a2
JIMHUIO, JiexKanyio B cekTope I11.

B srom mnpumepe, Osaromapst mnojiydeHHo# ¢opmysie obInero peueHus,
MBI MOKEM YKa3aTh 00JIaCTh ONPEJICJCHH JII0O0r0 HENPOJIOJIZKACMOTO PEIIle-
mua. Tax, ecoim C' < 0, TO HENPOJOIKACMOE PEIICHEE ONMpPeJIesIeHo Ha JTyde
(—00;0) miu (0; +00). Ecsin 2xe C' > 0, 10 0651aCTHIO OLPE/Ie/IeH s HELPO,10Ji-
HKAEMOIO PEIICHUsT CJLYKUT OJ[MH U3 CJeyIonux narepsaios: (—oo; —v/ '),
(= C;0), (0;vC) nmu (VC; +00). B obiiem ciryuae reopema, ¢ KOTOPOii Mbl
IIO3HAKOMMMCS II032Ke, YTBEPZKJIAeT JIUIIL CYIECTBOBAHNE HEIIPOIOIZKACMOTO

pemrenns. [

xy' =y + /12— y?

y(1) =0,5

IIpumep 2. Pemmts 3amauqy Korn

BaMeTum, 4TO MpaBas YacTh YPABHEHUS ONpeJIeeHa TOJbKO Ha MHOMKe-
cree |x| = |y|, koropoe npejcrasisier coboii 00beIMHEHUE JIBYX CEKTOPOB:
r > |yl u x < —|y|, nepecekaromuxcst jumb B rouke (0;0). Tlockosbky
yeaosue Koy nocrasyieno B touke x = 1, Hac OyJyT MHTEPECOBATH TOJIHKO

MHTerpaJibHble JJUHUHU, JIeyKalllue B IIEPBOM ceKTope, To ecTh pu x = 0.

Herpynno ybeanthcsi B TOM, 9TO 9TO ypaBHeHue omHopoanoe. OgHako
MBI He OyJieM TpeoOpas3oBbBaTh ero K Bujy (2.1), a cpasy cienaem 3aMeHy

y=u-x,y =u'-x+u,n, yaursisas yciaosue r > 0, nepeiijieM K ypaBHEHUIO
uw'-x=1—u2

Pazjiesiss nmepeMeHHble 1 HHTeIPUPY 101y YeHHOEe COOTHOIIICHHEe, HalijeM 00-

" . Y
it mHTerpaJ arcsinu = In Dz, wian arcsin = = In Dzx.
X
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Pemennss y = —x u y = T UCXOMHOTO ypaBHEHUs, COOTBETCTBYIOIINE
sHadeHnsIM U = =1, npu KoTopbix (yHKIus v/ 1 — u? obpamaercs B HOJIb,
du
SIBJISTIOTCSI OCOOBIMHU, TaK KaK WHTerpaJ ——; PacXOmuTCA B TOUKaX
—Uu

u = =+1.

e
T

-4}

Puc. 2.2. VnrerpanbHbie JUHUU B IpuMepe 2.

Haiizem pemenne, mpoxojsiiee depe3 touky (0,5;1). M3 dopmysbr 06-
mero pererns mosaydaem: arcsin 0,5 = In D, to ects In D = 7/6. Cienosa-

TeJIbHO, ICKOMOE pelleHne 3a,1aeTcst (popMyJIoii

arcsin% =InDzx=InD+Inx :%+ln:c.

[TockosibKy 110 omnpejenenuto |arcsint| < 7/2, ro sra dpopmysia umeer
cmbicat st ipu | Ine + 7/6| < 7/2; to ectp —27/3 < lnx < 7/3, nim
e*?ﬁ/3 < T < €7T/3.
™
6
IIOJTy9aeM OTBET: PEHICHUEM IIOCTaBIeHHoM 3a1aun Koy sapigercs yHKIus

.Y .
Paspernast paBeHcTBO arcsin = = Inx + — OTHOCUTEJILHO NEPEMEHHO 1/,
T

y=ux-sin(lnz + %)

e—27r/3

[Ipn x = 9TO pelieHne KacaeTcs MpsiMoit y = —x, a Ipu
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/3

r = €"° — npamoit y = x (puc. 2.2). [losromy st coXpaHeHWs €JTiH-

CTBEHHOCTHU Mbl JOJI2KHbI CHUTATDb 00J1aCTBHIO onupeneJieHmnAa Helrpo/J0JI12KaCMOI'0O

perenust, Tpoxo/saiiero depe3 rouky (0,5; 1), uarepnas (6_27T/ 3. 7/ 5. O

[Tycrh ypaBHEHHE 33/1aH0 B CUMMETPUUIHOI dhopme
M (z;y)dx + N(z;y) dy = 0.

Ono sBsiercs omuopoaubiM, eci M (x;y) u N(x;y) — onHoposabie (dbyHK-

IIUH OJTHOM M TOM K€ CTEeNeHU OJHOPOJHOCTH P, TO €CTh JJist Jitoboro t £ ()
M(tx;ty) =17 - M(z;y),

N(ta;ty) =" N(z;y).

B sToM ciyuae MOXKHO He TiepexoguTh K Bujy (2.1), a cpady jmesnarh 3aMeHy

IepeMeHHbIX Y = U - &, BbIpazkasa Juddepennualbl dy = du - x + u - dx.
IIpumep 3. Haiitu obmiee pemmenue ypasuenus (y> —2zy) dz+z% dy = 0.

BuInoMHUE 3aMeny i = u - T, NOJyuUM yPaBHEHHE
2 (u® — 2u) do + 2*(z du + udx) = 0.

Omno pacnagaercs Ha jpa ypasaenus: 22 = 0 wim (u? — u)dr + v du = 0.
[TepBoe u3 HUX jaeT HAM OJHY MHTerpaJbHyio Juauio © = 0, a BTopoe mpe/-
craBjsier coboit muddepeHnuaIbHOe YpaBHEHUE C pa3Je/soNUMUIC Iepe-

MEHHbBIMU.

DTo ypasHenne nmeet perenns 4 = 0 U u = 1, COOTBETCTBYIOIINE PeIie-

HuAM y = 0 ¥ y = & UCXOJTHOTO YpaBHEHUS, a TaKyKe OOIIMiIl WHTerpaJ

u

1—wu

ln‘ ‘ = In Dz,

Dz?
1+ Dz’

13 KOTOPOTO T0JIydaeTcst obiiee pereHue y =

ObpaTuM BHUMaHWE Ha IOBEJEHNE MHTEIPAJIbHBIX JIMHUM, BXOJSIIUX B
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Puc. 2.3. Uurerpajbubie JUHUN B IIpuMepe 3.

touky (0;0). Ecau B mpumepe 1 Bce onm, 3a uckiodeHneM mpaMoix & = 0 u
y = 0, Kacaymch mpsiMoit y = x, To B mpumepe 3 Bee Bxofgmue B Touky (0;0)
MHTerpaJbHble KpUBbIe, 3a UCKII0UeHneM NMpaMbiX © = 0 1 y = &, KacaroTcs

npsimoit y = 0. D10 xXopoIo BujHO Ha puc. 2.3. [
CdopmynupyeMm 6e3 JIOKa3aTeTbCTBa CIEIYIONee YTBeP:K IeHne:

[Iycts npsamas y = kx gsigercsa perennem ypasrenus (2.1) (to ectp
f(k) = k), u dyunus f(u) muddepennupyema B Touke u = k, TOrJa npu
yesosuu f (k) < 1 Hu 0j1HO U3 pelleHuii He Kacaercs 3TOoi IPAMOil B HauaJe
koopjuHar, a npu ycjaosuu f'(k) > 1 910t npsiMoii B HauaJie KOOPJUHAT

KacaeTcss OECKOHEYHO MHOT'O PEeleHui.

[TpoBepbTe cripaBej/InBOCThL 3TOIO YTBEP:KJIeHWsT Ha 1puMepax 1 u 3.

Huddpepenimaibioe ypaBHEHIE HA3bIBACTCS 0000ueHHbLM 00HOPOIHBIM,
ecJu 3aMeHa Yy = 2" NPUBOJUT ero K OJHOPOJHOMY ypaBHEHH0. UT0oObI mo-
JI0OpaTh 9HUCJIO M, HY»KHO CHadaja Clejarh YKAa3aHHYIO 3aMEeHy, a [1OTOM

chopMyIMPOBATH yCJIOBUE OJITHOPOJIHOCTH.

IIpumep 4. Haiitn obuiee pemenne ypasnenusi 2y’ + o = 4,/y.
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[TogcTaBuB y = 2, MBI IpUAEM K ypaBHeHHIO 2mz" 12/ = 4212 — g,

st Toro, 9To0OBI 3TO ypaBHEHUE ObLIO OJHOPOIHBIM, 00a CJaraeMbIX B
MPAaBOil IaCTH JIOJKHBI UMETh OJIHY W TY K€ CTeleHb, TO ecTb m/2 = 1.
Kpowme Toro, takyio ke creneHb JoJKeH umerh kodddunment npu 2’ 1o

ectb m — 1 = 1.

Oba st TpedbOBaHUsI COBMECTHbBI, U [IPU M = 2 yPABHEHUE CTAHET OJ[HO-

poanbim. Mrak, samena z = \/y, nim y = 2%, IPUBOJNT HAC K yPABHEHHIO

T 2z —x :1n|x|—|—C'
2z —x

¥ 9aCcTHOE pelieHne z = x /2, KOTOpoe He sIBJISETCsT 0OCOOBIM.

4z-z" = 4z—x. Ono umeer oOIMIT MHTErPAJT —In

Bosspaliasicb K IepeMeHHol ¥, MoJydaeM OTBeT: OOIUil uHTerpaJ

_r _ _ 2
N In|2\/y — x| 4+ C u gacrnoe pemenne y = x°/4. []

Sameuanue: eciu m < 0, To Bosamoxkua norepst perienust y = 0. [lepen
TeM, KakK JiesiaTh 3aMeHy y = 2’ nposepbre, siBjsiercs jiu pyukius y = 0

pereHneM.

ar1x + by + cl)

Haxone aCCMOTDPHUM VpaBHEHHE BUIA ' = (
T, P puM yp SN A e

Eciu wabopsr koaddunuenton (ai;by) u (ag;by) mpomopnuoHagbHbI, TO
ecTb aq : as = by : by, TO 3aMeHa 2 = a1 + byy wim 2z = a1 x + by + 1

MPUBEJIET HAC K YPABHEHWIO C PABJEISIONIMICS TEPEMEHHBIMH.
IIpumep 5. Permuts ypasnenne (x —y — 1) + (y —x +2)y’ = 0.

[onoxum z =y —x + 2. Torna y' = 2’ + 1, u ypaBuenue npespainaercs
B(l—2)4+2(:2"4+1)=0,wmz-2"+1=0.

Ero obmmit narerpan 22 +2x = C, wm (y —x +2)? + 22 = C. [

Eciu ke koaddunmentor (ar;by) u (az; by) HE TPONOPIUOHATBHBI, TO ITO
o3HavaeT, uTo npsmbie a1 + b1y + ;. = 0 u asx + boy + co = 0 umeror
¢JIMHCTBEHHYIO TOUKY IepecedeHus (To; Yo). 3aMeHa MepeMeHHbIX T = Xo+ &,

Y = Yo + 1) IPUBOJUT YPaBHEHUE K OJIHOPOJHOMY.

ITpumep 6. Pemnurs ypasuenune (20 — 4y + 6) dx + (z +y — 3) dy = 0.
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[Ipsmbie 22 — 4y + 6 = 0, x + y — 3 = 0 mepecekatorcs B Touke (1;2).
Bgejiem nosble niepementbie (€; 1), nojaoxkus x = 41, y = n+2, u nojyuum

OJIHOPOJIHOE YpaBHEHUE

(26 —4n) d§ + (€ +n)dn = 0.

HaJjiee, nojioxkum 1 = u - £, u ypaBuenue paciajiercs va & = 0 u
(u? — 3u 4 2) dé + (1 + ) du = 0.

[Tocnennee ypaBHeHUE, B CBOIO OUepeb, TOXKE pacnagaeTcd Ha u = 1, u = 2

n

(IL+u)du  df
(u? = 3u+2) +?_O

— 9|3
ln%+ln|§|20

(2%
woip =P

(n—2¢)° = D(n—¢)*

Uz uw =1wnwu = 2 noaydaeM dacTHble perienus 11 = & u n = 2&, npuiem

ocJieIHee MOXKHO MOJYyIUTh 13 (POPMYJIbI 00I1ero pertenus npu D = 0.

Ocrasoch TOJBKO BEPHYTbCS K IMEPEMEHHBIM (Z;y) W 3allicaTh OTBET:
(y—22P=Dy—z—1)*y=x+1;z=1 0

CamocTogTenbHas padoTa

1. Haiitu obmiee perienune ypastenust (x — y) dr + xdy = 0. st sroro
ypaBHenus permuth 3aa1y Komu y(—1) = 0.

2. Haitrn obmiee pemenue ypasenns y° + 2%y’ = xy -y’

3. Haiitu ofmiee permerne ypasuenust xy’ =y — x - e¥/7.

4. YkazaTh 3aMeHy, KOTopad HpHBeJeT ypasHenue 22y’ = 1 4+ ay K

OJTHOPOJIHOMY.
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5. Pemuts 3aaay Kornm

(y+ zy)de = x dy
y(=1) = -1

JlomamntHsgs paboTa

NeNe 107, 114, 116, 126, 129.

OTBeThbl K caMOCTOATEJIbHOII pabdore

w»h.oo.w

cy=—zlnjz|+Czx, 2 =0; y = —zln(—2x)
y _
e ¥/ =1InCx

=z, 127 = 22 + 22

2\/7 =sgnz - InCuz; 2\/% = —1In(—x) + 2
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JInHeliHbIe ypaBHEeHN MEPBOro MOPAIKA

JTunetinovm jinddepeninajibHbIM ypaBHEHUEM IEPBOI'O OPsI/IKa, Ha3bIBa-

0T YpaBHEHUE BUJA

y' =k(@)y+ f(z). (3.1)

Besjie nasee mbr Oyiem canrarh, 910 k(x) n f(x) — dyHKIMK, HEMTPEephIBHBIC

Ha HEKOTOpOM mHTepBaJse (a;b).
OTmeTnM HEKOTOpPhIE CBOCTBA PEITeHu il JIMHEHHBIX YPaBHEHWIA.

1) [Mycrb y; u yo — aBa pernenusi ypashenust (3.1). Torya ux pasHoctsb

Y = Y1 — Yo SIBIISIETCST PEIIEHNEeM 00HOPOJH020 yPAaBHEHMST
y' = k(z)y. (3.2)

Heiicrsurensho, y' =y —yb=(kyi+f) — (kya+ f) =k(y1 —y2) = k.

Orcrofia cpady ke clIejyer, 4To oblee pelneHue Y o, ypasaenus (3.1)

MOXKET ObITH IIPEJICTaBJICHO B BUJIE

You = Yoo T Yam, (33)

TJE Y 0.0, — OOINEE PeIieHre OHOPOJHONO ypaBHeHust (3.2), Y .y — YACTHOE

peleHne HeO[HOPOJHOrO ypaBHenus (3.1).

Takasi CTPyKTypa IPUCYINA PEIIEHUAM JIOOLIX JUHEHHBIX YpaBHEHUH, TO
ectb ypasrenuit Bujia Lly| = f, viae L{y| — suneitnblii oneparop, He3aBUCUMO
ot ero npupoyibl. Hanpumep, Bbl Berpedasncs ¢ hopmylioii (3.3) npu pereHuu
asirebpanyeckux ypasHenuit, rje L{y] — onepatop yMHOXKeHUsI BEKTOPA Y Ha
maTpuily. Takzke, Ipyu BOCCTAHOBJIEHUH (DYHKIMU IO €€ MPOM3BOIHOMN, Bbl
dgakTHUYECKH peliajy mpocTeiiinee quHeiinoe auddepeniuajbHoe ypaBHeHHe

/

y' = f(x) m ero obmiee pereHne — HEOMPEIETCHHBIN UHTEIPAT — HUMEET

TaKyIO K€ CTPYKTYPY.
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Ypasrenue (3.1) gacro 3amuceiBator B Buje Lly| =y’ — k(x)y = f(x),

110sromy GyHkuuoo f(x) Ha3BIBAIOT NPA6OT 4aCMbI0 yPABHEHUsI.

2) Ilycrs mpaBast qactsb ypasuenus (3.1) mpejcraBieHa B BUje JHHEHHON
kombunauu f(z) = ayfi(x)+asfo(x), u dyHKIUYM Y; ABIAIOTCS PEIICHUSIME
ypasuenuit y;' = k(z)y; + fi(x), i = 1;2. Torya ux juneiinas komMOuHaIUsT
Y = aqy1 + oy sIBIISIETCS perieHreM ypaHenus (3.1), 4To Jerko mpoBepuTh

HEIIOCPEJICTBEHHOM 110JICTAaHOBKON (DYHKIUU Y = Q1Y + Qoo B ypPaBHEHHE.

CRoiicTBO 2) HA3BIBACTCS NPUHUUNOM CYNEPNOZULUL U TPUMEHSIETCsI, Ha-
IIpUMep, 4TOObI CBECTU PeIleHHe TPYJHON 3aja4ud K pelleHuio cepun 6oJiee

ITPOCTLBIX 3aJa4.

3) Mycrs dyukmn y;, i = 1;2, sABASIOTCS PEIIEHUSIMUA OJHOTO U TO-
ro ke opuHopogHoro ypasuenusi (3.2). Torma wx suneiinas KoMOuWHATUST
Y = QY1 + Qols ¢ TPOUBBOJBLHBIMU KOI(DMUITMEHTAMU (v; TAK¥XKe SBJISIETCS

perieHreM ypasaenus (3.2).

DTO CBOMICTBO sIBJISIETCSI CJICJACTBUEM NPUHITUIIA CYIIEPIIO3UIIAN, HO, BBUJLY

€0 BaKHOCTH, 3aCJIy2KUBa€T OTJAECJIbHOTO YIIOMUHAHMI.

3aMeTnM, 9TO OJHOPOHOE YPABHEHNE BCETJIa NMEET TPHBUAIBLHOE perrie-
rne y(x) = 0, TO ecTb MHOXKECTBO DeIeHuil ypaBHenus (3.2) HemycTo, u
B CUJLy CBOHCTBa 3) Ha/ICJICHO JIMHEHMHOU CTPYKTYPOi (HBﬂHeTCﬂ JINHEHHBIM

MHOT0OOpas3ueM).

Uzyvenne TuHedHbIX YpaBHEHUN Mbl HAUHEM € TTPOCTEHIIET0 YypaBHEHUS

y' =ky+ f(x), (3.4)

rjie kK — HEeKOTOpoe UhCJIO.

O61iee perienre ogHOPOAHOIO ypasHenust iy’ = kY JIerko HaXOJAUTCsT Me-

TOJIOM pa3jiesieHus nepeMeHHbIXx. OHO uMeeT BUJI i = Cek.

3amoMHUM 9TO, 1 OyeM Cpa3y BHITUCHIBATEH PEIeHns] TAKNX YPaBHEHWI:

y'=ky — y=0C-e".
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Kak Bujno n3 s1oit popMysnl, J06oe perrenne ypapuenus y' = ky mpo-
nopiponasibio dynkimu y = e, Takum 06pa3om, Bce peleHus 9Toro ypas-
HeHUsT 00Pa3yioT OJHOMEPHOE BEKTOPHOE MPOCTPAHCTBO, 0a3MCOM KOTOPOTO

spastieTcs pyHKims y = e,

Huist Toro aTobbl HaiiTy o01Iee pererne ypaBHenust (3.4), Ham JOCTaATOYHO

OTBICKATH OJIHO €r0 YaCTHOE PEIeHne W BOCIOJIb30BaThess hopmysoit (3.3).

Yacrroe perierne GyjieM uCKaTh METOJOM <«BapUalldy MOCTOSHHONY, TO
ecTh onpobyem Hajitn pertenne uga y = C(z) - e, rne C(x) yxe ne sp-
gsercst KoncranToii. [logcrasnss sty dyuxnuio B ypasuenue (3.4), moaydum

PaBEHCTBO
C'(x) e +COx) ke =k-C(x)e™ + f(x),

13 KOTOPOTO craejyer, 9ro uckoMast dbyukiws C(x) moKHa ya0BIeTBOPSATDH

YPaBHEHUIO

C'(x) =e ™. f(x).

B kauectse C'(2) MOKHO B3ATH JI00YI0 MepBoobpasiyio dbynkmum e+ - f(z),

Hallpumep,

rjie Ty — UPOU3BOJIbHAs TOYKA U3 uHTepBasa (a;b).

TakuM 00pa3OM, MBI HAIIUIH YaCTHOE peleHne ypasHerus (3.4):

x x

Y (T) = et /e_kT - f(r)dr = /ek(x_T) - f(7) dr.

Lo Lo

CrenoBaresbHo, 001Iee perenne ypashenus (3.4) 3amaercst HhopMmynoit

y(x) =C - e + /ek(x_T) - f(r)dr. (3.5)
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Teneps permum 3aaay Komu y(xg) = yo. [Hockomabky y oy (x9) = 0, TO
ocTalIoCh 110106parTh koncranty C rak, urobbl C-ef0 = yy. Urax, perennem
sajaun Kommw jyist ypasrenusi (3.4) ¢ HadaJdbHBIME JaHHbIMA Y(To) = Yo

SIBJISIETCS (DYHKIM S

@) =yo - [ p(r)dr

Lo

D10 pemenne COCTOUT U3 JIBYX CJlal'a€MbIX. HepBoe ABJIAETCHA PEIICHUEM 3a/la-

qn Kormn JJIg OTHOPOAHOT'O YPpaBHEHUA C HEHYJIEBBIMW HaYaJIbHBIMU YCJIOBUA-

/
y' = ky
MU a BTopoe — pelleHneM 3aja9u Koy Jiss HeoTHOPOTHOTO
) (960) = Yo,
y' =ky+ f(x)
ypaBHeHI/IH C HYJIGBI)IMI/I Ha4YaJIbHBIMUA YCJIOBI/I?{MI/I
y(zo) = 0.

3/iech MBI CHOBa HAOJIOJAEM IPOSIBICHNE IPUHIIAIA CYHNEPIO3UITUN: Pe-
menue obmieit 3ajaun Komm ckiajibiBaercst u3 pemeHuil apyx 3ajad Koin

CIIeIInaJIbHOT'O BH/lA.

Bynem rosoputh, uro ypaBHenue (3.4) UMeET cneyuaAbHyo TPABYIO

4acTh, €CJIU

rie P,(x) — muorousen crenenu n. B 91oM ciiyuae uacTHOE pellieHue ypasHe-
HUS MOXKHO HAHTH METOJOM «HEOIPEIeICHHBIX KOI(D@MUIMEHTOBY, 8 UMEHHO,
ypasuenue (3.4) uMmeer gactHoe permenue suma y(z) = o - Q,(x) - M, re
Qn(z) — MHOTOUIEH cTenenn 1, Ko3hMUIUEHTBI KOTOPOrO HAM U IIPEJICTOUT

onpenennthb. Ecim A # k, To p =0, ecmn ke A =k, To p = 1.
IIpumep 1. Haiitu obmee pemenne ypasaenus y’' = 2y + (22 — 2x) - €.

Tak Kak k = 2, T0 Y 00, = C - €2*. Ilockosbky \ = 1 # k, Gynem nckath

JaCTHOE pelIeHue B BUJIE

Yuu = (Az> + Bx 4+ C) - €”.
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[TosicraBiisisi €ro B ypaBHEHHE, PUXOJUM K TOXKJIECTBY

(2Az+ B)-e* + (A2® + Bz +C)-e” = 2(Az* + B +C) - e” + (> — 22) - €”.

[Tocsie cokpailenust Ha € 1 TpUBEJIeHHsT TTOJOOHBIX CJATaeMbIX MOJIYYUM
A2? + A+ B)x+(B+C)= (2A+ 12>+ (2B - 2)z +2C.

DTO PaBEHCTBO JIOJ2KHO BBIIOJIHATHCS JIJIs BCEX 3HAUYCHHI T, I03TOMY KO3(-
GpUIUEHTHI U OJIMHAKOBBIX CTEIIEHSIX B JIEBOI U IIPABOii €r0 YacTsIX J0JIKHBI

OBITH paBHBI. DTO NPUBOJIUT HAC K CUCTEME JIMHEHHBIX aJaredpaniecKux ypas-
(

A=24+1
Henuit { 24+ B=2B -2 Orciogja A=—-1, B=0,C =0.
\B—I—CzQC.
HT&K, Yan — _x2'6x7 1 Yo.mn. =C- e —z?-e". [0

IMpumep 2. Haiitn obmee perenne ypashenns y' =y + (22 — 2z2) - €.

Tak kak k=1, 10 y 00, = C'- €”. [lockoabky A = 1 = k, T0 MOXKHO OBLIO
ObI NCKATh JaCTHOE perienne B BUe Y 4u. = 2 - (Ax?+ Bz +C)-e*, 1o npome

HAUTH €ro MEeTOJOM «BapHUallli IIOCTOSHHORY.

Ecin y on, = C(x) - €, To dynkuus C'(x) g1o/KHA yIOBIETBOPSATH YpaB-

HEHMIO
C'(z)=e" f(z) = 2° — 2.
23
Hanpuwmep, moxxuo B3sith C'(x) = T z2.
23 23
TOFI[& Yau — (? - xQ) ) 6x; nYou — C-e* + (g — -TQ) -e’. ]

Ecin npasasi yacrs ypashenust (3.4) nmeer Buji
f(x) = Py(x)-e*cosfr wnmm f(x) = P,(z) e sin S,

TO YaCTHOE peIleHrne MOXKHO HAWTU METOJIOM «HEOIPEeIeJIeHHBIX KOI(DDUIu-

eHTOB», ucnoL3ys hopmyy Ditnepa el@HH)T = % (cos Ba 4 i sin Bx).



Saugarue 3 35

[TosicHuM CcyTh 9TOro mpuema Ha IpUMepe.
IIpumep 3. Haiitu obuiee pemenne ypasuennus y’' =y — 2z - sinx.

3ameTnm, 9TO CBOWCTBA JUHEHHBIX YpaBHEHMH 1) - 3) BBITOJIHAIOTCS KaK

HaJ IIOJIEM BEIIECTBEHHDBLIX, TaK W HaJl IIOJIEM KOMIIJIEKCHbBIX YHCEJI.

[Tycrs  dyskmun  w(x) u v(x) SABAAIOTCS DPENEHUSIMU  ypPaBHEHH

u' =u—2x-cosruv’ =v—2x-sinx coorsercreenno. Torna $yHk-

st 2 = U + (U YAOBJIETBOPsieT ypaBHenuio z ' = z — 21 - e'*,

YacrHoe pelierne 3TOro ypaBHeHHsI UIIEeM B BUJIE Z 4y = (Ax + B) - €',

rie A u B — xoMmIutekcHble ducia. [lojcrasisem B ypaBHeHue:
A"+ (Ar+B)i-e" = (Az+ B)-e" —2x-¢".

iA=A-2
Orciopa A+i(Az+ B) = (Azr+ B) — 2z, u
A+iB=0.
Haxopum A= (1+14), B=1,u

Zaw = ((1+1i)z+1) - (cosz +isinz) =

= (a:(cos:z: — sinx) — sin ZL‘) +1 (x(cosx + sin x) + cos :1:)

Boiensiem muumyio gacts v(z) = Imz(x) = x(cosx + sinz) + cosz.
DTO U ecTh YaCTHOE pelleHre UCXOAHOro ypasHenus y' =y — 2x -sinx. A

ero obIee pernrenue

You = C-€* +x(cosx +sinz) + cosz. O

ObpaTumest Terephb K ypasaeruto obiero suja (3.1).

Teopema. Eciu dyukiuu k(z) u f(x) HenpepbiBHBI Ha HEKOTOPOM WH-
tepBajie (a;b), To Yepe3 Kaxyoo TOUKy (To;yo), vae ro € (a;b), yo € R
IPOXOJIUT €JIMHCTBEHHOE PEIIeHIe ITOr0 yPaBHEHNs, OTIPEJIETIeHHOE TPH BCEX

x € (a;b).
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[TomuepKHeM JBa BakKHBIX MOMEHTa. BO-TIEPBBLIX, TeOpeMa yTBepKJIACT,
aro 3ajada Komwm y(zg) = yo umeer perienue npu Jiobom yy € R. Bo-

BTOPBIX, 9TO PEIICHUE CYIIECTBYeT Ha BceM mHTEpBaJie (a;b).

IMpumep 4. Hajitu obiiee pemenue ypastenns xy '+ (x+1)y = 3z2-e77.

D10 ypaBHEHUE He Pa3pelleHO OTHOCUTEILHO MPOU3BOIHON, HO HETPY/-
HO BU/IETh, 4TO ecju tpusectu ero K sujy (3.1), ro dyukuuu k(x) u f(z)
OyyT paspbiBibl B Touke & = 0. [TosToMy MakcuMa/bHLIM MHTEPBAJIOM, Ha
KOTOPOM BBINOJIHSIFOTCs YCJIOBHsI T€OPeMbl, siBjisiercs jiyd (—oo; 0) uium jiyu
(0; +00).

Pacemorpum ojinopojiaoe ypastenue zy’ + (z+ 1)y = 0. Dro ypasHenue

C pa3IeNAIoNuMUCS TTePpeMenHbIMNT:

dz = 0.

Y x

d rx+1
Yy

Ero obmiee permenne y o, = C - (xe?)™t = C - &(z).

Pemrenne HEOHOPOIHOIO ypaBHEHUsT HAiiIeM METOJIOM BapUAIH IOCTO-
SAHHOM: Y 4. = C'(x) - ®(x). [ogcrasnsisa sty dyHKIMIO B ypaBHEHUE, TOJTY-

YUM PaBE€HCTBO
2(C-@+C- )+ (z+1)C-® =327,

Tak kak £ ® '+ (x + 1)@ = 0, To dbysknusa C(x) momKHA YIOBICTBOPATDH
yPaBHEHUIO

C'(x)®(z) = 3xe™™".

Caepnosarensno, C''(x) = 322 u C (z) = x3. Takum obpasom, obiee perte-

HUE HECOJAHOPOJHOI'O YPpaBHEHHWA UMEET BUJL:

You(r)=C -z re ™ +22e ™ O

B pazobpanHOoM IpuMepe HPUCYTCTBYIOT KJIFOUEBble MOMEHTBI, Ha, KOTO-

PbIX OCHOBAH aJI'OPUTM perlieHust Jiioboro ypasaenust Buja (3.1). Ormernm
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UX eIre pas.

1) OsHOPOIHOE YPABHEHUE PEIIACTCsT METOIOM Pa3JIeIeHusl TePEMEHHBIX,
1 ero o0Imee perenne uMeeT BUL Y oo, = C - ®(z), rne ®(x) — moboe gact-
noe pemenne. Takum 00pa30oM, PelIeHUs! OJHOPOJHOIO YPaBHEHUsT 0OPa3yIOT

OJIHOMEPHOE BEKTOPHOE IpocTpaHcTBo, u ®(x) — ero Gasuc.

2) HeojiHOpoiHOE ypaBHEHUE PElaeTcst MeTOJIOM BaPUALIUK 1I0OCTOSHHOI:

Yur = C(z) - ®(2), e C(x) naxopurcst uz yeiosust C''(x)®(x) = f(x).

HacTo BO3HHKAIOT 3a/1a41, B KOTOPBIX TpeOyeTcss HallTh pelieHne ypapHe-
HUsI, VOBJIETBOPSOIIEe KAKUM-JIKOO0 JIOTOJHUTEIbHBIM YCIOBUASIM, OTJIUIHBIM

ot ycsiousi Kormu.

ITpumep 5. Paccmorpum ypasuenue zy’' +y = f(x), rne dbyukius f(x)

HelpepbiBHA B JiI000# Touke T € R.

YCJIOBUST TEOpeMbl CYIIECTBOBAHNA U €IMHCTBEHHOCTH PEIeHns 3a/1a9u
Ko napyienst B Touke x = 0. Bce pelienusi 0JiHOPOJIHOIO ypaBHEHUs

Yoo. = C/x, xpome pemenust y = 0, neorpanudenbl npu x — 0.

Bosuukaer BOIpoc: Kak BeyT cebsl pereHust HeoJHOPOHOIO ypaBHEeHU
npu r — 07 Ecrb s cpejin HUX OrpaHMYEHHbIE W JIaYKe UMEIOIUE TP

npu x — 07

Haiijiem 1acrHoe pelenue HEOIHOPOJHOIO YPAaBHEHUS METOJOM Bapua-

[N TOCTOAHHOM: 1 o = Cf) Torpa C' '(x) = f(x), C(x) = /f(T) dr n

YaCTHOEC pEIICHNE NMEECT BUJ

Yo =1+ [ F(0)dr

T
st roro, aTobbl 31O perienre ObLIO orpaHuydeHo B Touke x = (0, Heob-

X
XOJIUMO, YTOOBI / f(r)dr — 0 mpu x — 0, a 9T0 O3HAYAET, UTO HYKHO

o
noJ0XKATHL (o = 0.
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Mrak, eIMHCTBEHHOE pelleHne, KOTOPOe MOXKeT ObITh OrpaHUYeHHBIM IPU

x — 0, umeer BuU/I

]f(’i‘) dr

X

*

Y

[Tokaxkem, 9TO OHO JEHCTBUTENHHO OIpAaHUIEHO W MMeeT KOHETHBIN Ipe-

eyt B Touke x = 0. Ilpm mepexose K mpeiesry BOSHUKAET HEOIPEIeJEeHHOCTD

0
—, W MBIl packKpoeM ee, BOCIOJb30BaBIINChL MpaBuyioM Jlomurass. QyHnkius

OJ
X

f(x) nenpepbiha, ee nepBoodbpasuast F'(x) = /f(T) dr quddepennupyema
x

W F(z) = f().

/f(T)dT
lim y*(z) = lim *—— = lim 1% — f(0).

z—0 7—0 x r—0 1

Urak, ucxomnoe ypaBHenne uMeeT eJIMHCTBEHHOEe OTPaHMYeHHOe B TOUKE
x = 0 pemenue. DTo pelrenue umMeer npu r — (0 KOHEUHBIN IIpejies, paB-
ubtii f(0). Ocranbable pemienusi Heorpanudenbl B Touke x = 0. [orsiTHO,
9TO B TAKOM cjydae craBuTb B Touke x = 0 3auauy Komwm jyisi ypaBHenus

xy’ +y = f(r) ne umeer cmbicia. [

IIpumep 6. Paccmorpum ypasuenue y' +y = f(x), rue dynkuus f(x)

HeIIpepbIBHA U OrpaHNYeHa Ha BCEHl BEIECCTBEHHON OCHU.

Permiennst ogHOPOIHOTO ypaBHEHHUS ¥, = Ce™*, Kpome pellenns
y = 0, Heorpanuvenol npu r — —oo. CymecrByer Jji perieHue HeoIHO-

POJIHOTO ypaBHEHHUsI, OTpaAaHUYIEHHOE Ha, BCEHl BEIECTBEHHO! Ocu?

YacrHoe pelrieHue  HEOJHOPOJIHOI'O — ypaBHEHWsI WIIEM B BUJIE
T
Yo = Cl@)e ™, e C () = e f(2), Cla) = [ f(r)dr.
Lo

st roro, urobbl peiierue Yqy = C(x)e™™ OblIO OrpaHUYEHO LU

T — —00, Heobxoaumo, urobbl  lim C'(z) = 0.
T——00
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T

[Tosoxum C(z) = /eTf(T) dT. DTOT MHTErPaJ CXOJUTC TP & — —O0,

—0Q
Tak KaK f(x) orpanudena:

f(DI <M = [eTf(r)] < Me?

\—’/ dT‘<M/€dT—M€

Urak, equACTBEHHOE YaCTHOE peIienue, KOTOPOe MOXKET YIOBJIETBOPATH

I[IOCTaBJICHHbBIM YCJIOBUAM, UMEET BU/J

y(r)=e" /IeTf(T) dr = /xe(T_x)f(T) dr

¥ OIPAHUYEHHOCTb 9TOTO PEIICHUs CTAHOBUTCSA OUCBH/THOIL:
vy (x)| < ]\4/@S ds = M.

Nurepecto oTMeruTh, 9To ecyiu GbyHKIws f(r) — mepuouieckas ¢ epuogoM

T, To HaiijieHnoe perenne y*(x) Takxke OyJIET TEPUOTTICCKIM:

0 0
?J*(erT):/esf(aerTJrs)ds:/esf(:chs)ds:y*(x), 0

Boo0biiie roBopst, 1eprojIMuHOCTb TPABOii YacT ypaBHEHUs HE BCEIJIa BJjie-
YeT CyIIeCTBOBaHUE MEPUOUIECKOro perienus. Hampumep, npocreiiiiee Ju-
Heiinoe ypasuenue y' = sin’ 2 He ©MeeT HI OJ[HOTO MEPUOUICCKOTO PEIICHUA

(mpoBepbTe 3T0, BhINNCAB (hOPMYITY ODIIEro PEIIeHNsT).
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YpaBHeHUud, IPUBOJAAINNECHd K JUHETHbIM

1) Vpasuenue Bepuymn y' = k(z)y + f(x)y™, m # 0, m # 1.

Ormerum, uro ipu m > 0 3ro ypaBaenne nmeer periernue y = 0, KoTopoe

siBjisieTcst ocoobiM ipu 0 < m < 1, a npu m > 1 — 4aCTHbBIM.

st oTbicKaHust JPyIrux pelieHuit mojiejiuM obe yactu ypaBHenus Ha y"":

! 1
5—m = k(o) + /(@)

Bamena z(z) = 1/y™ ! npuBoauT 9TO ypaBHeHue K IMHEHHOMY.
IIpumep 7. Haittu obuiee pemenne ypasnenns vy’ + 2y + x°e®y> = 0.

910 ypasuenue Bepnysin, m = 3. Oyukius y = 0 — pernienue.

/

2
Jlemm obe 4acTH ypaBHeHHd Ha y°: :Uy—3 + =+ xoe” = 0.

Y Y

x
[Tonoxkum z =y~ 2, rorga 2’ = —2y 3y’ —5 2+ 22+ 2% = 0.

Zo0.0. = C - 5174,
Zun = C(x) - 2%, e C(x) = 2¢7,

Zom = C -zt + 224"

TakuM obpaszoM, obmiee pemernne y 2 = C -zt +2z%e* ny=0. O
2) YpaBHeHHe CTAHOBUTCS JMHEHHBIM, €CJIn & CUuTaTh QyHKIWeHd o 1.
ITpumep 8. Haiitu obiuiee perienne ypasuenus (2¢¥ — x)y’ = 1.

[Tosioxkum x = z(y), rorpa ' = 1/y’ u ypasrenue MoxHO 1peobpaszo-

BaTb K BUIAY
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Tan =A€Y, rie A =1,

Ton =C-e¥V+ev. 0O

3) YpaBHenue craHOBUTCs JMHEHbIM 1pU 3amene z = G(y).

[To mpasusy nuddepennupopanus ciaoxkuoi dyukiwn 2’ = G'(y)-y' =
= g(y) - y', tne G(y) — nepoobpasnast s byuknun ¢(y). Eciu Takue
KOMOMHAIMU [PUCYTCTBYIOT B ypaBHeHuu, 3aMena z = G(y) Moxer ero cy-

IIECTBEHHO YIPOCTUTD.
IIpumep 9. Paccmorpum ypasuenune 22y’ 4+ x4+ e ¥ = 0.

YuuoxknM ero Ha e¥:  22e¥y’ +xe¥ +1 = 0.
[Monoxkum z = €Y, rorga z' = e¥y’. Ypasuenue CTaHOBUTCs JIMHEHAHBIM OT-

HOCUTEJILHO 20 X2z  + 22+ 1=0.
/
IIpumep 10. YpaBHenune J + Inytgx = sinx 3amenoit z = Iny npe-

Bpallaercsa B JuHeitnoe ypapuenne z' + ztgr = sinx. [

CamocTogTenpbHas padoTa

1. Haijitu obmiee perenne ypasuenus y'cosx + ysinz = 1. (gacrhoe

pereHne MOYKHO JIeTKO yTraiaTh!)

1

r—Yy

2. Haiitu obmee pemenue ypasnenus y' =

Komm y(2) = 0.

5 U DEInTb 3373ty

3. Haiitu obmee pentenue ypasuenns y' + xy/y = 3.

4. Haiitu obmiee pemenne ypapuenns vy’ +x2e?+2 = 0 u penmTh 33124y
Kommn y(—1) = 0.

5. Haittn obmiee pemenve ypasaenns y'sin 2y + cos’y + 1 =0



42 Saudarue 3

Jomaimasgsa padoTta

NeNe 149, 153, 159, 160, 178.

OTBeTHI K caMOCTOATEJILHOII paboTe

1. y=Ccosx +sinz

2. 2=CeV+ > +2y+2, y=—-1++vVr—1
— 20 4 F 1 =

=Ce +3 15 y=20

wlin

3.y
4. ¢V = Ca® + 2°In|z]

y = —In(2? + 22 In(—2x))
5. sin’y = Ce” 4+ 2 (nm cos’y = Ce® — 1)
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YpaBHeHud B MoJHbLIX Auddepennunagax

Mbi yxke ybejusinch patee, 4To 3anuch jJuddepeHinaibHoro ypaBHeHust
B BUJIC

M(z;y) dz + N(z;y) dy =0 (4.1)

SIBJISIETCST BEChbMa, YJI00HOW XOTst ObI MIOTOMY, YTO TIEPEMEHHbIE T U Y BXOJISAT
B YpaBHEHUE «Ha PaBHBIX IIpaBaxX», TO €CTb Mbl HE aKICHTUPyEeM BHUMaHUe
HA TOM, 4YTO T SIBJISIETCS HE3aBUCUMOI IepeMeHHOi, a Yy — (yHKIMeid or
Hee. U pererne takoro gudpepeHnmuaabHOro ypaBHeHUs Mbl IIOJyUaeM, Kak

npasuiio, B Bujle obiiero unrerpasia F(x;y; C) = 0.

Ypasuenue (4.1) HasbBaeTcst ypasuenuem 6 noanvr dugddepenvyuanar,
ecJIi ero JieBas 4acTh HpeJICTaBsgeT coboi moyHbli Juddepenipali HeKoTo-

poii dyukiuu U(x;y), To ecrb
dU = M(z;y)dx + N(x;y) dy. (4.2)

O6uumit unrerpas rakoro ypasuenusi umeer sugl U(z;y) = C.

Kak omnpeennts, sBisercs jiu ypasHenue suja (4.1) ypaBaenueM B moJi-
ubix jubdepennuanax? [ousirHo, 4ro ecsin BbiojHeHO yeiaosue (4.2), 1o
byuxipu M(x;y) u N(x;y) siBisiiorcs 4acTHBIME TPOU3BOJHBIMU (DYHKIUK

U(z;y), a uMEHHO:

oU ou
Eciu dyuknus U(x;y) msax s quddepeHiupyeMa, To ee Bropble CMeIaH-

HbI€ IIPOU3BOAHbLIE JOJI2KHbI COBIIaJaTh:

’U  OM(z;y) 9°U  ON(w;y)
oyox oy ' Oxoy  Oxr

1 cienoBaTebHO, JOJIXKHO BBITIOJIHSITHCST PABEHCTBO
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OM(z;y) _ ON(z;y)
y ox

(4.3)

meer mecTo ciiemytomast

OM(ziy) —~ON(z;y)
dy ox
HbI B 00acTt G : a < ¢ < b, ¢ < y < d, u B 0671acTut G BBITIOJIHEHO YCJIOBUE

Teopema. Eciu dyaknuun M (z;y), N(z;y), HeIIpepbIB-

(4.3), To wepes Kaxkyt0 TOUKY (Zo;Yyp) € G MPOXOJUT €MHCTBEHHAS WH-
TerpaJjbHast JiMHUs ypaBHenus (4.1), u 91a MHTErpasbHas JUHUs 33/1aeTCs

ypasuenunem U(x;y) = C.
[Tocmorpum, Kak MOKHO ObicTpo Haiitu dyukuuo U(x;y).
ITpumep 1. Pemurs ypasuenue e Ydx = (2y + ze V) dy.
[Ipusenem ypasuenue K Buiy (4.1): e Vdr — (2y + ze™Y) dy = 0.
De o a(=2y— ze )

[Iposepum BbinOIHEHUS yeioBus (4.3): 5, = € V= e

OcranbHble YCJIOBUSI TEOPEMBI TAaK»Ke BBIIMOJHEHLI BO BCEll ILJIOCKOCTH
xOy, nosromy cyiecrsyer rakas Gyukuus U(z;y), 4ro

ou _ ou
— Y -

A — 99— pe Y
e 17} Iy 2y —xe 7.

[IponaTerpupyeM mepBoe paBeHCTBO IO X, CUNTasA Y TapaMeTPOM:
Uzyy) =a-eV +Cy).

ou ou
Tora 9 —ze Y+ C'(y). C mpyroit cTopoHbI 9 —2y —xe Y, mosToMy

C'ly)=-2yuCy) =-y*+C.
Takum obpazom, Mbl BoccTanosuin dyuknuio U(x;y) mo ee nuddepen-

1yaJy, 1 MOXKEM 3alliucaTb OOl MHTeIPaJL:

Ecnn yenosue (4.3) we BoinosHeno, To ypaBuenue (4.1) e siBisieTcs ypapHe-
HueMm B 10JHbIX juddepennpnanax. OjHAKO, €10 MOXKHO CJIeJaTh TAKOBbIM,

YMHOXKUB Ha HEKOTOPYIO (MyHKIUIO () y). DTy DYHKIKMIO HABBIBAIOT UHME-
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cpupyruuUmM MHOHCUINENEM. I/ISBQCTHO, 94TO TaKOW MHOXKUTEJ b CYIIECTBYET,

" HE OJIMH, HO HalTHU ero He Tak-To IIPOCTO.

Homyctum, ato nocsie ymuoxkerust (4.1) Ha HeKOTOPYIO DYHKIWIO (1(X;Y)

MbI IIOJIYYUM ypPaBHEHHUE

p(z;y) M (x5 y) de + p(x;y)N(x;y) dy = 0,

KOTOpOE sIBJISIETCSI ypaBHEHNEM HMOJTHBIX Juddepennuaiax. Torma ero koad-

PUIMEHTDI JIOJIXKHbBI YIOBIETBOPSThH YCJIOBUIO

0 0

Z(u-M)=—(u-N).

gy M) =5-(n-N)

Bommonnus guddepennupoBanue U IeperpymnimpoBaB cjaaraeMble, Mbl YBHU-
JAUM, 9TO I/IHTerI/Ip}/IOLLLI/Iﬁ MHO2KHUTEJIb JOJIZKCH ABJIATHCA PEIICHHUEM JINHEN-
HOT'O ypaBHEHHA B YaCTHLIX IIPOU3BO/JHBIX:

O yOn _ . OM 0N
@_N%_’u( 8y+83:) (44)

AJITOPUTM pellieHust 3TOT0 ypaBHEeHHUs 0Ipa3yMeBaeT, UTO Ha, OIIPeIeJIeHHOM

srare HyKHO pernuth ypasaenune (4.1). Kazanock Obl, Kpyr 3aMKHYJICS. ..

BbIxo/1T 13 9TOTO TMOJOXKEHUS 3aKII0YaeTcd B TOM, YTO HaM He HYXKHO
HAXOJIUTh MHOYXKECTBO Beex pelenuii ypasuenns (4.4), a gocraTodHo HaiiTu
xorst Obl 0O perienne p(x;y). [loaTomy MOXKHO, HCXO/IsT U3 PA3IUIHBIX Ha-
BOJISIIIINX COOOparKeHUil, NCKATh WHTErPUPYIOIIUIT MHOXKUTEH CIeUaJbHOTO

BHUJIA.

Yare Bcero mogdbuparoT MHOXKUTENb ((X;Y), 3aBUCSIIHA OT HEKOTOPOi
KOMOMHAITMI [IEPEMEHHBIX X U Y, TO ecThb (1 = [u(t), tye t = t(x; y). [lockobky
B 9TOM CJIydae (i sBJsgeTcs (PyHKIUeH oT OJHOI TepeMeHHO, TO ypaBHEeHHUE

(4.4) cymecTBEHHO YIPOCTUTCS:
M- ity — N - pyty, = p(=My + N7).

Orcrona
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M + N,

N;_ 1 !
_(n/*ot_M_t/_N_t/‘
Y x

1

OueBHIHO, YTO UHTEIPUPYIONIHI MHOKUTENH YKa3aHHOTO BUJa OyieT cy-
IIECTBOBATH, TOJILKO €CJIM 1IpaBast 4aCThb 3TOI'0 yPaBHEHUs sIBJIsieTCs (PyHK-
nueit or t. B Tabsiuie npuBejieHbl HEKOTOPbIE BUJ(bI WHTEIPUPYIOIIUX MHO-

KUTeJel 1 yCaoBud, NPU KOTOPHIX OHU CYIIECTBYIOT.

= p(t) b= (o

= i) b e
= pu(y) %:_M;JN;_JE@)
p=pu(z+y) %:_Aj\i;jz\]r%_f(“y)
= p(xy) % = ;Afj’jy%; = f(zy)

2
IIpumep 2. Pemmrs ypasuenue (v + y?) dv + (2% — %) dy = 0.

DTO ypaBHEHWE HE SIBJISIETCS };paB%eHHeM B HOgHbIX Judpdepeniaiax,
T M 2x

N
M = 2 N=2>—"n-——=2 — =2 — =
TaK Kak x4+ y°, x T y;«éax 2x )
2
Orcrona —M ’y + N/ = =2y+2x— f [Tepebupasi mpejiIoyKeHHbIE Bapu-
AHTBI, MBI IPUJEM K TOMY, UTO MOXKHO UCKATH UWHTETPUPYIOMINI MHOKUATED

suia b = p(x + y). Torua

—2 —2

x+y: t

~ ~

ot}
1

= (Inp)} =

CretoBaTeIbHO [t = t72 = (x + y)_2 U ypaBHeHHEe

2 2 _ 22

72 _
y _
T+ (m+y>2dy—0

r+y
(z +y)?

sIBJISICTCSI YPaBHEHMEM B IIOJIHBIX Jiudpepenipraliax.

HaJjiee jieficrByem 10 y»Ke 3HAaKOMOMY aJiropuTmy. Tpebyercs HaiiTu Ta-
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kyto dyuakmuio U(x;y), 910

2 z?
ou  w+vy? ou 5=

oz (@ty? T 0y @ry?

Unrerpupyem rnepBoe paBeHCTBO MO X, CUUTas Y TapaMeTpPoM. 3aMeTHuM,

qTO
vty e+ @y 1 v -y
(z +y)? (z +y)? r+y  (r+y)?
MO3TOMY
N Y-y C
Ulzyy) =lnfo +y| = "+ C(y).
Torna
o 1 (2y-D+y - -y / _<x2_§)
0y  xz+y (z +y)? +C ) = (z+y)?"

Orcrona C''(y) = 1—5 u C(y) = y—Iny. Urak, obmmit mHTErpas nMeer

BUJI;

2 _
ln\ery\—y Y

y x—l—y—'—y:C'

3aMeTuM, uTO NpH JejeHud Ha (T + y)? MBI MOINIM HOTEpATh pelleHne
xr +y = 0. IojcranoBkoit B ucxojiHoe ypaBHenue yoejiuMcesi, 4To PyHKIMUs
Y = — JIEUCTBUTEJILHO sABJIsIeTCs ero pelienneM. Mbi He Oyjiem 3j1ech 00Cy K-
JIATh BOIPOC, STBJISIETCS JIM 9TO PerieHne 0coObIM, HO OYEBHWIHO, YTO OHO HE
MOKeT ObITH Oy YeHO U3 ODIIEro HHTerpaJia, IIoITOMY ero Ciejlyer 3alucaTh

oTyienbHo. L]

Metoa «MHTErpupyeMbIX KOMOMHAITITIA»

Yuuoxas ypashenue (4.1) Ha uHTErpupyomuii MHOXKUTEb, Mbl J100U-
JIUCh TOTO, 4TO OHO TpeobpasoBajoch K Buiy dU(z;y) = 0. OjHako nouck

3TOTO MHOXKUTEJIA — JOBOJIbHO TPYJOEMKHUIT TTPOIECC.

Tem He MeHee, 4aCTO B yPaBHEHUU MOXKHO BbIJICJIUThH I'PYIIILY CJIaraeMbiX,
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KOTOpas ABJsieTcs guddepeHmagoMm KaKoro-To Bbipaxkenus. O003HaUNB TO
BbIPaXKeHKUe OJIHOI OYKBOM, TO €CTh BB/ HOBYIO IIEPEMEHHYIO, MHOI/Ia, Y/la-

eTcd yIpOCTUTh YPABHEHUE, U B UTOTC — PEIIUTH €ro.

SaloMHUTE CJIELyIONne KOMOMHAIUN:

du-v) =udv+vdu
d(g) _vdu—udv

V2

d(u® +v?) = 2udu + 2v dv

f'(w)du = df

IMpumep 3. Pemmrs ypasuenue (x + x2 + y?) dx + y dy = 0.
Crpyunupyem cnaraembie: (2 + y?) dz + (zdr + ydy) = 0.
Beesem nosyio dynkumio u = x2 + y?, Torna du = 2(zdv + ydy), n

ypaBHeHUe IpuobperaeT OUeHb IPOCTONH B

2udr + du = 0.

Ero unrerpan 2z + In |u| = C, wm 2z + In(2? + y?) = C.

3amMeruM, 4YTO pelllas ypaBHEHHE C pa3JessioNUMUCH I[IepeMeHHbIMU

2udx + du = 0, Mbl geaunau ero Ha u. Herpyano morajgarbes, 9To (DyHK-

st vt = (2% 4+ y?) 7! aBiagerca HHTErpUPYIONMM MHOXKUTEIEM HCXO[HOTO

ypaBHenusi. [
IIpumep 4. Pemmuts ypasuenue (xy° — 1) dx + x2y* dy = 0.

['pynnupyem ciaraemble OJJUHAKOBOI CTEIEHU OJIHOPOTHOCTH:

ry?(ydr + v dy) = dx, wm xy*d(vy) = dx.

YMHOXKaeM 00e 4acTu ypaBHEHWs Ha T U IojiaraeM u = Ty. Y paBHe-
3 2
u T
Hue npuobperaer suj uldu = xdr, oTKyla T3 = C. Bosspaiiasich K

nepeMennbiM (15 y), 3amamem obmuit unrerpan: 2x3y — 322 = C.
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B IIponecce peniennd Mbl YMHO2KaJIM YPpaBHEHUE Ha £ — 3TO U €CThb UHTE-

IPUPYIOIINI MHOXKHTEJIbL YPABHEHUS.

3aMeTuM Tak»Ke, 9TO YMHOXKas ypaBHEHWE Ha X, Mbl MOTJIU TPUOOPECTH
nocropontee pemenne x = 0 (oo BxopuT B 00mmit unrerpada npu C =
0). OjHako npoBepKa MOKa3biBaeT, YTo Ta (DYHKIMS SABJISETCs PEleHreM

MCXOJIHOTO ypaBHeHusi. [
ITpumep 5. Pemnrs ypasuenne (22 — sin?y) dz + sin 2y dy = 0.

BamernM, uTo d(sin®y) = 2siny cos ydy = sin 2ydy. [losTomy mOTOKIM

u = sin®y, U ypaBHEHHUE IPUMET BUJ

22dr —udr + xdu = 0.

2

Paznenus ero Ha x°, MOJyUUM ypaBHEHME B MOJHBIX AuddepeHInaiax:

zdu —udx

dx + = 0, wn dz +d (=) = 0.

SC2
. U .
OB6miuit HHTErpaJ 3Toro ypasHenns x4 — = 0, wan 22 4sin’ y = Cx. Tax-
X
Ke 1Py JleJleHny Ha 2 ObLI0 HoTepsHo pelenue £ = (), KOTopoe HeBO3MOMKHO

MOJIYIUThH W3 ODIEero nHTerpaJja Hu npu kakom 3Hadenun C. [

HecomuenHo, MeToj1, MHTErpUPYEeMbIX KOMOUMHAIMN HE SIBJISCTCS aJrOPUT-
MUYECKUM, a TpedyeT IPOsBJIEHUSI CMEKAJKA U HAaPaDOTKK OIPEIEJICHHOIO
ombiTa. OJHAKO Jlayke OJHOPOJIHBIE W JUHEHHbIE YPaBHEHUS, UMEIOIINEe TeT-
KHE aJI'OPUTMbI pELICHUs, MOXKHO 3(P(MEKTUBHO PEIIUTh C IOMOIIbIO 3TOr0

METOJIA.
IMpumep 6. Permurs ypasnenne (22 — 4?) dx + 2zy dy = 0.

DT0 ypaBHEHWE OJHOPOLHOE, HO METOJ WHTErPUPYEMbIX KOMOWHAIWI
ObicTpee  mpuWBeder Hac K nenu.  lleperpymnmmpyem  ciaaraembie:
22 dr + (v dy* — y* dz) = 0, u pasjenum ypasuenue na x2. [losyunm ypas-
HeHre B MOTHBIX auddepennnanax dx + d(y;) =0.

2
Ero obmuit unterpas x + y; = C, wm 2> +y? = Cx. Ilpu genennn 661710

norepsino yacrtuoe pemenve r = 0. [
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IIpumep 7. Pemurs ypasuenue (x2y° + y) dx + (2%y* — x) dy = 0.

3Jiecb XOpOIIIO BUJIHBI JIBE IPYIIIbI CJaraeMbIX OJUHAKOBON CTEIEHU OJI-

HOPOJIHOCTH:
(2?y3 do + 23y* dy) + (ydx — x dy) = 0.
2y d(zy) + y2d<§) = 0.

T
[Tosenup ypaBHeHune Ha TY U HOJOXKHUB U = XY, U = " MOJIYINM ypaBHEHUE

B MOJTHBIX JinpdepeHiinaiax:
d
wdu+ = = 0.
v
2 2 2,2 z’
Ero obmumit unrerpan u” + Inv” = C, wm 7y~ + ln? =C.
[Ipu jenienuu Ha xy ObLIn norepsiibl pemiennst r =0wun y =0. [

IMpumep 8. Pemnrs ypasuenne y'sinz + ycos z = sin® .

DTO ypaBHEHME JINHEHOE, HO Mbl BBIJIEJUM UHTETPUPYEMYI0O KOMOMHAIINIO:

y'sinx +ycosx = (ysinz)’.

. . . . r  sin2z
(y81n:1:)’:sln23::>y81n$:/81n2xdx:§— — +C
C x COs &
y= sinx+2sinx 2 -

SamMmeuanne: TakKzKe JIEFKO MOXKHO PELINTDb 3a/1a91 1 m 5 us camocrodgTennb-

HO¥1 pabOThI NPEJIBIIYIIEr0 3aHIATHS.

IIpumep 9. Pemuts ypasuenne zy’ —y = 2.

I‘ JE—
VpasHenue Jerko nepenucars B BHjie — 5 Y= 1, wm (g)’ =1.
T i

CaieoBaTeIbHO (%) =r+C,y=Cr+2° O
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CamocTogTenpHas padoTa

Bo Bcex 3ajiauax HYy>KHO HalTu OOl MHTErpaJl ypaBHEHUSI.
1. (1 + y?sin 2z) do — 2y cos® zdy = 0.
2. (x —ycos%)d:cjtxcos%dy =0.

3. z(Inz%y — 1) dy = 2y dx.

Vkazanue: seeguTe dbynkmmn v = lnz?, v = Iny.

4. (22 4+ 1)(2x dx + cosy dy) = 2z siny dz.

Vkazanue: u = 22 + 1, v = siny.

5. y(zx +y)de + (zy +1)dy = 0.

JlomamntHsas paboTa

NeNe 189, 200, 201, 206, 207.

OTBeThl K caMOCTOATEJIbHOII pabdore

—_

x—1y*cos’y =C
1n|x|+sin%:C’

Inju+v]|=v+C, y=Clnz%y

siny
x2+1 =C

= W

In(z? +1) +
1
5. MHTErpupyoIuii MHOKATEb (| = ;

2
:Uy+%—l—1n\y|:C, y=20
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TeOpeMbI CymeCTBOBaHUA N1 €¢JJMHCTBECHHOCTI

Ha npespyiylimx 3aHATHSIX Mbl PACCMOTPEJIU METOJbl MHTEIPUPOBAHUSE
HEKOTOPBLIX BUI0B and depennyuantbubX ypaBHenuii nepsoro nopska. Oina-
KO NPOMHTErPUPOBATHL yPABHEHNE «B KBaJAPATyPax», TO €CTh 3alliCaTh Pelle-
HI€ B BUJIE HHTEIPAJIOB OT 3JIEMEHTAapPHBIX (DYHKIIMIM, yIaercs JIaJeKo He Bee-
riaa. Tem He menee, Xoreaoch Obl UMETh OTBET Ha BOIPOC: KAKOBBI YCIOBUS,
MPU KOTOPBIX Uepe3 TOUKY (Xo; o) MPOXOJUT €IMHCTBEHHAS] WHTErpajbHAsT
kpuBas ypastenus y' = f(x;y)? Chopmysupyem ojjHy U3 T€OPEM TaKOIro

IIJ1aHa.

Teopema IMukapa. [lycrs Gyukius f(x;y) onpejieiena u HenpepbiBHa
B obnactu G : |z — 20| < @, |y — yo| < b, u wacrnas npoussonnas f(r;y)

orpannuena B (G. Torma 3amava Kormm

y' = f(z;y)

(5.1)
y(ﬂUo) = Yo

MMeeT eJIMHCTBEHHOE ellleHne. DTO pellleHne OlpeieieHo 1o Kpaiinei Mepe
Ha orpeske |x — x| < h, rge h = min{a; —}, a M — s0boe ducsio raxoe,
aro | f(z;y)| < M B obaacru G.

[Toguepkuaem, aTo Teopema IInkapa HOCHT JOKAJBHBINA XapaKTep, TO €CTh
HUYEro He TOBOPUT 00 00JIacTH CyIIECTBOBAHUS HEIIPOIOJKAEMOIO PEIICHUSI.
Tak>ke BayKHO NMOHMMATh, 9YTO TEOPEMa JIAeT HAM JOCTATOYHBIE YCJIOBUS CY-
IIIECTBOBAHUS 1 €JIMHCTBEHHOCTH perenns 3a1a49u Korm. 9Tr yCIoBrsT MOXK-
HO HEMHOI'O OCJIa0UTh, HO, KaK IIPAaBUJIO, YeM cjadee YCJOBUsI, TeM CJIOXKHee

IIPpOBEPUTH MX BBLIIIOJIHEHUE.

Wnorna ¢pusuku mpeHedpe:KuTejbHO OTHOCIATCS K TeopeMaM CYIIeCTBO-
BaHUsl, OT/IaBasl IPeJIIOYTeHNe YNCJIeHHBIM MeToaM pemtenusi. OHaKo 1npu

YUCJIEHHOM pelleHnu IuddepeHIinajlbHOT0 YpaBHEHUSI TeOPEMbl CYIIeCTBO-
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BaHUsI U €IMHCTBEHHOCTH HE TOJIHKO HE YTPAUNBAIOT CBOEH aKTyaJIbHOCTHU, HO
1puodbperaior eiie OOJIbIIYI0 3HAYMMOCTh. Bejib, oOpaliasich K 4uCJIEeHHbIM
AJICOPUTMAaM, BbI JIOJI>KHBI KMEThH FAPAHTHH TOTO, 9TO PeIleHre IeHCTBUTE b

HO CYIIIECTBYET.

Kpowme Toro, jjokazaresibcTBo Teopembl [lukapa cojepkut B cebe ajiro-
PUTM TPUOJIMXKEHHOTO TIOCTPOEHUsT PEIIEHNS ¢ BO3MOXKHOCTHIO OLIEHUTH TOY-
HOCTb 3TOro npubdbsmKenns. OCHOBHas HJes JIOKA3aTEIbCTBa, 3aKJII0UaCTCs B

TOM, YTO 3a/a4a (5.1) SKBUBAJICHTHA PEIICHUI0 NHTETPAJILHOTO YPaBHEHUA
x
y(@) = wo(x) + [ f(riy(r)) dr
To
KOTOPOE PEIIaeTcsi MeTOJIOM ITOC/Ie/I0BATEIbHBIX TPUOIN>KEHW:

Y@ =0, @) = (@) + [ FmgPo)an (52)

[TocnenoBaTebHOCTD (DYHKITHIA y[k] () paBHOMEPHO CXOUTCSI K PEITEHHIO

sajiaun (5.1) Ha orpeske |x — zg| < h.

y/ — 5132 +y2
y(0) = 0.

Bce ycioBusa teopembl [lmkapa, 09eBUIHO, BBIIOJHEHBI, W 3a/a4Ua UMeeT

ITpumep 1. Paccmorpum 3ajgauy Korm

equHcTBeHHOE penienne. OHAKO, K BCel IPOCTOTE YCJIOBUS, 9TO PEIIeHHe

HEBO3MO2KHO BBIIIMCATb B KBaJpaTypaX.

Paccmorpum obmacts G @ || < 1, |y| < 1. OueBujno, B 9T0it obsactu
x; < 2. [losromy h = min{1; =} = 0, 5, u no Teopeme [Inkapa nckomoe
y y 5

petenue 3aja1u Koiu cyiecrsyer u ejuHcrsenso na orpeske |z < 0, 5.

[TocTpoum HeckosbKO mpubsmKenuii mo dhopmynam (5.2)

x
3

@) =0, @) = [rar =
0
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3

- 6
yl () = /(T2 + %)dT = % +
0

-3

]

I8

Temepn obpaTnuMcst K crcremam JudpepernraabHbxX ypasaeraunii. Obo3nadnm
depes y(x) BeKTOp-hYHKIMIO ¢ KoMoueHTtamu y;(x), i = 1,...,n. Cucremy
ypasuenuit y;' = fi(x;y1,...,yn), © = 1,...,n, OyjeM 3anuchbiBaATHL KPATKO B

BEKTOPHO# popme

—/ Y e
J' = f@:9). (5.3)
Takast cucrema jiudpdepeHiuaibHbIX YpaBHEHUI HA3bIBACTCSH HOPMANHOT.

[Tocrasum jyist cucremsl (5.3) 3amaay Kormm, 3a/1aB B TOUKe X 3HATCHUST

Beex dyHkuuit y;, 10 ecrb y; (o) = yoi, t = 1, ..., n, wiu y(xg) = yo.

Teopema [Ilukapa ryiacut, 9TO /s CYIIECTBOBAHUS U €TUHCTBEHHOCTHU pe-

menust 3a5a4u Kon

(5.4)

JOCTAaTOYHO HEIIPEPLIBHOCTU BCEX (byHKHI/IfI fz (ﬂf, yl, ceey yn) n OrpaHmn4YeH-
afz('ra Y1, -, yn)
Ay,

HOCTU BCEX [POU3BOJHBIX . 4,7 = 1,...,n, B obsacru G

|z — 20| < a, |yi — yoi| < b;.

[TocmoTpuM, Kak paboTaeT MeTOJ OCIe0BATEIbHBIX TPUOIMKEHIH 115

HOPMaJIbHBIX CUCTEM.

IIpumep 2. [locTpoum npubnMzKeHHO pellenue 3aja4uu Koru

t=y, x(0)=1
g=a% y0)=2

3/ilech HEe3aBUCHUMOM IIepeMeHHO# siBjisieTcs t, a & 1 1 O3HAYAIOT IPOMU3-

BOJIHbIE 110 .

Hrepanun onpeensitorcs popMyaaMu
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t
) =1, 20 =1+ [y ar
0

g =2, Yy =2+ /t (=" (T))QdT-

Ha niepsom 1rare roJjiydaem

t
(1) :1+/2d7:1+2t,
0

t
ym(t):2+/1d7:2+t.
0

Hautee,
t
2
2Pl(t) :1+/(2+7)d7:1+2t+%,
0

t
yl2(t) = 2+/(1+27)2d7 = 2+t+2t2+§t3.
0

Iocnenosarensuocts dbyukmuit £¥(¢), y¥(t) papromepno cxomures K pe-

min b;
i }a M —

aoboe uucio rakoe, uro | fi(z;y)| < M s Beex i = 1,...,n B obuacru G.

[]

menuto 3ajauu Ko na orpeske [t| < h, rue h = min{a;

O6cynM 1ocTaHoOBKY 3aja4un Ko 1 TeopeMy CyIecTBOBAHUST W €JIMH-
CTBEHHOCTH pelleHus 3TOH 3a1auu i JudDepeHnnaabHoro ypaBHeHus 1Mo~

pAKa N, Pa3pereHHOr0 OTHOCUTEJIBHO BBICIICH TPOU3BOJHON:

y" = flziyy, ., y"Y). (5.5)

Ormernm, 910 ypasHenue (5.5) MOKHO CBECTH K HOpMaJbHO# cucreme (5.4),

nomowun yi(v) = y(z), ya(x) = y'(@), ., ya(w) = YV (x). Torna
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o' = ey’ oy,

BcenomuuB, Kak cTaBujaach 3ajada Komm 711 HopMaJibHOM CHCTEeMBI, Mbl

IpujgeM K IMOCTaHOBKe 3ajadn Komm g ypaBHeHHS: HalTH N pa3 Helpe-

pbiBHO fud depernupyemyo GyHKINO Y(x), YIOBICTBOPSIOILYO YPABHEHUO

(5.5) ¥ HAYAJIBHBIM YCJIOBUIM

y(zo0) = vo, y'(x0) = y1, -, Y V(20) = Yn1.

Ecmn dyakmus f(z;y;y', ..., y™™Y), durypupyomas B npasoit dacTu
0

ypaBHenusi (5.5), U ee dacTHbIE TPOU3BOJIHBIE 5g( HEIPEPBIBHBL U OIpaHy-
Y

genpl B obnact G v — x| < a, |y — vl < bo, |y — 1| < by, o
1y — 41| < by_1, TO cymecTByeT epuHCTBeHHOE perntenue y(x), onpejie-

JIEHHOE Ha HEKOTOPOM OTpeske |r — x| < h.

Mpbr He npuBojIM 3j1eCh (DOPMYJTY, OTIPEJIETSIONLYIO BeJIMIuHY i, 0JlHaKO

elle pa3 MoJ4YepKHEM JIOKAJbHBII XapaKTep 3TOI TeOpEeMBbl.

[Tokaxxkem, Kak paboTaerT MeTO[| IOCJIEJI0BATEIbHBIX NPUOJIMKEHUN JIJIsT

ypaBHEHUS BTOPOr'O MOPSAJKA.

ITpumep 3. [Tocrpoum npubiivxkenHo perienue 3aja4un Koru

y"+ @y =2 =0
y(0) =1, y'(0)=0.

[Tonoxkum z(x) = y'(x) u mepeiijieM K HOPMAJIBHON cUCTEME

Urepanuonubie popmysibi:
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Bropoii mar:

T

yd(z) =1+ /27’d’7‘ =1+ 27, 2(z) = /(2 — (27)2> dr = 2x — Za°.
0 0
Tperuit mar:

yBlz) =1+ / <27‘ — %7’3) dr =1+2° — %x4.

u Taxk gajee. [

B Hekoropbix ciydasix perienue ypasaenus (5.5), yjaoBierBopsitoliee 3a-
JIAHHBIM HaYaJIbHBIM YCIOBHUAM, MOXKHO yTaJaTh, He pelias 3TOr0 yPaBHEHHs.
IIpu BBITIOJIHEHUY BCexX yeyloBril TeopeMbl [Tnkapa perenue eJJMHCTBeHHO, MO-

9TOMY JIPYTUX pelleHuil, KpoMe HaliIeHHOTO, 3a/1ada Kol uMeTh He MOKET.

ITpumep 4. Pemurs 3amauu Korm

/ : 1
y' =sinzy y ==
y(0) =0 y()=1, y'(1)=1.
Herpyno ybeuurbesi, 4ro B 000uxX Cilydasix ycjaoBus TeopeMbl [Inkapa BbI-

HOJIHEHbBI, U ¢JieJoBaTe/bHO (pyHKIMK §y = 0 U y = &, SABJILAIOTCS PElIeHUsIMU

3aja4 @) u b) coorBercrBerno. [

IIpumep 5. Homnycrum, Hekoe ypasuenue (5.5), npasasi 4acTh KOTOPOIO
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VJIOBJIETBOPSET YCJIOBUSAM TeopeMbl [Inkapa, mMeeT nBa pemeHus: y; = Sin T
3

z ?
UYs =T — 5 Kaknm MoxKeT ObITh €ro MOpsiJIoK !

3ameTnuMm, 9T0 B ToUke xg = 0y PYHKIUI Y| ¥ Yo COBIATAIOT HE TOJb-
KO X 3HAYEHNUS, HO U 3HAUCHHUs BCEX MPOU3BOJHBIX JIO UETBEPTOTO TOPSIKA
BKJIIOUUTENHHO. VI TOTbKO y§5)(0) =1, y§5)(0) = 0. CrietoBaTesILHO, TOPSTOK
yDaBHEHUsI JIOJKeH ObITh He MeHee 6, wHade Oyjer HapyllleHa eJUHCTBEH-

HOCTBH perenns. [

Paccmorpum bosiee 1ojipodbno 3aj1a4y Ko jijist ypaBHeHnusi BTOporo 1o-
psiJIKa,
y" = fzy;y)
y(xo) = vo, y'(x0) =w

['eoMeTpuvecKknii CMbICJI 3TO 3a/1a4K 3aKJJII0UYAETCS B TOM, UTOObI HAUTHU HA
110cKocT £y UHTErpaJibHYIO JIMHUIO YPaBHEHU, KOTOPas IPOXOIUT Yepes

104Ky (T0;Yo) U UMeET B ITOI TOUKE 33 JaHHOE HALIPABJICHUE KACATEJIbHOIL.

ITpumep 6. Paccmorpum ypasuenune y” = f(x;y;y'), B KoTopoM (yHK-
nust f(x;y;y’) siBisiercss MHOrOWIEHOM OT CBOMX aprymentoB. MoryT jiu
rpauKy JIByX PasjinuHbIX perienuit y = y(r), HPOXOJsIUX Yepe3 TOUKY
(0;Yo), mepecekaThCst B 9TOM TOUKe? KacaThCs JIPYT Jpyra B 9TOH ToUukKe?

(em. puc. 5.1)
A A

Xo

a) b)

Puc. 5.1. Ilepeceuyenue u Kacanue JByX pelleHUl ypaBHEHU
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[TockombKy B JaHHOM CJydae BBITIOJHEHBI yCJIOBUSA TeopeMbl [Inkapa,
JIBE HHTEIPAJIbHBIE KPUBbIE, IPOXO/IsIMe Yepe3 TOUKY (ZTo;Yo) U UMEoLIue B
HEll OJIMHAKOBBIN HAKJIOH KaCaTeAbHbIX, JOJ2KHbBI COBIIAJATH B CUJY TCOPEMbI

equHCcTBeHHOCTH. [loaTOMy cityuail a) Bo3aMoxkeH, a ciaydait b) — ner. [J

Ecin nuddepenimaibioe ypaBHEHHE BO3HUKJIO IIPU  PaCCMOTPEHUN

KaKOi-J1100 3aJla9 MEXaHUKU, TO 3a/a4a Kommmn
E= f(t;z; 1)
x(ﬁo) = Xy, .Cl)(to) =1

COCTOUT B TOM, UTOOBI OMPEJIEIUThH 3aKOH JIBIKEHUsT TOUKU Z(t), KOTOpasi B

HaYaJIbHBIA MOMEHT BpeEMEHHN 3aHuMaJla IIOJIO2KEHNE Ty U UMeJIa CKOPOCTD V.

CamocTogTenpHas padoTa

1. Ykaxkute KOJIMYeCTBO UHTEI'PAJIbHBIX JIMHUI yPaBHEHUsT y(") = x+19°
npoxoasmx depe3 Touky (0;1) w mMeromux B 9T0# TOUKe yrioBoil Koahdn-

IUEHT KacaTeJbHON paBHBIN 2, B 3aBUCUMOCTH OT TOPSJIKa YPaBHEHNUS.

2. st ypasuenust y” =y - /22 — (y')? 3ajaHbl HAUAJIbHbIE YCIIOBUSI
0)=1 0)=1 1)=0
) y(0) b) y(0) 0 y(1)
y'(0)=1 y'(0) =0 y'(1) = 0.

B kakom ClIyda€ MOXKHO TapaHTHUPOBaTb CYyHIECTBOBaHME M €JWMHCTBEH-

HOCTB pertenust Takoit 3agaun Komm?

&=y +1In(1+1)

3. ﬂﬂﬂ CUCTEeMbI 3aﬂaHbI Ha4daJIbHbBIE yCJIOBI/IH
Yy =y —t
0)=0 0) =1 0) =1 1) =1
) z(0) b) z(0) 0)1%) Q) (1)
y(0) =0 y(0) =0 y(0) =1 y(1) =1
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B xakom ClIyda€ MOXKHO I'apaHTHUPOBATh CYIIECTBOBaHME W €JJMHCTBECHHOCTD

perienusi Takoit 3aaun Komn?

y-y'=z-y’
y(1) =1, y'(1) =2

Moxkno Jsm yTBEPKAATh, YTO 3aJla4dad Ko ¢ naganbabiMu YCJIOBUAMU

4. Pemure 3aja4y Koiu

y(0) =0, y'(0) = 0 umeer epuncrsentoe pemenne y = 07

JlomamntHsgsg paboTa

NeNe 225, 228, 232, 233.

OTBeThbl K caMOCTOATEJIbHOII pabdore

1. n =1, ver Takux JuHMi
n = 2, eJINHCTBeHHas UHTerpaJibHasd JUHUS

n > 3, 6eCKOHEUYHO MHOT'O
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YpaBHeHId NEPBOro MopsaaKa, HE

pa3pelneHHble OTHOCUTEILHO IIPOU3BOIHOI

Peun noiijier 00 ypaBHEHUSIX caMOI'0 ODIIEro Bu/Ia,
F(z;y;9") = 0. (6.1)

[lepBasi MbIC/Ib, KOTOpPasi MPUXOJUT B I'OJIOBY TTPU BCTPEYE C TAKUM ypaBHE-
HIEM, — paspeliuTh ero oTHocuTeabHo 3. OHaKo HaJl0 UMETh B BHUJLY, YTO

dazKe €CJId 93TO yAaCTCA CAeJIaTb, MO2KHO IIOJIYYHWTHb HE€ OJHO, a HECKOJIBKO

ypasraenuit Buyia y' = f(x;y).

IIpumep 1. YpaBuenue
Py +ayy' — 2" =0 (6.2)

ABJIFAETCA KBaJApPaTHBIM OTHOCHTEJILHO y/. Ero JIEBYIO 9aCTb MO2KHO Pa3JIO-

2KUTH Ha MHOXKUTEJIN:

(zy" —y)(xy’ +2y) =0,

[I03TOMY KMCXOJIHOE ypaBHEHUEe SKBUBAJEHTHO Iape ypaBHeHUi: xy’ = y uiu

xy’ = —2y. Kaxjioe u3 HUX SIBJISETCSA YpaBHEHUEM C Pas3JIeJIsliONUMUCS T1e-

pemennpiMu. Vx pemenns cyth y = Co n y = Dz 2,

3aMeTuM, 9To Yepe3 KaxkKIyi TOUKY (Zo;Yo), rie To # 0, IpOXoauT jiBe

2
Yoy

Yo
VHTErpaJIbHbIX JINHUN: Y= —Trny—=— D)
T

Zo
cemeiicrsa. Tem e MeHee, Mbl MO2KEM I'OBOPUTHb O €AMHCTBEHHOCTU PEIIEHUA,

— I10 OJIHOU JIMHUU U3 KaXKJ0I'0

OCKOJIbKY ypaBHeHue (6.2) B 9T0ii TOUKe TakxKe ONpejiessieT JiBa 3HaYeHUst

npoussozHoii y'. [

OCHOBHBIM METOJIOM PEIICHUST YPABHEHUH, HE PA3PEHICHHBIX OTHOCHTE b-
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HO TIPOM3BOJIHOM, SBJISETCA METOJ BBEJACHHS HmapaMmerpa. Ho mpexie duem

HEPEXOJUTH K €10 00CYKJIEHUTO, CJIeJIaeM JIBa IPOCTHIX YIIPAXKHEHUS.

BCHOMHI/IM, 9TO 3aBHCHUMOCTL Yy OT X MOXKHO 3aJdaTb HE€ TOJIbKO ABHbBIM

z = z(p)
o0pa3oM, HO M NapaMeTPUUECKH, & HUMEHHO, CUCTEeMa, , TJIe

y =y(p)
p € (a;b), z(p) n y(p) — nuddepernupyembie OYHKINHT, OMPEIEIIET § KaK
ojiHO3HAUHY O Jinddepennupyemyto GyHkiuo or z, ecau £(p) # 0 (rouka
osHadaer JuddepeHipoBanne 1o napamerpy p). B 9TOM CJIydae NPOM3BOJI-

. Y
Has Y 10 T MOXKeT ObITh Haiijena 1o gopmyne y' = = .
T

[Tonipobyem peruTh 00paTHYIO 3aja4y: BOCCTAHOBUTH (PYHKIMIO Y =

y(p), suas, uro y' =sinp u x = cosp, p € (0; 7).

ITo onpepenenuto auddepennymana dy = y'dx. Ilopcrasiass croja

y' =sinp u dr = —sin pdp, nonyuaem dy = — sin’ p dp.

sin 2
Vurerpupysi 910 COOTHOIIEHUE, HAXOJMUM | = —g +— Py
X = Ccosp
Taxkum obpazom, cucrema » sin2p onpejiesisieT (PyHK-
Yy = —5 + 1 +C

o y = y().

JeiicTByst 10 TO# XKe cxeme, MOKHO BOCCTAHOBUTH (GyHKIHIO T = x(p),

sHag, ato y' = p* +puy=Inp, p > 0.

[lIo omnpenenenuio mpuddepennmana dy = y'dx. Iloxcrasiass croja

y' =p*+pudy= %, TOJTY 1aeM

dp

dp (o _
i (p® + p) dx, wnm dx = e

(mpu p > 0 jesenue Ha (p* + p) He UPUBOAUT K IOTEPE PEIICHHIL).

+1 1
uTerpupyst 370 COOTHOIIEHNWE, HAXOAUM & = In pT 3 +C.

[To cyru, mbl BoccTanoBusn GyHKIUIO i = Y(X) 110 ee IPOU3BOJIHOI, HO
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B [IADAMETPUYECKOM BUJIE:
y = Inp.

B obonx ciydasx ajiropuT™ perenusi ObUT JOCTATOTHO MPOCT: eCIN U3-

BECTHA TPOM3BOMHAS y' = @(p) U ofHA W3 TepeMeHHbIX x(p) win y(p), TO

JPYIYIO MOXKHO BOCCTAHOBUTb, MOJCTaBJIsist n3BeCTHbIE DYHKIMU B (HOpMYJTy

muddepennmana dy = y'dr w uHTErpUpyst MOJYUEHHOE COOTHOIICHUE.
Tenepb BepHemcst K ypasrenuio (6.1). Obias cxema ero peiieHns TakoBa:

1) Beenmem mapamerp, nosoxus y' = p. Torna ypasuenue (6.1) mpeBpa-

Turcs B coorHomenue F(x;y;p) = 0, cBsi3biBaIONEe LIEPDEMEHHbIE T, Y U P.

2) Huddepenrupys paserctso F(x;y;p) = 0, TOJyIUM CBSI3b MEXKJLY
madbdepenmmanamu sTux nepementbx F dr + F dy + F ,dp = 0.

3) Homonuus mocseaee paBeHCTBO COOTHOIIEHHEM dy = p dx, MOJTyduM

CUCTEeMY U3 JBYX JIMHEHHBIX YpaBHEHUI OTHOCUTENLHO dx, dy u dp.

4) Beipasum u3 aroit cucrembl dr (umm dy) depe3 dp U TpOUHTErPUPY-
eM TojiyuenHoe coorHomenre. TakuM obpa3oM, Mbl HajijeM x (Win y) Kak

dyHkIMIO TapaMerpa p.

5) Honcrasus z(p) (umm y(p) ) B ypasuenne F(z;y;p) = 0, BoIpasum
depes mapaMeTrp p U BTopyro dyHKnuwo u3 mapbl (z;y). Takum obpazom,

peleHre ypaBHeHusi OyJeT [peJcTaBJIeHo B apaMeTPUIecKOM BHU/IE.

Ha mpakTuke MOKHO BBIIEJIUTH POCTHIE CIydau, Korja ypasuerue (6.1)

HE COJICPXKUT OJIHO U3 IIEPEMEHHbBIX T WUJIU .
IMpumep 2. Pemmrs ypasuenne y = (y')* + 2(y')3.

BBojst mapamerp craggapTHLIM 00pa3oM iy’ = p, HepenuieM ypaBHeHue
B Buse y = p° + 2p°. JuddepeHupys 370 COOTHOIICHHE U JOMOJIHAS €ro

paBeHCTBOM dy = p dx, HOJSy9aeM CUCTEMY

dy = (2p + 6p*) dp
dy = pdzx.
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[TockombKy 3aBUCUMOCTD Y OT MapaMeTpa p ykKe 3ajiaHa, OCTaJoCch Ompeie-

JINTb 3aBUCUMOCTDb T OT P.

3 cucrembl uckiaodaem dy u nojydaem audpepeHimaibHoe ypaBHeHne
pdx = (2p + 6p?) dp.
Omno pacmensiercs Ha JiBa 0ojiee IPOCTBIX YPaBHEHHUSI:
dr =(2+6p)dp wm p=0.

Nurerpupys nepsoe ypashenne, nomydaem z(p) = 2p + 3p? + C.

Ypasueune p = 0 He sipjisiercs JiuddepeninaibHbIM, HO HOACTaBJIsis 3HA-
genne p = 0 B dopmysy y = p? + 2p°, MBI TI0yUaeM PeIeHIe MCXOIHOTO

ypaBHenus y = 0.

Obparute BHuMaHue: ObLIO ObI OMKUOKON MojcTaBuTh 3Ha4YeHne p = 0 B

cooTHotenne dy = pdxr v nosyunTh 1esoe cemeiictBo pemennii y = C'!

r=2p+3p*+C
Urak, obiiiee perieHne ypaBHEHUST UMEET B/ ) 5
y=p° +2p°
U ectb eme pemenne y = 0, He BXoJisIee B obiee perierue. [

IMpumep 3. Pemurs ypasuenne z = (y/)? +y'.

Brojs napamerp crangapTHbIM 0Opa3oMm Yy’ = p, nepenuiiemM ypasHenue
B Buge ¢ = p° + p. Jduddepeniupyst 310 COOTHOIIEHNE U JIONOJHSSA ero

paBeHCTBOM dy = p dx, NOJydaeM CUCTEMY

dr = (3p> +1)dp
dy = pdzx.

[TocKoIbKY 3aBHCHMOCTD & OT IIapaMeTpa p y:Ke 3aJiaHa, OCTAJO0Ch OIIpejie-
JINTb 3aBUCUMOCTD Y OT p. U3 cucrembl uckirodaem dr u mnoJydaem judde-

peHIMaJIbHOE ypaBHEHUE

dy = p(3p® + 1) dp.
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3 1
Unrerpupys ero, nosydaem y(p) = 1p4 + 5]?2 +C.

z=p’+p

— it 2y 5

Ob11iee peleHne uMeeT B/

[Ipeapraynmx npuMepax ypaBHEHUE HE COJEPKAJIO OJHY U3 IIePEMEHHBIX.

Tenepn nepeiieM K paccMOTPEHUIO ODIIErO CJIyuast.
ITpumep 4. Pemurs ypasuenue 2zy’ —y =y’ In(yy’).

Beesem napamerp y' = p, u nepenuiieM ypasHeHue B BUJIE

2xp —y = pln(yp). (6.3)
Huddepentupyem (6.3) u mogydaem cucremy

opda + 2z dp — dy = In(yp) dp + LLPY

dy = pdx.

Bamerum, 4T0 paBeHcTBO (6.3) JIErKO paspeilinTb OTHOCUTENbHO T. Biiaroja-

pst 9TOMY, U3 CUCTEMbI MOXKHO UCKJIIOUUTH T U dT:
1 +
2dy + %dp—dy = In(yp) dp + dp + gdy.

dy(1—7) = dp(1 - ).

Orciona y = p wim ydp + pdy = 0, To ectb yp = C. OcTanock Mo ICTABUTH

1noJry deHHbie Bbipaxkenust y(p) B (6.3) U BBIPA3UTh OTTY 14 3aBUCUMOCTD X (D).

OHAKO B JAHHOM IPHMEPE MOXKHO Cpa3y BBIIUCATL PEIICHUE B SBHOM
Bujie © = x(y), eciu pasercrsa y = p u yp = C' paspeiurb OTHOCUTEJILHO P
¥ TIOJICTaBUTh 3TH BhipaxkeHus B (6.3).

1 1,

Urak, Mbl mojyunin obiee pelienne: T = 3 InC + YL C >0, u eme

OJIHO PelIeHKe, He BXOAMIee B 001ee ceMeiicTBo: & = % + In |y|.

HecMoTpst Ha JI0BOJILHO NPUIY/JINBOE BXOXKJIEHNE KOHCTAHTHI B (DOPMYJTY

o0111ero perieHus, MOXKHO 3aMETUTh, YTO OHO OIKUChIBAET CEMEHCTBO 11apadoil,
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Puc. 6.1. larerpajbHble JUHUKA B IpuMepe 4.

OCBIO CUMMETPHUU KOTOPBIX siBJisiercst ipsivasi y = 0 (puc. 6.1). Yem npasee

HaXOJUTCs BEPpHIMHA Hapa6OJII)I, TeM 0oJiee TOJOTUMHU SIBJISIIOTCS €€ BETBH.

Ha pucynke BujgHO Tak»Ke, 9TO €CTh 00J1aCTh, BHYTPH KOTOPOIl 4epe3 Kark-
JIYI0 TOUKY IIPOXOJUT JIBE€ MHTEI'PaJibHbIC JIMHUK, & BHE 9TOH 00JiacTH HHTE-
I'PaJIbHBIX JIMHKI HeT. VIHTepecHo, 4To rpaHuiieil 3Toi 00JacTu sIBJISETCs WH-
TerpajbHas JUHUA T = % + In |y|, KoTopas B KaxK10if cBOEi TOUKe KacaeTcst
0JIHOI U3 napaboJi cemeiicra perienuit. JIpyrumu cjioBamu, Kaxjias BeTBb

1
e T = 5+ In |y| stBasiercst ocobbiM perernem. [

Mu1 HEe OyzeM 0O6CYKIATh BOIIPOC O TOM, KaK C IIOMOIIBI0 aHAJATHICCKO-
0 UHCTPYMEHTAPUS BbISICHUTD, SIBJISICTCSI JIM HEKOTOPOE PEIIeHKe, T10JIYYeH-
HOE IIPYU PACIICIJIEHNH yYPaBHEHUsI, 0COObIM. A 3aifiMeMcsi JpyruM, He MeHee
MHTEPECHBIM BOTIPOCOM — KaK BBECTH TapameTrp HanboJjee pallroHaJbHBIM,

YJIOOHBIM JIJIsI JTAJIbHEHIINX BHIYUCICHUN CIIOCODOM.

IMpumep 5. Bresenne napaverpa B ypastennn (y' + 1)3 = (y' — y)?

CTaHJJapPTHbBIM CIIOCOOOM HEJIb3s HA3BaTh YAa9HbIM.

Ho ecam mbI nososkum y'+1 = p?, ay’'—y = p3, To ypasnenne obpaTuTcs



Saugarue 6 67

B TOXKJIECTBO, & Y U i JIErKO OyJIeT BLIPA3UTL 4epe3 MapaMerp:

y=p"—p —1
y'=p’ -1

Ocranercst TOJBKO HaiiTh x(p) 1O y¥Ke 3HAKOMOI HAM CXeMe.

dy = (2p — 3p?) dp
dy = (p* — 1) dx.

Orciona (p? — 1) dx = (2p — 3p?) dp.

Snauenns p? = 1 MpUBOIAT K permennaM y = 1 ny = —1.
2p — 3p?
Eciu xe p? # 1, 10 do = 2;2 _f dp, orKya

r=-3p+2,5n|p+1]—0,5In|p— 1| + C.
Taknum 06pa3oM, MbI OJYUUIH OOIIEe PelieHre B TapaMeTPUIecKOM BH/IE

r=-3p+25n|p+1]—-0,5Inlp—1|+C

y=p'—p’ — L

Ypaprenns suga F(z;y;+/14 (y')?) = 0 4acro BO3HUKAIOT B Bapua-

IIMOHHOM HMCUMCJIEHUH, MOCKOJBKY JudpepeHnua Jyru KpuBoii UMeeT BHU/I

dl = /14 (y')?dz. B rakux ypasaenusix napamerp 3hQGeKTuBHO BBOIUTCS
CJIEJIYIOIIM 00pa30M:

_Z T = 1+(y/)2:

r_ .7
y _tgp7 pE( 272)7 COSp.

IIpumep 6. Pemurs ypashenune y' =y - /1 4 (y')>2.

[onoxum y' = tgp, Torna ypapHenue npuMer BUj tgp = vy -

, NJIA
cosp

y = sin p. Haxonnm x = x(p):
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y =sinp dy = cospdp
= = cospdp =tgpdzr.

y' =tgp dy = tgpdx

cos? p

Orcrona p = 0, yro npuBoguT K pemienuto y = 0, mwin dr = sin p

[Tocnennee ypaBHeHne JaeT ceMeHCTBO pelIeHuit

x:cosp+ln|tgg\+0

Yy = sin p.

IIpusejiem ere npumepbl 3MEKTUBHOIO BBEJICHUS [1apaMeTpa.

Hudd. ypaBuenue [Tapamerpuzarus Lenb
(
= sin
(v +y*=1 < i b nailtu x = x(p)
\y’ = Ccosp
( h
x =chp
22— (y')? =1 4 naiitn y = y(p)
|y =shp

N B zakmaogenne paCCMOTPHUM OJHO HU3ANIHOE YPaBHEHUE, Ha3bIBACMOEC

ypaBaenueM Kiepo:
y=y'v+ f(y').

Brejiem napamverp cranjgaprabiM obpasom: y' = p. Torna y = px + f(p) u

dy = xdp +pdx + f'(p)dp
=  (f'(p)+x)dp=0
dy = pdzx.

Orcioma p = C wiw x = — f'(p). I3 nepBoro ypaBhenus: nosydaeMm obiiee
pewenune y = Cz + f(C), ouucbiBaoiee cemeiictso npsimbix. Bropoe ypas-

HEeHune 3alacT JIMHNUIO
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= —f'(p)
y=—pf'(p) + f(p).

MozkHO mokazarh, ato ecu f”(p) cymecTByer, HenpepbiBHA U He 00paIaeTcs
B HOJIb, TO 9Ta KpuBasi OyaeT ornbarolrei cemeiictBa npsaMbix y = C'x+ f (C),

U cjiejloBaTesibHO, 0cOObIM perienuem. [

CamocTogTenbHas padoTa

Bo Bcex 3ajiauax Tpebyercst pennTh ypaBHEHUEe, BBOJIS TapaMeTp.

L3y =y +y.

2.2y =x+Iny’

%’)

3.y =el
4.y’ '=z-/1+(y')

5.y=ay' —(y')*

JlomamntHsgs paboTa

NeNe 251, 269, 281 (ykasamue: y' = py), 285, 292, 293.

OTBeThbl K caMOCTOATEJIbHOII pabore

x=4p° —Inlp| + C
L{ _i p| -
y=3p —p
) {:L‘—2plnp
Ny=p"-p+C

r=Clnp
3. , y=e"mwm Cx =1InCly.
y=0Cp
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YpaBHeHUd BTOPOTro IOPsaKa, JOIYyCKAIoIIue

IIOHN2KEHUE IIOPAIKA

PaccmoTpum ypaBHenus BTOPOro MOpsiiKa

F(z;y;y'y") =0. (7.1)

Ha sTom 3ansiTun Mbl 0OCYIUM HPHEMBbI, MO3BOJISIIONINE TOHU3UTH TTOPSIJIOK
YyDABHEHHUsI, TO €CTh CBECTH pelienne ypapaenus (7.1) K PEIeHunto ypaBHeHUsT

MIepPBOTO MOPSIJIKA.

Eciu ypasuenune (7.1) He comepxkut uckomyo dyHKImo y(x), To ecTh
nmeer sus F(x;y';y") = 0, o, BBOg HOBYI0 dynknumio u(zx) = y'(z), Mol

MpuJieM K ypaBHEHHUO mepBoro nopsaka F(z;u;u') = 0.

IIpumep 1. Pemmrs ypasnenue 2%y " = (y')2

[Toarast u(x) = y'(x), moaydaem ypaBHEHHE ¢ Pa3IEIAIONUMUCS Tie-

pemennpiMi 22u’ = u?. Ono umeer pemenne v = 0, KOTOpoe IPUBOJIUT K

x
Cx+1°

y = D, n obiee pemienue u =

Bosppaitasich B mocsieiHeM BbIpaxkeHudn K GyHKI@EH y(r), MoaydaeM
T

Crx+1°

ypasaenue y'(z) =

2
Ecmu C' = 0, ero penienus — ceMeiicTBO y = % + D. Ecim xe C # 0,

ero pereHns

y(x) = %(Caz —In|Cz + 1|> +D. O

Kaxk MbI BUjiuM, o011ee pelleHre ypaBHEeHUsI COAEPXKUT JIBE IPOU3BOJIbHbBIC

KOHCTaHTbBI, 1 3TO HE CJIy‘I&fIHO.

Benmomunm, 4dto 3ajada Komm Ui ypaBHeHHS BTOPOIrO IOPSAIKa, Pas3-
PEIIEHHOr0 OTHOCUTEIbHO BBICIIIEH ITPOU3BOJIHOM, CTABUTCS CJIEIYIOMKUM 00-

pazom: Haiitu aBaxkbl auddeperiupyeMyo GyHKIWO y(x), yI0BIETBOPSI-
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oty ypasaeruto y” = f(z;y;y’) n navameubiv yemosusm y(xg) = o,
y'(x0) = 1.

Teopema Ilukapa rapanTupyeT CyIecTBOBaHUE U €IUHCTBEHHOCTDb peIlle-

HUsL 9TOM 3a/la4u Ha HEKOTOPOM OTpeske |x — xg| < h upu ycsioBuu Henpe-

0
pbisroCTH GyHKIMK f(2;y;y’) U OrpaHUUYEHHOCTH €€ TIPOU3BOJIHBIX oy 1 8_;’
B HEKOTOPOIl OKPECTHOCTH TOYKU (T0; Yo; Y1 )-
D10 o3nauaer, uro ycuosust y(rg) = Yo, y'(To) = Y1 JOJKHBL OJHO-

3HAYHO ONPEJIEIATH 3HAYCHNS JIBYX KOHCTAHT B OOIIEM PEHICHUM YPaBHEHMsI
y" = f(x;y;y'). Koneano, Mbl MOXKeM CTOJIKHYTBCSI ¢ CATYaIHedl, Korjaa 3T1

YCJIOBHSI OIIPEJIEJISIIOT pellleHre, KOTOpoe He OIMKMChIBaeTcs o0Ieit (hopMyJioil.

Tak, HETPYJIHO yOeUThCs, UTO JiJIsd 3ajadu Korrm

x2y” — (y/)2

BBITIOJTHEHBI YCJIOBHAA TeopeMbl lInKapa, mosToMy Apyrux pemeHuil, KpoMe
y = 1, ono we nmeer. OiHAKO, 9TO PEIICHUE HE BXOJUT B CEMEHCTBO, OIKUCHI-

Baemoe 0011eit popMmyIIoii.

[Tosromy npu perienun 3aja4u Kol He CTOUT yBJIEKATbCs ITOMCKOM 00-
miero perienus. boJjiee apdekTUBHO olpejie)isATh 3HaAYEHUsT KOHCTAHT 110 Mepe

X MOABJICHUA <«Ha CIICHE».

[TocraBum APYyrue Ha4daJibHbI€ YCJIOBUA JJIsl TOI'O 2KE€ YPDaBHCHU AL

x2y// — (y/)z

Bamena u(z) = y'(z) npusomut nac k samade Komn x?u’ = u?, u(l) = 1.

Ee pemennem sipasiercst Gynkiust v = x. Bosspamasich k dyukiuun y(z),

nostyanm 3ajady Ko y' = x, y(1) = 1. Ee penenunewm sigisiercst yHKIust
2+ 1

Yy = —5—, TAK®Ke He BXO/Amasl B ob11iee perenue.
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Ecnu ypasuenue (7.1) He CONEPXKUT SIBHO HE3ABUCUMYIO TEPEMEHHYTO
x, to ecrb umeer suy F(y;y';y”) = 0, to cieiyer cuesnarb 3ameny
u(y) = y'. Upessbruaiino BaXkHO MOHMMATH, YTO apryMEHTOM (DYHKIUH U

sipjisiercst . [loaromy 1o nipaBuiy gudppepeHmpoBatus CJI0OXKHOM PYyHKITUH
du

y"(@)=u'y) - y'@) = u' e w'(y) = 5
Takum o6paszom, samena u(y) = y' npusonur ypasnenue F(y;y';y”) =0

K ypaBHEHHUIO TepBoro nopsyyika F(y;u;u’-u) = 0.

/

IIpumep 2. Pemurn ypasnenue y” = 2y - y'.

" = w'-u npuBoguT ypasnenue K suay u'-u = 2y-u.

Bamena y' = u(y), y
Torna u = 0, uro gaer cemeiictso pemenuit y = C, nm u’' = 2y, uro
naer u(y) = y* + C . Bosspamasch Kk bynxmun y(z), TolydaeM ypasHeHne

y'(x) =y* + C.
Jlajiee paccMOTPUM OTJIEIBHO TPHU CJIyYasi.

Ecim C = 0, To ects y'(z) = 9%, T0 nonyqnm pemenne y = 0, Koropoe
1

BXOJIUT B HalijieHHOe panee cemeiictBo y = C, u perienne y = — KO-

x+C’
TOPOE CJIEJIyeT CHUTATh YaCTHBIM, IMOCKOJbKY B OTBET BXOJUT TOJBKO OJHA

KOHCTAHTA.
Ecrm C = a? > 0, To ects y'(2) = % + a?, To nomyanm obumit maTErpa
1 Y
—arctg= =z + C.
a a

2

Ecm C = —a? < 0, o ectb y'(x) = y? — a?, To mosryanM 0Bl WHTErpal

=x+C. O

1 1 ’y—a
y+a

2a

Tenepb 77151 9TOrO Ke ypaBHEHUs pemnM 3aj1ady Korm

y'=2y-y’
y(0) =1, y'(0)=2.

Tak kak y' = u(y), 10 B HadasbHbii MoMenT (npu z = 0) umeem y = 1
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ny' y—1 = 2, TO ecth u(1l) = 2. menno ¢ TakuM HAYATBLHBIM YCIOBHEM W

caeayer pemarh 3agaay Kowmn st ypasuenust u' - u = 2y - u.

Tax kak v = 0 ne ynosiersopsier yejaosuio Komm, To u' = 2y, orkyna
u(y) = y?> + C. Uz ycaosus u(l) = 2 nonysaem C' = 1. Bosspaiasics K

dbyukuu y(z), nosydaem 3ajady Koru

y'(z) =y*+1

y(0) = 1.
O6mnwuit nuarerpan ypapaenusi arctgy = x + C. U3 HagajbHOro yCjaoBUs
arctgl =0+ C, To ectb C' = %

Wrak, perienue mocraB/ieHHoil 3aa4n Komun jaercs dpopmylioit
™
arctgy = x + R

Orcroia MOXKHO ONPENENTh Y KaK sBHYIO (DYHKIMIO OT T, OTMETHB, UTO
3T 7

’x—l—%! <g, ToeCTby:tg(x—l—%),mexE (T;Z)' [l

Paccmorpum curyanuio, Korja ypasaenue (7.1) He COjepKUT SIBHO Tepe-

MEHHBIX T 1 Y, T0 ecth umeer s F(y';y") = 0.

B JaHHOM CJIy4da€ IHOPAAOK YypPpaBHEHH: MOXKHO ITOHU3UTL ABYM: CIIOCO-

bamu: nosioxkus y' = p(x) wm y' = p(y). B nepsom ciayuae mbl npujem K
d,
ypasuenuto F(p; ﬁ) = 0, a BO BTOPOM — K yPaBHEHUIO F(p;pd—z) = 0.

Kaxkoit u3 31ux crnocooos jydiire? A MoxkeT ObITh 9PHEKTUBHO UCITOIB30-
BaTh 00a? Torga n3 mepBOro ypaBHEHUST Mbl OTPEIENM & Kak (QyHKIIUIO OT P,
a U3 BTOPOTO — Y KaK (PYHKIMIO OT P, U MOJYIUM OTBET B IMapaMeTPUIecKOi

dopwme. Paccmorpum npumep.

IIpumep 3. Pemurs ypasnenne y” = e,
d
[Tonaraem y' = p(x), rorma y” =p'(z) n é — ¢ wm e P dp = du.

dp 2

Tenepn nostoxkum y' = p(y), rorma y” = p'(y) -p u o P = er”, wm
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e P pdp = dy.

Mrak, Mbl IOJIyUIUIM CUCTEMY YpaBHEHW

dx = e_dep

dy = e_pzp dp.

OcTasioch TOJHKO TPOUHTErPUPOBATH UX:

P

xr = /G_TQdT +
0 2

y=—0,5e7" + Cs.

MbI nostyamiin obiiiee perierne (cojepKaliee JiBe Mpou3BOJIbHbIX KOHCTAHTHI )

B napamerpuyeckoii ¢popme. [

PaceMOTpenHbIil IpueM MOXKHO Ha3BaTh METOJOM BBEJCHUS IIapaMeTpa
Jist ypashernusi Broporo nopsijka F(y';y”) = 0, nupusojsiiuM K MOHUXKe-
HUIO TIOPsI/IKA ypaBHeHust. Ecm 1y1st 3Toro ypaBHeHUsT Hy>KHO PEIUTh 3819y
Komm ¢ mauagpubiMu yegoBusiMu y(xg) = Yo, ¥’ (o) = y1, TO, BBOJA mapa-
METpP OIMMCAHHBIM CIIOCODOM, MBI IIPUIEM K PEIIeHHIO JIBYX 3amad Komm:

d dp
F(p;7) =0 Fpipg;) =0

p(zo0) = 11 p(y0) = 1.

Kak ™Mbl Bujiejin paHee, BOBce He 00s3aTe/ibHO BBOJUTDH IapaMeTp CTaH-
JapTabiM criocoboM. IIpopemoncrpupyem 3hpPeKTUBHOCTL «HECTaHIapTHO-

ro» BBEJICHUSA TTaPAMETPa Ha CJACAYIOIEM TPUMEpE.
IMpumep 4. Pemnrs ypasuenne (y”)? = (y')? + 1.

[Tonoxum y” = chp, y' = shp. Torna ypasuenue obpaTuTcst B TOXK i€

crso: ch?p =sh?p + 1.

Hama nesb — BOCCTAHOBUTDL X U Y KaK (DYHKIUU OT P.

dy’
C onmoit cropounl, y” = —=» B M3 IEPBOro ypaBHEHHs [OJyYaeM
x
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dy’
dx
dy’ = chpdp.

= chp, wm dy’ = chpdx. C npyroit cropoHbl, u3 Broporo ypaBHEHUs:

Crenosaresnbho, chp dr = chp dp, wnn dz = dp (Tax kax dbyuknus ch p

He obpaiaercs B HOJib). Takum obpasom, x = p + Cf.

Benomuum, uro ¢y’ = sh p, To ects dy = sh p dx. YunrsiBas, uro dx = dp,
nosiyanm dy = shpdp n y = chp + Cs.
x=p+ C4

Urak, obiiee peleHue B 1apaMeTrpuieckoM BU/IE
y = chp + Cs.

OTcro/ia JIerko MOJAy4YUTh U SBHYIO 3aBUCHMOCTD § OT X
Yy = Ch(l‘ — Cl) +Cy. O

Ba,MeTI/IM7 qTO IMOHM2KasAd HOPAJOK YPpaBHEHHSA CTaHAAPTHBIMU METOdaMK, Mbl

obpekJin Obl cebsi Ha JIOBOJIbLHO I'POMO3/IKHUE BbIUUCJICHUSI .

OOBIYHO MBI BBOJIUM IapaMerTp, ecjii YpaBHEHUE HE PasperieHo OTHOCHU-
TeJILHO BbICIIEH 11POU3BOJIHOM. e K ToMy ke ypaBHeHue JIOIyCKaeT HOHU-

2KEHHUE IOpAJKa, MO2KHO COBMECTUTDL 9THU JIBa IIPpUEMa.

/

IMpumep 5. Pemurs ypasuenue (y”)? + zy” = 2y’

I[TonaraeM y” = p, Torna u3 ypasuenus 2y’ = p° + xp, u

2dy’ = 3p*dp + xdp + pdz.

—.» 10 ecTh dy’ = pdx. Uckmouas dy’, upujgem

C apyroit cropousl, y” =
K YPaBHEHHIO

3p*dp = pdx — zdp.

Ecin p =0, ro y’' = 0, caegosarennno y = C.

1 9 pdxr — xdp
Haue, I0JICJIMB ypaBHEHUE Ha D7, npujem K 3dp = g wm

3dp = d(%). Orcroa % = 3p+ C, 10 ecth T = 3p® + O1p.
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Torna 2y’ = p3 + xp = 4p® + C1p? U MBI JErKO MOXKEM BOCCTAHOBUTD

byuxiuio y(p):
2dy = (4p3+01p2)dx = (4p3+01p2)(6p+01)dp = (24p4+1001p3+012p2)dp.

= 3p* + Cip

12 5 9~ 4, 103 -

Urak,

y = g(y”)3 +4y”
y(0) =0, y'(0)=1.

ITpumep 6. Pemurs 3aauy Ko

2
Qyuknud y = gp?’ + 4p MOHOTOHHA, U CJIeJIOBATE/IbHO, OJIHO3HAYHO 0Opa-

2
tuMa. Takum 06pa3oM, ypaBHeHue y = g(y )3+ 49" MOIKHO OJIHOZHAUHO pas3-
PEIUTh OTHOCUTEIBHO ¥y | TipudeM Jijist mostydeHHoro ypasuenus y” = F(y)
BLITIOJTHEHBI BCE YCIOBUA TeOpeMbl IImKapa, u mocTapiaenHas 3ajada Komm

nMeeT €JJMHCTBEHHOE pEelICHuEC.

2
[Tonoxxum y” = p, Torna U3 ypapHenus y = §p3 + 4p. IocTaBum mepen

coboit 1esib onpejesuts y' = f(p). Torga
TR N Y _

d 2
Uckiouas orciojia d—i C IIOMOIIbIO COOTHOIIEHUS Y = §p3 + 4p, Mbl 1OJIyYUM

auist byukin f(p) ypaBHEHUE EPBOTO MOPsIJIKA:
/ . dy o 2
f'(p)- f(p) =P g, =P (2p° +4).

Orcrona f2(p) = pt+2p*+C, um (y')%(p) = p*+2p? + C. axTuuecku, Mbl

MOHU3NJIN TTOPAJOK YPaBHEHHA, CBEAsA €0 K YPAaBHEHHNIO TIEPBOT'O IMOPAIKA.

Hamnomuum, 910 MbI HIlIEM PeIieHune, yI0BJIeTBOPSIONee HauadbHbIM YCJI0-
susim 4(0) = 0, y'(0) = 1. I3 moroTOHHOCTH DYHKIMHT § = §p3—|—4p CJIeJlyerT,
gro y = 0, eciu u Tosbko eciau p = 0. [Tosromy vy’ |p:O = 1, ciejoBaTebHO,
C=1uy'(p)=p'+202 +1=p"+1
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y'(p)=p*+1
Urak, 2
y=3p° + 4p.

Hawm ocrasioch Hajitu x(p), 9T0 MBI y2Ke HEOJHOKDPATHO JICJIAJN.

dy = (p* + 1)dx 2
y=1p ) = dxr = 2]92 +14dp:>a:=2p+2arctgp+0.
dy = (2p* + 4)dp r

Tak kak x‘pzo =0, 0 C'=0.

T = 2p + 2arct
P gp O

OTser: 5
y =30 +4p.

Ecnn B ypasuenun (7.1) dyuxius F(x;y;y';y") sapaserca ogropoaHoit

nopsjka 0 OTHOCHTENLHO IepeMeHHbIX ¥, ' u y”, To ecThb

F(x; ky; ky's ky") = F(z; y; y'5 y"),

/
)

TO MOPSIJIOK YPABHEHUsT MOYKHO TIOHU3UTD, CIEIaB 3aMeHy — = u(x).
)

Tormay' =y-u, y'=y-u' +y -u=y-u +y-u’
IMpumep 7. Pemmurs ypasrenne y” -y = (y')? - .

Tonoxkus y' = y - u, npugem x ypasnennio y2(u’ +u?) = y?u’z. Orciona

y =0 mwm u' + u? = vz,

DTo ypaBHeHue ¢ pas/esionMucs mepeMentbivu: v’ = u?(x — 1),

d
UZOI/IJII/IU—Z:(x—l)dl".
Ectmu=0,roy'=0ny=C.
Bemn 2 (s — 1), rou = |
cm — = (x Ydx, To u = T o M AT byukuuu y(r) Mol

1oJiydyaeM ypaBHEHUE 1ePBOro MOpsijiKa:
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y' 2
Yy —22 422+ C"

KOTOpOE JIETKO UHTerpUpyeTcs, ecjan u3pecTHo 3Havenue C'.

Tak, ecau sl UCXOJHOrO ypaBHEHHs Oblia IocTabjeHa 3ajada Komm
y(1) =1,y (1) =2, 10

y' 52 _
yx71_2_1+0 = (C=0.
Torma
y_’_ 2 o x
Sy = ln\y\—ln‘—$_2‘—|—C.
T
y_x—Z.O
13 maganbubix yeaosuit C' = —1.

Urak, pemenune nmoctapaennoil 3agaun Komm y = 5 :
— T

CamocTogTenpbHas padoTa

Bo Bcex 3ajauax TpebyeTcs pelnTh ypaBHEHUe, TOHUXKAasl ero IOPsiIOK.
1.y"14+2z)+y' =0,
2. (y' ) +2y-y"=0
3.y"Iny’' =1
(y")? =By —2y")-y"

y(0)=1, y'(0)=1.

/

4. Pemurs 3aja41y Komn
5.2y-y" —x(y ) =y-y

Jomaimasgasg padoTta

NeNe 429, 434, 441, 467, 505.
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OTBeThl K caMOCTOATEJIbHOII pabdore

—_

Ly=CiIn|1+ x| + Cy
2. y=0C, y*=Ci(z+ 0y
r=plp—p+ C;

3. 2 2
_r _
Y= Inp 1 + Cy
4. y=-e€"
5. Inly| = Cla® + Co umu y = CoeCre?
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YpaBHEHUs BBICOKOTO TTOPSIKa (n>>2),

JOITyCKaloIue IMOHUKEHIE MOPAIKa,

Paccmorpum ypaBaerue n-oro nopsiika (n > 2)
Fz;yy's.iy™) =0, (8.1)

3ameTnmM cpaszy, 9TO 0DIIee pereHne 3TOr0 ypPaBHEHWsT COJEPYKUT N TTPON3-
BOJIBHBIX KOHCTAHT, IIOJI0MPas KOTOPbIE, MOXKHO PEIIUTh JIIOYI0 KOPPEKTHO

nocTaBJIeHHyo 3a7a1y Korrm.

[TocmoTpuM cHadajia, KakK pabOTalOT IIPUEMbl IOHUXKEHUS [OPS/IKa, U3Y-

Y€HHbIC HaMM Ha IIPEJAbIAYIIEM 3aHATHH.

Eciu ypasuenne nmeer sug F(z; y®; .. y™) =0, k > 1, 1o ectn He co-
nepKuT QYHKINO Y(2) U ee MPOU3BOJIHBIX JIO TOPSIKA k — 1 BKIIOUUTENBHO,

Torma 3amena z = y*) npuseser ero x ypasmenmio mopsiika n — k.
IIpumep 1. Penmurs ypasuenne zy” = (1 — x)y”.

[Tosnoxkum z =y rorma vz’ = (1 — x)z u z = Crre ™. Bosspamasich K

bYHKIMN 4 ¥ IOCIeI0BATEILHO MHTEIPUPYS, HOIYdaeM
y"=Cize™ = y=Ci(z+2)e "+ Coxr+C3; O

Ecim ypasuenne nmeer i F(y; y';...; y™) = 0, 10 ecth HE cojepruT
MEPEMEHHYI0 &, TOT/IA, KAK MbI OMHUM, CJIEyeT ¢ieyaarh 3ameny y' = u(y).

IIpu sTom
y" (@) =u'(y) - y'(x) =u’-u,

y" (@) =u"(y) y'(@) utu'u'(y)y' (@) =u" v+ (u') - u
U TakK JiaJjee.
y/'yu

;o

IIpumep 2. Pemurn ypasnenue y"” =
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Bamena y' = u(y) IpUBOIUT K ypABHEHUIO

u u2—|—(u’)2 u:u "u
Y
Orciona u = 0, aro naer y = C' # 0, nin
. /
u u—i—(u/)Qzuyu

S/To OJITHOPOJIHOE YPaBHEHUE, MOPAJ0K KOTOPOTO MOXKHO TTOHU3UTh, ITOJIOKUB

u
—=v. Tormau' =u-v,u"=u-v>’4+u-v'n
u

2
UQ(UQ_}_U/)_'_UQUQ:%'

2

[Mocsie nenenust na u° nosydaem ypasuenue Bepuysin

v
0% +ov' = -,
)

Ono umeer pemenue v = 0. Eciu xxe v # 0, 1o, nojoxkus z = 1/v, upujem

/ z
K ypaBHEHUIO 2" = 2 — J

[TomobpaB ero yacTHoe peleHne z = ¥, JIerKo IOCTPOUTH 0DIIee pellleHne

C
z = " + Y, OTKyja v = C—in' Bosspaliasicb K (QYHKIUU U, 10JydaeM
u/

YyPaBHEHUE —= = %@/2, KoTOpOE Jierko maTerpupyercs: u = Coy/y? + C4,
rie Cy # 0.

Taxnm obpasom, y' = Cor/y? + Cy. Vnrerpupyem 310 ypaBHEHHUE C Pas-
JIEJISTIOIIIMUCS [IEPEMEHHBIMI ¥ B 3aBUCUMOCTH OT 3HadeHus C7, moaydaem

OTBeT:

ecn Cp # 0, o In |y + v/y? + C1| = Cox + C3, wnaue In ly| = Cox + C3. O
IIpumep 3. Pemmrs ypasuenue y2 -y’ -y + (y-y")* = 2(y')*.

C 0oHO# CTOPOHBI, 3TO YpaBHEHHE OJHOPOJHOE, W €ro TMOPIJI0K MOKHO
noHu3uTh 3amenoit y' = u(x) - y. C apyroii CTOPOHBI, OHO HE COJECPIKUT SIBHO

MEePEMEHHYI0 T, U B TAKOM CJIydae peKoMmenayercs 3amena y' = p(y).

Cpazy TpyaHO cKa3arTh, KaKoil IyThb ObicTpee mpusejier K 1eaun. Haunem
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¢ Toro, uto nporre. Crenaem 3ameny y' = u(z) - y. Tormga
y"=u'ytu-y' =u'y+uty,
y" =u"y+u -y +2u-u'y+ vty =u"y + 3u'uy + udy,
¥ MBI IIPUXOJIUM K yPABHEHUIO
w-u" + 5u'u? 4 (u')? =0,
Teneps nemaem 3ameny v’ = v(u), torga u” = v'(u) - v u
w-v' v+ ud 402 =0,
ve(u-v' +5-u*+v)=0.
Orcionav=0=>u=C =y’ =Ciyuy=Coe™", mm

w' +5u? +v =0,
udv + 5uldu + vdu = 0,
d(uv) + gd(u3) =0,
uv + gu3 = (.

)
[opcrasissa v = u', nosyvaem ypasuenue uu’ +§u3 = (1, KOTOPOE SIBJIACTCA

YPaBHEHUEM C Pa3JICJIAIONMMAUCA TTePEMEHHBIMU:

dr — udu
= —
Cl — —u3
3
Uz y' = u -y cnenyer, uro
&y _ udr = v
Y 01 — §u3

Uurerpupyst jiBa 10CJAEJHUX YPABHEHUs, Mbl 11I0JIy4YUM DPelIeHre B lapaMer-
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pUYIeCKOM BHJE:

u
TdT
:U—/—Cl_g7_3 + Cy

Uo
r T2dr
\ Uo ’

[IpounTerpupoBarh palnoHaJ bHble (DYHKIMKA MOYKHO, HO Mbl He OyjieM 3TOro
nenathb. Ecau 6b1 Mbl permain 3agady Komm un Ha sTamne HaxoxXeHus (pyHK-
nuu v(u) oupejennin koucranty C, TO jlajbHelinme Bbluucienus Obuin Obl

HAMHOT'O TIPOIIIE.

Tak, ecm y(0) = 1, y'(0) = 1, y"(0) = —;, TO, MOJICTABJISAST ITH 3HAYE-
wusg By =wu(x) - yuy” =u'(z) - y+u(x) -y’ vbl nosyunm, uro u(0) = 1,
)
/ — =
u'(0) = 3
5 5 4
Orcroga v(1) = —3, U3 uv + Ut = C1 noayuaem, uro Cp = 0.

Torna perienne HAXOIUTCA OCOOEHHO IPOCTO:

( —3du
dr = >
\
dy  —3du
Ly bSu

YuuThiBas, 4TO 3HAUEHUIO NapaMerpa « = 1 coorBeTcTByIOoT 3HaUeHus T = ()
u Yy = 1, uHTErpuUpyeM 3TU ypaBHEHUS:
3(1 —w)

Hu
~3/5.

€T =

y=u

5
Boipazkas y depe3 x, MoJayvdaeM OTBET B ABHOM BHUJE: Y = (§ r+1)%. O

Onucanable TpUEMbI pelleHus YpaBHEHUN 7N-HOTO TOPSIKa JOCTATOYHO
I'POMO3JIKH. DTO CBA3AHO C TEM, YTO PacCMaTpuBaeMble YpaBHEHUs ObLIH
HeJimHelHbIMU. B ciiydae JimHelHbiX ypaBHEeHUit paboTaer coBCeM Jipyras Tex-

HUKa, KOTOPYIO MbI 0OCY/IUM 103JIHEE.
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A ceiivac MBI PACCMOTPUM OJINH BECbMa, U3SIIHBIA IPHEM peleHust ypas-
HEHUI BBICOKOI'O 1OPsAJIKa, OY€Hb IIOXOXKMUI Ha METOJI UHTEIPUPYEMbIX KOM-

Ounanuii (cM. 3ansTue 4).

[Topsijlok ypaBHEHUs [MOHUXKAETCS, €CJU YJAeTcs PEJCTaBUTh JIEBYIO

JaCTh YpaBHEHUSI B BUJE ITOJIHOU IIPOU3BOJIHONI, TO €CTh
Flayyyy's s y™) = (Glas ys y's 9™ ) =0.
Tora Mbl 110Jy1aem ypasHenue nopsijika (n — 1)
Gz y;y's. 9" ) =C.

[IpuBeeM HECKOIBLKO TUMMUIHBIX KOMOMHAITHIIA:

(xy')’:y'+xy” (y'y’)’z (y/)2+y_y//
N\ "o
(%) :myxgy (y.y//)/:y//.y/_‘_y_ym
(y—/)/— vy — () (Fly)' =F"")-y"
y/) y? nny ! _ N(n=1) 1
<£>,: WY gy (")) =nly’) y
y’ (v')? (ny")"=y"/y’

IIpumep 4. Pemurs ypasnenune y -y + 3y’ - y” = 0.

Herpyamo yoeuThes, UTo JeBast YacTh YpaBHEHUS SABJISIETCsI TIOJTHOM TPO-

usBoHoM or (-4 "+ (y')?), 103TOMY MOXKHO IOHU3UTH HOPSAOK YPABHEHMSI:
y - y// + (y/)Q — Cl-

Tasce, y 3" + (5')2 = (y - "), nosowy 1 (y - ")/ = Cr caeayen, uro
y-y' = Crz+ Cy. 3amerus, uro 2y -y’ = (y*)’, upounrerpupyem ypasHenue

ele pa3 1 IIOJIy9YUM OTBET:

y2 = Oy’ + 20+ C5. O

IIpumep 5. Pemmts ypasuenue y' -y = 2(y")%
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Ypasuenune umeer pemtenne y” = 0, orkyga y = Cix + Cy. Ecin xe
y" # 0, To npeobpasyem ypasuenue K suny y' - y” — (y")? = (y")* n
nogemum na (y”)?:

y/ . y/// . (y//)2 _ 1
(y")? -
Bamernm, 9TO JieBas YaCTh yPABHEHUsI SBJIACTCS IIOJHOM IPOU3BOIHOIL:
(5=
y// :
y/ B y/l B 1
Orciona = x + Cy wm e
y" _ "/ I ;o Oy
ITockoIbKy o (Iny"),rolny" = —Injz+ C1|+ Co, mim y' = o
1

Hakower, mosyuaem perrenne y = Cyln |z + C1| + C5. O

B zakitouenue paccMoTpuM ciydail, Korja ypasaenne (8.1) umeer ciie-

JIyIOIIUi crenuuIecKuil BUIT;
Fly; zy's 2%y"; . a"y™) = 0.

Takne ypaBHeHWsT Ha3bIBAIOT ypaBHeHusiMU Jitiepa. [lonsarro, aro x = 0

BCETJIa ABJIAETCA 0CO00M TOUKON TAKOTO ypaBHEHUSI.

[onoxkum x = €' gsg x > 0wn x = —e! st z < 0, 10 ectb t = In |z,
[IponsBonyto 110 1epemenHoi ¢ OyjaeM 00603HaYATH TOTKOM.
Torpa vy’ = g a1 TO ecTh 1Y’ =9
nay' =y =1y, y' =4y
.1
Huddepennupyst 370 paBencTso 1o r, noaydaeM y' +xy” = ij- —, OTKYy/ia

zy' + 2%y =g, wm 2°y" = — .

TNuddbeperImpys HocaeaHee paBeHCTBO 10 T, ToaydaeM 2zy " + z2y ™ =

= (y — y) . E’ OTKY/la x?’y m— Yy — 3y -+ 2y7 n TaK JdaJiee.

TakuM 0Opa3oM, MocIe 3aMeHbl TlepeMeHHol = Ha t = In |z| MbI mpuem
K ypasuenuto G(y; ¥; 4;...; y") = 0, rue juddepeniupoBanue npoucxour
110 ¢, HO caMa IepeMeHHas ¢ IBHO B ypaBHeHnue He BXoiuT. Kak Mbl 3HaeM, B

9TOM CJiydae 3aMeHa § = u(y) TOHMKALT MOPSIIOK ITOTO YPABHEHUSI.
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IMpumep 6. Pemurs ypasuenue z2(2y - y" — (y')?) =1 — 22y -y,

Beogum HOBY10 epeMentyio t = In |x|, u, mepecauraB mpou3BOIHbBIE, TPH-

XOZIUM K ypapnenuio 2y - ij — ()% = 1.
Beomum woByto dyuknuio, nojoxkus u(y) = ¢. Torma § =u’-u n
2uu - u' —u? = 1.

DTO ypaBHEHWE C Pa3IESIONMMUCST TIePEMEHHBIMU JIETKO WHTETPUPYETCS:

2udu dy 9
T g orkyaa y = C1(1 + u?).

y = 0 win
Benomuus, aro ¢ = u(y), noiaydaem cucremy
y = C1(1+ u?)
y=u,

rJie U MOXKHO cuuTarh napamerpom. Ocraercst HaliTu 3aBucUMOCTb t(U), Kak

MbI Y2K€ HEOJHOKPATHO JI€JIa.JIN.

dy = 2C udu
dy = udt

= 2CTudu = udt

Orcrona u = 0, aro npusojur K y = C, unu t = 2C u + Cy, 1, BO3BpaIasch

K [IEpEeMEHHOI T, IoJIydyaeM OTBET B MapaMeTPUUYCCKOM BHJIE:

x = Cye?Crt

y = C1(1+ u?)

HpI/I KeJIaHMW MOXKHO IIOJIYyYUTbL OTBET B 7ABHOM BHAE, NCKJ/IIOYUB IIapa-

METD U, HO MBI He OyJieM 3Toro jenarb. [

CamocTogTenbHas padoTa

Pemmrh ypaBHeHUsI, TOHUXKAs TOPSIJIOK.
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y/ . y/// — (y//)Q + (y/)Q . y//
y(1) =0, y'(1) = -1, y"(1) = L.

(yKaBaHI/Iei [peJcTaBbTe YpaBHeHue B BUJIE MOJHON HpOI/IS’BO,ZLHOI/UI)

4. Pemuts 3agauy Komn

5. Haiitu cemeiicrBo uHTerpaJbHbiX JIMHUNE ypaBHEHUs

yy'y" —2(y")%y" = y(y")? npoxopammx uepes Touxy (T, Yo)-

JlomamntHssg paboTa

NeNe 438, 458, 468, 482, 504.

OTBeThbl K caMOCTOATEJIbHOII pabore

1'5

1. 016 —EO——-FCQl’ +03$ +C4$+C5

C
2. y=—a°+ 01 5 + Csox 4 ('3 m 9acTHOE pelleHne MoyJaeMoe u3

{ T = —3p?

72
y" Y= _glf — 3C1p® + Cs
{x — In|p| + 2C1p + Cs

y=p+Cwp’ + Cs
obiee perenne, nonaydaemoe us y”’ = Cix + C3

3 y201$+02

AN
4. Ykazamue: (y—,> = (v
y=—Inz

Yy
dr

I 3 — —
5‘ y _Cly +025 /017_3_’_02 € 'CEO) y ?JO
Yo



