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Ðàçäåëåíèå ïåðåìåííûõ â óðàâíåíèè

Ãåëüìãîëüöà

Óðàâíåíèåì Ãåëüìãîëüöà íàçûâàåòñÿ óðàâíåíèå ñ ÷àñòíûìè ïðîèç-

âîäíûìè
∂2u

∂x2
+

∂2u

∂y2
+ κ2u = 0 (n = 2) (20.1)

èëè
∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2
+ κ2u = 0 (n = 3) (20.2)

Ýòî óðàâíåíèå çàíèìàåò öåíòðàëüíîå ìåñòî â ëþáîì êóðñå ìåòîäîâ

ìàòåìàòè÷åñêîé ôèçèêè, ïîòîìó ÷òî ê íåìó ñâîäèòñÿ áîëüøîå ÷èñëî ðàç-

íîîáðàçíûõ çàäà÷.

Ìû áóäåì èñêàòü íåêîòîðûå ÷àñòíûå ðåøåíèÿ ýòîãî óðàâíåíèÿ, à

èìåííî òå ðåøåíèÿ, êîòîðûå äîïóñêàþò ïðåäñòàâëåíèå â âèäå ïðîèçâå-

äåíèÿ ôóíêöèé, çàâèñÿùèõ îò îäíîé ïåðåìåííîé. Íàïðèìåð, åñëè äëÿ

óðàâíåíèÿ (20.1) ïîïûòàòüñÿ íàéòè ðåøåíèå â âèäå u(x, y) = X(x)Y (y),

òî ïðèä¼ì ê

X ′′Y +XY ′′ + κ2XY = 0,

X ′′

X
+

Y ′′

Y
+ κ2 = 0.

Åñëè ïîëîæèòü
X ′′

X
= −α, òî ôóíêöèÿ Y áóäåò óäîâëåòâîðÿòü óðàâ-

íåíèþ
Y ′′

Y
+ κ2 − α = 0. Òàêèì îáðàçîì, ìû ïðèä¼ì ê ñèñòåìå

{
X ′′ + αX = 0,

Y ′′ + (κ2 − α)Y = 0.

Ïàðàìåòð α íàçûâàåòñÿ êîíñòàíòîé ðàçäåëåíèÿ.

Òîò æå ïîäõîä äëÿ óðàâíåíèÿ (20.2) äàñò
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u(x, y, z) = X(x)Y (y)Z(z),
X ′′ + αX = 0,

Y ′′ + βY = 0,

Z ′′ + (κ2 − α− β)Z = 0.

È çäåñü ìû èìååì óæå äâå êîíñòàíòû ðàçäåëåíèÿ: α è β.

Îïèñàííûé àëãîðèòì è íàçûâàåòñÿ "ðàçäåëåíèåì ïåðåìåííûõ".

Ðàññìîòðèì íà ïëîñêîñòè äðóãèå ñèñòåìû êîîðäèíàò. Ãîâîðÿò, ÷òî

íà ïëîñêîñòè çàäàíà êðèâîëèíåéíàÿ ñèñòåìà êîîðäèíàò, åñëè äåêàðòîâû

êîîðäèíàòû x, y ÿâëÿþòñÿ âçàèìíî îäíîçíà÷íûìè ôóíêöèÿìè äðóãèõ

ïåðåìåííûõ q1, q2:

x = x(q1, q2),

y = y(q1, q2),

ïðè ýòîì, ÿêîáèàí
∂(x, y)

∂(q1, q2)
6= 0 (çà èñêëþ÷åíèåì, áûòü ìîæåò, êîíå÷íîãî

÷èñëà òî÷åê, ãäå
∂(x, y)

∂(q1, q2)
= 0)

Ìû èìååì äâà ñåìåéñòâà êîîðäèíàòíûõ ëèíèé, ãäå q1 = const èëè

q2 = const. Ïðè ýòîì, ìû áóäåì ðàññìàòðèâàòü òîëüêî îðòîãîíàëüíûå

ñèñòåìû êîîðäèíàò, òî åñòü òàêèå, äëÿ êîòîðûõ êîîðäèíàòíûå ëèíèè îð-

òîãîíàëüíû.

Ðàññìîòðèì ýëåìåíò äóãè êîîðäèíàòíîé ëèíèè dl = Hidqi. Ñîîòâåò-

ñòâóþùèé êîýôôèöèåíò Hi íàçûâàåòñÿ êîýôôèöèåíòîì Ëàìå. Èõ ÷àñòî

ìîæíî íàéòè èñõîäÿ èç ãåîìåòðè÷åñêèõ ñîîáðàæåíèé, èëè æå âû÷èñëèòü

ïî ôîðìóëå

H2
i =

(
∂x

∂qi

)2
+
(
∂y

∂qi

)2
i = 1, 2.

Óðàâíåíèå Ãåëüìãîëüöà (20.1) â ïðîèçâîëüíîé îðòîãîíàëüíîé ñèñòåìå

êîîðäèíàò èìååò âèä

1

H1H2

[
∂

∂q1

(
H2

H1

∂u

∂q1

)
+

∂

∂q2

(
H1

H2

∂u

∂q2

)]
+ κ2u = 0.
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Ðèñ. 20.1. Êîîðäèíàòíûå ëèíèè ïîëÿðíîé ñèñòåìû êîîðäèíàò.

Ãîâîðÿò, ÷òî ê íåêîòîðîé ñèñòåìå êîîðäèíàò óðàâíåíèå Ãåëüìãîëüöà

äîïóñêàåò "ðàçäåëåíèå ïåðåìåííûõ åñëè ìîæíî íàéòè ÷àñòíîå ðåøåíèå

ýòîãî óðàâíåíèÿ â âèäå

u = F (q1) ·G(q2).

Íà ïëîñêîñòè óðàâíåíèå Ãåëüìãîëüöà äîïóñêàåò ðàçäåëåíèå ïåðåìåí-

íûõ òîëüêî â ÷åòûð¼õ ñèñòåìàõ êîîðäèíàò: äåêàðòîâîé, ïîëÿðíîé, ïàðà-

áîëè÷åñêîé è ýëëèïòè÷åñêîé. Ñåé÷àñ ìû îïèøåì ýòè ñèñòåìû êîîðäèíàò

è ïðîèçâåä¼ì "ðàçäåëåíèå ïåðåìåííûõ".

Ïîëÿðíàÿ ñèñòåìà êîîðäèíàò.

x = ρ cosϕ

y = ρ sinϕ

Hρ = 1 , Hϕ = ρ

1

ρ

∂

∂ρ

(
ρ
∂u

∂ρ

)
+

1

ρ2
∂2u

∂ϕ2
+ κ2u = 0

u = F (ρ) ·G(ϕ)
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Ðèñ. 20.2. Êîîðäèíàòíûå ëèíèè ïàðàáîëè÷åñêîé ñèñòåìû êîîðäèíàò.

1

F

1

ρ

d

dρ
ρ
dF

dρ
+

1

ρ2
G′′

G
+ κ2 = 0G′′ + αG = 0

1

ρ

d

dρ
ρ
dF

dρ
− α

ρ2
F + κ2F = 0

Ïàðàáîëè÷åñêàÿ ñèñòåìà êîîðäèíàò.

x = στ

y =
1

2
(τ 2 − σ2)

Êîîðäèíàòíûå ëèíèè - ïàðàáîëû. Èõ óðàâíåíèÿ:

x2

σ2
= 2y + σ2,

− x2

τ 2
= 2y − τ 2.

H2
σ = H2

τ = τ 2 + σ2.

1

τ 2 + σ2
(uσσ + uττ) + κ2u = 0

u = F (τ) ·G(σ)

G′′

G
+

F ′′

F
+ (σ2 + τ 2)κ2u = 0
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Ðèñ. 20.3. Êîîðäèíàòíûå ëèíèè ýëëèïòè÷åñêîé ñèñòåìû êîîðäèíàò.

{
G′′ + (σ2κ2 + α)G = 0

F ′′ + (τ 2κ2 − α)F = 0

Ýëëèïòè÷åñêàÿ ñèñòåìà êîîðäèíàò.

x = a chα · cos β

y = a shα · sin β

Êîîðäèíàòíûìè ëèíèÿìè ÿâëÿþòñÿ ýëëèïñû

x2

(a chα)2
+

y2

(a shα)2
= 1

è ñîôîêóñíûå ñ íèìè ãèïåðáîëû

x2

(a cos β)2
− y2

(a sin β)2
= 1

H2
α = H2

β = a2(sh2α + sin2 β)

1

a2(sh2 α sin2 β)
(uαα + uββ) + κ2u = 0

u = F (α) ·G(β)
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F ′′

F
+

G′′

G
+ κ2(sh2 α + sin2 β)a2 = 0{

F ′′ + (a2κ2 sh2 α + λ)F = 0

G′′ + (a2 sin2 β − λ)G = 0

Çäåñü λ - êîíñòàíòà ðàçäåëåíèÿ.

Â ïðîñòðàíñòâå çàäàíû êðèâîëèíåéíûå êîîðäèíàòû, åñëè äåêàðòîâû

êîîðäèíàòû x, y, z ÿâëÿþòñÿ âçàèìíî-îäíîçíà÷íûìè ôóíêöèÿìè äðóãèõ

òð¼õ ïåðåìåííûõ q1, q2, q3.

x = x(q1, q2, q3),

y = y(q1, q2, q3),

z = z(q1, q2, q3),

∂(x, y, z)

∂(q1, q2, q3)
6= 0

Äëÿ êàæäîé òàêîé ñèñòåìû êîîðäèíàò ñóùåñòâóþò òðè ñåìåéñòâà êî-

îðäèíàòíûõ ïîâåðõíîñòåé, ãäå qi = const, i = 1, 2, 3. Ïåðåñå÷åíèå äâóõ

êîîðäèíàòíûõ ïîâåðõíîñòåé îáðàçóåò êîîðäèíàòíóþ ëèíèþ, âäîëü êîòî-

ðîé ìåíÿåòñÿ òîëüêî îäíà êîîðäèíàòà. Ïðè ýòîì, âäîëü êîîðäèíàòíîé

ëèíèè

dl = Hidqi,

H2
i =

(
∂x

∂qi

)2
+
(
∂y

∂qi

)2
+
(
∂z

∂qi

)2
� êîýôôèöèåíò Ëàìå.

Óðàâíåíèå Ãåëüìãîëüöà â ïðîèçâîëüíîé îðòîãîíàëüíîé ñèñòåìå êîîð-

äèíàò èìååò âèä

1

H1H2H3

[
∂

∂q1

(
H1H2H3

H2
1

∂u

∂q1

)
+

∂

∂q2

(
H1H2H3

H2
2

∂u

∂q2

)
+

∂

∂q3

(
H1H2H3

H2
3

∂u

∂q2

)]
+κ2u = 0.

Åñëè ìîæíî íàéòè ðåøåíèå óðàâíåíèÿ Ãåëüìãîëüöà âèäà

u = F (q1) ·G(q2) ·H(q3),

òî ãîâîðÿò, ÷òî â ýòîé ñèñòåìå êîîðäèíàò óðàâíåíèå Ãåëüìãîëüöà äîïóñ-

êàåò "ðàçäåëåíèå ïåðåìåííûõ". Âñåãî ñóùåñòâóåò 11 òàêèõ ñèñòåì êîîð-
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äèíàò, ìû ðàññìîòðèì äâå èç íèõ � ñôåðè÷åñêóþ è öèëèíäðè÷åñêóþ,

êîòîðûå èñïîëüçóþòñÿ îñîáåííî ÷àñòî.

Öèëèíäðè÷åñêàÿ ñèñòåìà êîîðäèíàò.

x = ρ cosϕ, y = ρ sinϕ,z = z, Hρ = 1 , Hϕ = ρ , Hz = 1.

Ðèñ. 20.4. Êîîðäèíàòíûå ïîâåðõíîñòè öèëèíäðè÷åñêîé ñèñòåìû êîîðäèíàò.

1

ρ

∂

∂ρ
ρ
∂u

∂ρ
+

1

ρ2
∂2u

∂ϕ2
+

∂2u

∂z2
+ κ2u = 0

u = R(ρ) · Φ(ϕ) · F (z)

1

R

(
1

ρ

d

dρ
ρ
dR

dρ

)
+

1

ρ2
Φ′′

Φ
+

F ′′

F
+ κ2 = 0

Φ′′ + αΦ = 0,

F ′′ + βF = 0,

1

ρ

d

dρ
ρ
dR

dρ
− α

ρ2
R− βR + κ2R = 0.

Ñôåðè÷åñêàÿ ñèñòåìà êîîðäèíàò.

x = r sin θ cosϕ,

y = r sin θ sinϕ,

z = r cos θ,

Hr = 1 , Hθ = r , Hϕ = r sin θ.

1

r2
∂

∂r
r2
∂u

∂r
+

1

r2
1

sin θ

∂

∂θ
sin θ

∂u

∂θ
+

1

r2 sin2 θ

∂2u

∂ϕ2
+ κ2u = 0.
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Ðèñ. 20.5. Êîîðäèíàòíûå ïîâåðõíîñòè ñôåðè÷åñêîé ñèñòåìû êîîðäèíàò.

u = R(r) · Φ(ϕ) · F (θ).

1

R

(
1

r2
d

dr
r2
dR

dr

)
+

1

r2

[
1

F

(
1

sin θ

d

dθ
sin θ

dF

dθ

)
+

1

sin2 θ

Φ′′

Φ

]
+ κ2 = 0

Φ′′ + αΦ = 0,

1

sin θ

d

dθ
sin θ

dF

dθ
− d

sin2 θ
+ βF = 0,

1

r2
d

dr
r2
dR

dr
− β

r2
R + κ2R = 0.

Ñàìîñòîÿòåëüíàÿ ðàáîòà

1. Â ðåçóëüòàòå âðàùåíèÿ âîêðóã îñè Ox ýëëèïòè÷åñêîé ñèñòåìû êî-

îðäèíàò íà ïëîñêîñòè, ìû ïîëó÷èëè â òð¼õìåðíîì ïðîñòðàíñòâå ñèñòåìó

êîîðäèíàò

x = a chα cos β,

y = a shα sin β cosϕ,

z = a shα sin β sinϕ.

Íàðèñóéòå ýñêèç êîîðäèíàòíûõ ïîâåðõíîñòåé, óêàæèòå êîîðäèíàòíûå

ëèíèè, íàéäèòå êîýôôèöèåíòû Ëàìå.

2. Â ðåçóëüòàòå âðàùåíèÿ âîêðóã îñè Oy ýëëèïòè÷åñêîé ñèñòåìû êî-

îðäèíàò íà ïëîñêîñòè, ìû ïîëó÷èëè â ïðîñòðàíñòâå ñèñòåìó êîîðäèíàò
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x = a chα cos β cosϕ,

y = a shα sin β,

z = a chα cos β sinϕ.

Âûïîëíèòå òî æå çàäàíèå, ÷òî è â ïðåäûäóùåì ïóíêòå.

3. Ïîêàæèòå, ÷òî óðàâíåíèå Ãåëüìãîëüöà äîïóñêàåò ðàçäåëåíèå ïå-

ðåìåííûõ â îïèñàííûõ ñèñòåìàõ êîîðäèíàò.

Äîìàøíÿÿ ðàáîòà

Åñëè ïðîäåëàòü òå æå ìàíèïóëÿöèè ñ ïàðàáîëè÷åñêîé ñèñòåìîé êî-

îðäèíàò íà ïëîñêîñòè (òî åñòü ñîâåðøèòü âðàùåíèå âîêðóã îñè Ox èëè

âîêðóã îñè Oy), òî ìû ïîëó÷èì ñèñòåìû êîîðäèíàò â òð¼õìåðíîì ïðî-

ñòðàíñòâå. Ïîêàæèòå, ÷òî ñ îäíîì ñëó÷àå óðàâíåíèå Ãåëüìãîëüöà äîïóñ-

êàåò ðàçäåëåíèå ïåðåìåííûõ, à â äðóãîì � íåò.
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Ëèíåéíûå óðàâíåíèÿ ñ ïåðåìåííûìè

êîýôôèöèåíòàìè âòîðîãî ïîðÿäêà.

Ïðè ðàçäåëåíèè ïåðåìåííûõ â óðàâíåíèè Ãåëüìãîëüöà ìû ïðèõîäè-

ëè ê îáûêíîâåííûì ëèíåéíûì äèôôåðåíöèàëüíûì óðàâíåíèÿì âòîðîãî

ïîðÿäêà

y′′ + a(x)y′ + b(x)y = f(x). (21.1)

Ôóíêöèè a(x), b(x) è f(x) ÿâëÿþòñÿ íåïðåðûâíûìè ôóíêöèÿìè íà

êàêîì-òî èíòåðâàëå. Ìû çíàåì, ÷òî îáùåå ðåøåíèå èìååò âèä

y = C1y1(x) + C2y2(x) + y0(x),

ãäå y1(x), y2(x) � íåêîòîðûå ÷àñòíûå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ,

îáðàçóþùèå ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé (Ô.Ñ.Ð.), à y0(x) �

÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèé, êîòîðîå ìîæíî íàéòè ìåòî-

äîì âàðèàöèè.

Ôóíêöèè y1(x) è y2(x) îáðàçóþò Ô.Ñ.Ð. íà íåêîòîðîì èíòåðâàëå, åñëè

îïðåäåëèòåëü Âðîíñêîãî

W (x) =

∣∣∣∣∣y1(x) y2(x)

y′1(x) y′2(x)

∣∣∣∣∣
íå îáðàùàåòñÿ â íîëü íà ýòîì èíòåðâàëå.

Ôóíêöèÿ W (x) óäîâëåòâîðÿåò óðàâíåíèþ Ëèóâèëëÿ

dW

dx
= −a(x)W (x). (21.2)

Åñëè ìû çíàåì îäíî ÷àñòíîå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ y1(x),

òî âòîðîå ìîæíî íàéòè èñïîëüçóÿ ôóíêöèþ W (x). Èç



Çàíÿòèå 21 13

W (x) = y1(x)y′2(x)− y′1(x)y2(x)

ñëåäóåò
W (x)

y21(x)
=

y1(x)y′2(x)− y′1(x)y2(x)

y21(x)
=

d

dx

(
y2(x)

y1(x)

)
. (21.3)

Èç ôîðìóëû (21.3) ìû íàõîäèì ôóíêöèþ y2(x).

Ïðèìåð 1. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

x2(x+ 1)y′′ − 2y = 0.

Çàìåòèì, ÷òî åñëè ýòî óðàâíåíèå ïåðåïèñàòü â âèäå, ðàçðåøåííîì

îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé

y′′ − 2

x2(x+ 1)
y = 0,

òî êîýôôèöèåíò ïðè y èìååò äâå òî÷êè ðàçðûâà x1 = 0 è x2 = −1. Ïî-

ýòîìó ñëåäóåò ðàññìàòðèâàòü ðåøåíèå íà èíòåðâàëàõ (−∞,−1), (−1, 0),

(0,+∞).

Óðàâíåíèå Ëèóâèëëÿ èìååò âèä

d

dx
W (x) = 0,

îòêóäà W (x) = const.

Ïðîâåðèì, ÷òî ôóíêöèÿ y1(x) = 1+
1

x
óäîâëåòâîðÿåò èñõîäíîìó óðàâ-

íåíèþ. Íàõîäèì y2(x), ðåøàÿ óðàâíåíèå (21.3).

d

dx

(
y2(x)

1 + 1/x

)
=

1

(1 + 1/x)2
=

x2

(1 + x)2

(Ìû ïîëîæèëè W (x) ≡ 1, ÷òî ñîâåðøåííî íå ñóùåñòâåííî, ïîñêîëüêó

ìû èùåì ÷àñòíîå ðåøåíèå.)

Íàéä¼ì êàêóþ-íèáóäü ïåðâîîáðàçíóþ ôóíêöèè
x2

(1 + x)2
.
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∫
x2dx

(1 + x)2
=
∫ (

1− 2x+ 1

(1 + x)2

)
dx =

=
∫ (

1− 2(x+ 1)

(1 + x)2
+

1

(1 + x)2

)
dx = x− 2 ln |1 + x| − 1

1 + x
.

Èòàê,

y2(x) =
x+ 1

x

(
x− 2 ln |1 + x| − 1

1 + x

)
= x+ 1− 2(x+ 1)

x
ln |1 + x| − 1

x
.

(Îáðàòèòå âíèìàíèå, ÷òî ôóíêöèÿ y2(x) èìååò ðàçðûâû â òî÷êàõ x1 = 0

è x2 = −1.)

Îòâåò: y = C1y1(x) + C2y2(x).

Òàêèì îáðàçîì, ìû âèäèì, ÷òî îñíîâíîé ïðîáëåìîé ÿâëÿåòñÿ íàõîæ-

äåíèå îäíîãî ÷àñòíîãî ðåøåíèÿ, äàëåå ðàáîòàåò ïðîñòîé àëãîðèòì. Â

íåêîòîðûõ ñëó÷àÿõ ÷àñòíîå ðåøåíèå ìîæíî ïîäîáðàòü. Ðàññìîòðèì ïðè-

ìåðû.

Ïîïðîáóåì èñêàòü ðåøåíèå óðàâíåíèÿ xy′′− (2x+ 1)y′+ (x+ 1)y = 0

â âèäå y = ekx, òîãäà

xk2 − (2x+ 1)k + (x+ 1) = 0.

Åñëè k2 − 2k + 1 = 0 è −k + 1 = 0, òî åñòü k = 1, òî ôóíêöèÿ y = ex

ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì.

Äëÿ óðàâíåíèÿ

x2 lnxy′′ − xy′ + y = 0

÷àñòíîå ðåøåíèå y = x óãàäûâàåòñÿ áåç òðóäà.

Èùåì ÷àñòíîå ðåøåíèå óðàâíåíèÿ

x(x2 + 6)y′′ − 4(x2 + 3)y′ + 6xy = 0

â âèäå ìíîãî÷ëåíà. Ñíà÷àëà íàäî ïîíÿòü, êàêîé ñòåïåíè ìîæåò áûòü ýòîò

ìíîãî÷ëåí. Åñëè y = xn+ . . ., òî äîëæåí îáðàòèòüñÿ â íîëü êîýôôèöèåíò

ïðè ñòàðøåé ñòåïåíè, êîòîðàÿ â íàøåì ñëó÷àå ðàâíà n+ 1:
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n(n− 1)− 4n+ 6 = 0.

Îòñþäà n1 = 2, n2 = 3. Èùåì ÷àñòíîå ðåøåíèå â âèäå y = Ax2 +Bx+C

è ïðèõîäèì ê y1 = x2 + 2. (Çàìåòèì, ÷òî âòîðîå ðåøåíèå ìîæíî áûëî áû

èñêàòü â âèäå ìíîãî÷ëåíà òðåòüåé ñòåïåíè. Ìû ïîëó÷èëè áû y2 = x3.)

Òàêèì îáðàçîì, y = C1(x
2 + 2) + C2x

3.

Èñïîëüçîâàíèå ôîðìóëû Ëèóâèëëÿ ïðèâåëî áû çäåñü ê çíà÷èòåëüíûì

òåõíè÷åñêèì ñëîæíîñòÿì. Ê ñîæàëåíèþ, îáùåãî ïðàâèëà äëÿ îïðåäåëå-

íèÿ ÷àñòíîãî ðåøåíèÿ íåò. Ãîâîðÿò, ÷òî ëèíåéíîå óðàâíåíèå âòîðîãî ïî-

ðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè "áðîñàåò âûçîâ èñêóññòâó àíàëè-

òèêà". Îêàçûâàåòñÿ, ÷òî öåëåñîîáðàçíî äàòü íîâîå íàçâàíèå ôóíêöèÿì,

îáðàçóþùèì Ô.Ñ.Ð. óðàâíåíèÿ, êîòîðîå ÷àñòî âñòðå÷àåòñÿ â ïðèëîæåíè-

ÿõ, ÷åì ïûòàòüñÿ âûðàçèòü ýòè ôóíêöèè ÷åðåç óæå èçâåñòíûå. Ìû åù¼

âåðí¼ìñÿ ê ýòèì âîïðîñàì â çàíÿòèè 26.

Äàëåå ìû ðàññìîòðèì èñêóññòâåííûå ïðè¼ìû, ïîçâîëÿþùèå â íåêî-

òîðûõ ñëó÷àÿõ íàéòè ðåøåíèå óðàâíåíèÿ (21.1).

1. Çàìåíà y(x) = ρ(x) · z(x) ïðèâîäèò ê óðàâíåíèþ íà ôóíêöèþ

z(x), êîòîðîå íå ñîäåðæèò ïåðâóþ ïðîèçâîäíóþ (äëÿ òàêîãî óðàâíåíèÿ

W (x) ≡ const). Íàøà öåëü � ïîäîáðàòü ïîäõîäÿùèì îáðàçîì ôóíêöèþ

ρ(x).

Ïðèìåð 2. Ðåøèòü óðàâíåíèå

x2y′′ − 2xy′ + (x2 + 2)y − 0.

Ïîëàãàåì y = ρ(x)z(x), òîãäà

x2(ρ′′z + 2ρ′z′ + ρz′′)− 2x(ρ′z + ρz′) + (x2 + 2)ρz = 0.

Åñëè 2x2ρ′ − 2xρ = 0, òî åñòü ρ(x) = x, òî

x3z′′ − 2xz + (x2 + 2)xz = 0.
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Ôóíêöèÿ z(x) óäîâëåòâîðÿåò óðàâíåíèþ

z′′ + z = 0,

êîòîðîå ìû ëåãêî ðåøèì: z = C1 sinx+ C2 cosx.

Îòâåò: y = C1x sinx+ C2x cosx.

2. Çàìåíà íåçàâèñèìîãî ïåðåìåííîãî t = ϕ(x) ïðèâîäèò ê óðàâíåíèþ,

êîòîðîå òàêæå íå ñîäåðæèò ñëàãàåìîå ñ ïåðâîé ïðîèçâîäíîé.

Ïðèìåð 3. Ðåøèòü óðàâíåíèå

xy′′ − y′ − 4x3y = 0.

Áóäåì îáîçíà÷àòü ïðîèçâîäíûå ôóíêöèè y ïî ïåðåìåííîé t òî÷êîé.

Èìååì

y′(x) = ẏ(t)ϕ′(x),

y′′ = ÿ(t)(ϕ′(x))2 + ẏ(t)ϕ′′(x).

Òîãäà

x(ÿ(ϕ′)2 + ẏϕ′′)− ẏϕ′ − 4x3y = 0.

Íàéä¼ì ôóíêöèþ ϕ(x) òàêóþ, ÷òî xϕ′′−ϕ′ = 0. Ýòî óðàâíåíèå ìîæíî

ðåøèòü ïîíèæàÿ ïîðÿäîê. Ïðèä¼ì ê

ϕ(x) = C1x
2 + C2.

Ìû ìîæåì âûáðàòü ëþáóþ çàìåíó t = ϕ(x). Ïîëîæèì, íàïðèìåð,

t = x2. Òîãäà

x(2x)2ÿ − 4x3y = 0,

ÿ − y = 0.

Ðåøåíèå ýòîãî óðàâíåíèÿ: y = C1e
t + C2e

−t.
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Èòàê, èñõîäíîå óðàâíåíèå èìååò ðåøåíèå

y = C1e
x2 + C2e

−x2.

Íàïîìíèì ìåòîä âàðèàöèè.

Ïðèìåð 4. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

xy′′ − (1 + 2x2)y′ = 4x3ex
2

.

Íàõîäèì äâà ÷àñòíûõ ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ

xy′′ − (1 + 2x2)y′ = 0.

Ïîíèæàÿ ïîðÿäîê y′ = u, ïðèä¼ì ê

xu′ − (1 + 2x2)u = 0.

u = Cxex
2

, y = C1e
x2 + C2.

Èùåì ÷àñòíîå ðåøåíèå â âèäå y = C1(x)ex
2

+ C2(x). Íà ôóíêöèè

C1(x) è C2(x) ïîëó÷àåì ñèñòåìó óðàâíåíèé(
ex

2

1

2xex
2

0

)(
C ′1
C ′2

)
=

(
0

4x2ex
2

)
.

(Íàïîìèíàåì, ÷òî óðàâíåíèå äîëæíî áûòü ïðèâåäåíî ê âèäó, ðàçðåøåí-

íîìó îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé y′′ − 1 + 2x2

x
y′ = 4x2ex

2

.)

Èòàê,

C ′1e
x2 + C ′2 = 0,

2xex
2

C ′1 = 4x2ex
2

.

Îòêóäà C1 = x2, C2 = −ex2. ×àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ
íàéäåíî.

y÷àñò = x2ex
2 − ex2 = ex

2

(x2 − 1).
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Îòâåò: y = C1e
x2 + C2 + ex

2

(x2 − 1).

Â çàêëþ÷åíèå ðàññìîòðèì îäèí ïðèìåð ëèíåéíîãî óðàâíåíèÿ òðåòüå-

ãî ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè.

Ïðèìåð 5. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

xy′′′ − y′′ − xy′ + y = 0. (21.4)

Ýòî óðàâíåíèå èìååò äâà ÷àñòíûõ ðåøåíèÿ y1 = x è y2 = ex. ×òî-

áû íàéòè òðåòüå ÷àñòíîå ðåøåíèå, íåîáõîäèìî, ñ îäíîé ñòîðîíû, íàéòè

ôóíêöèþ W (x) èç óðàâíåíèÿ Ëèóâèëëÿ

dW (x)

x
= −a1(x)W (x),

ãäå a1(x) � êîýôôèöèåíò ïðè âòîðîé ïðîèçâîäíîé â ïðèâåä¼ííîì óðàâ-

íåíèè. Â íàøåì ñëó÷àå a1(x) = −1/x.

Ñ äðóãîé ñòîðîíû, íàäî çàïèñàòü ôóíêöèþ W (x), ïîëüçóÿñü å¼ îïðå-

äåëåíèåì. x ex y3(x)

1 ex y′3(x)

0 ex y′′3(x)

 .

Ðåøàÿ óðàâíåíèå Ëèóâèëëÿ, íàõîäèì

dW

dx
=

1

x
W , W = Cx.

Èòàê, òðåòüå ÷àñòíîå ðåøåíèå ìîæíî íàéòè èç óðàâíåíèÿ

ex(x− 1)y′′3 − xexy′3 + exy3 = Cx. (21.5)

Äåéñòâóÿ ñòàíäàðòíûìè ìåòîäàìè, ìû ñâåëè ðåøåíèå îäíîðîäíîãî

óðàâíåíèÿ òðåòüåãî ïîðÿäêà ê ðåøåíèþ íåîäíîðîäíîãî óðàâíåíèÿ âòî-

ðîãî ïîðÿäêà, íî ìû çíàåì, ÷òî ýòî îòíþäü íå òðèâèàëüíàÿ çàäà÷à.
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Ïðè c = 2 óðàâíåíèå (21.5) èìååò ÷àñòíîå ðåøåíèå y3 = e−x, íî ýòî

îïÿòü ïîäáîð è óãàäûâàíèå, òî åñòü ñîâåðøåííî íå ôîðìàëèçîâàííûé

ïîäõîä.

Âåðí¼ìñÿ ê óðàâíåíèþ (21.4) è ñäåëàåì çàìåíó u = y′′− y. Òîãäà îíî
ïðèìåò âèä

xu′ − u = 0.

Åãî ðåøåíèå u = C1x. Òåïåðü íàéä¼ì y èç óðàâíåíèÿ

y′′ − y = C1x.

Ýòî � ëèíåéíîå óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è ñïåöè-

àëüíîé ïðàâîé ÷àñòüþ. Êàê âèäèòå, âñ¼ îêàçàëîñü çíà÷èòåëüíî ïðîùå.

Èòàê, y = −C1x+ C2e
x + C3e

−x.

Ñàìîñòîÿòåëüíàÿ ðàáîòà

1. Íàéòè îáùåå ðåøåíèå

xy′′ − (2x+ 1)y′ + (x+ 1)y = 0.

2. Íàéòè îáùåå ðåøåíèå

x2 lnxy′′ − xy′ + y = x ln2 x.

3. Ðåøèòå óðàâíåíèå, ñäåëàâ ïîäõîäÿùóþ çàìåíó y = ρ(x) · z(x).

(1 + x2)y′′ + 4xy′ + 2y.

4. Ðåøèòå óðàâíåíèå, ñäåëàâ ïîäõîäÿùóþ çàìåíó íåçàâèñèìîãî ïåðå-

ìåííîãî t = ϕ(x).

y′′ + y′ + 4e−2xy = 0
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5. Íàéäèòå îäíî ÷àñòíîå ðåøåíèå â âèäå ìíîãî÷ëåíà. Íàéäèòå ôóíê-

öèþ W (x).

(−2x2 + 2)y′′ + 3xy′ + 3y = 0.

Êàêîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà óäîâëåòâîðÿåò âòîðîå ÷àñòíîå ðå-

øåíèå? Íà êàêèõ èíòåðâàëàõ îïðåäåëåíû è íåïðåðûâíû îáà ÷àñòíûõ

ðåøåíèÿ?

Äîìàøíÿÿ ðàáîòà

�� 684, 687, 702, 710, 712
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Êðàåâûå çàäà÷è äëÿ ëèíåéíûõ óðàâíåíèé

âòîðîãî ïîðÿäêà. Óñëîâèÿ ðàçðåøèìîñòè.

Ìû ïðèñòóïàåì ê ðàññìîòðåíèþ íîâîãî òèïà çàäà÷ äëÿ äèôôåðåí-

öèàëüíûõ óðàâíåíèé. Äî ñèõ ïîð ìû ðåøàëè, êàê ïðàâèëî, çàäà÷ó Êî-

øè, òî åñòü èñêàëè ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ, êîòîðîå óäî-

âëåòâîðÿëî äîïîëíèòåëüíûì óñëîâèÿì, çàäàííûì â îäíîé òî÷êå. Ñåé÷àñ

ñèòóàöèÿ èçìåíèòñÿ è ìû áóäåì çàäàâàòü óñëîâèÿ íà êîíöàõ íåêîòîðî-

ãî èíòåðâàëà. Òàêèå çàäà÷è ìû áóäåì íàçûâàòü êðàåâûìè. Ðàññìîòðèì

ïðèìåðû.

Ïðèìåð 1. Íàéòè ðåøåíèå óðàâíåíèÿ

y′′ + y = 1, (22.1)

óäîâëåòâîðÿþùåå óñëîâèÿì y(0) = 0, y(
π

2
) = 0.

Îáùåå ðåøåíèå èìååò âèä

y = C1 sinx+ C2 cosx+ 1. (22.2)

Äëÿ îïðåäåëåíèÿ êîíñòàíò Ci ïîëó÷àåì ñèñòåìó

y(0) = C1 · 0 + C2 + 1 = 0,

y(
π

2
) = C1 + C2 · 0 + 1 = 0.

Îòêóäà C2 = −1, C1 = −1.

Îòâåò: y = − sinx− cosx+ 1.

Ïðèìåð 2. Íàéòè ðåøåíèå óðàâíåíèÿ (22.1), óäîâëåòâîðÿþùåå óñëî-

âèÿì y(0) = 0, y(π) = 0.

Èç ôîðìóëû îáùåãî ðåøåíèÿ (22.2) ïîëó÷àåì ñèñòåìó äëÿ îïðåäåëå-
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íèÿ êîíñòàíò
y(0) = C1 · 0 + C2 + 1 = 0,

y(π) = C1 · 0− C2 + 1 = 0,

êîòîðàÿ, î÷åâèäíî, íå èìååò ðåøåíèÿ. Òàêèì îáðàçîì, íàì íå óäàëîñü

ðåøèòü ïîñòàâëåííóþ çàäà÷ó.

Ïðèìåð 3. Íàéòè ðåøåíèå óðàâíåíèÿ

y′′ + y = 2x− π

óäîâëåòâîðÿþùåå óñëîâèÿì y(0) = 0, y(π) = 0.

Îáùåå ðåøåíèå è ñèñòåìà óðàâíåíèé íà êîíñòàíòû èìåþò âèä

y = C1 sinx+ C2 cosx+ 2x− π,

y(0) = C1 · 0 + C2 − π = 0,

y(π) = C1 · 0− C2 + π = 0,

îòêóäà ïîëó÷àåì, ÷òî C2 = π, à êîíñòàíòà C1 ìîæåò áûòü ëþáàÿ.

Èòàê, y = π cosx+ 2x− π + C sinx.

Àíàëèçèðóÿ ðàññìîòðåííûå ïðèìåðû, ìû âèäèì, ÷òî â îäíîì ñëó÷àå

çàäà÷à èìåëà åäèíñòâåííîå ðåøåíèå, â äðóãîì íå èìåëà ðåøåíèé, è â

òðåòüåì ðåøåíèé áûëî áåñêîíå÷íî ìíîãî. Çàìåòèì, ÷òî ðå÷ü øëà îá îä-

íîì óðàâíåíèè y′′ + y = f(x). Ìåíÿëàñü ïðàâàÿ ÷àñòü (ôóíêöèÿ f(x)) è

äîïîëíèòåëüíûå óñëîâèÿ.

Ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ

y′′ + y = f(x) , y(0) = 0 , y(
π

2
) = 0. (22.3)

Áóäåì èñêàòü ÷àñòíîå ðåøåíèå, óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

ìåòîäîì âàðèàöèè.

y = C1(x) sinx+ C2(x) cosx
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Ïðè ýòîì ôóíêöèè C1(x) è C2(x) äîëæíû óäîâëåòâîðÿòü óñëîâèÿì

C1(
π

2
) = 0, C2(0) = 0. Èç ñèñòåìû(

sinx cosx

cosx − sinx

)(
C ′1
C ′2

)
=

(
0

f(x)

)
ïîëó÷àåì

C ′1 = cosx · f(x) , C ′2 = − sinx · f(x),

îòêóäà

C1(x) = −
π/2∫
x

cos s · f(s)ds,

C2(x) = −
x∫

0

sin s · f(s)ds.

Èòàê,

y(x) = −
x∫

0

cosx sin s · f(s)ds−
π/2∫
x

sinx cos s · f(s)ds.

Ïîëó÷åííîå ðåøåíèå çàïèøåì â êîìïàêòíîé ôîðìå, èñïîëüçóÿ èíòå-

ãðàëüíûé îïåðàòîð ñ ÿäðîì G(x, s):

y(x) =

π/2∫
0

G(x, s)f(s)ds. (22.4)

Çäåñü ôóíêöèÿ G(x, s) çàäà¼òñÿ ôîðìóëàìè

G(x, s) =

− cosx sin s , 0 6 x 6 s;

− sinx cos s , s 6 x 6 π/2.

Ìû áóäåì ïîëüçîâàòüñÿ ñëåäóþùåé óäîáíîé äèàãðàììîé (Ðèñ. 22.1).

Òàêèì îáðàçîì, êðàåâàÿ çàäà÷à (22.3) ïðè ëþáîé ïðàâîé ÷àñòè f(x)
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Ðèñ. 22.1. Äèàãðàììà ôóíêöèè G(x, s).

èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå çàäà¼òñÿ ôîðìóëîé (22.4). Ôóíê-

öèÿ G(x, s), âîçíèêøàÿ â õîäå ðåøåíèÿ, íàçûâàåòñÿ ôóíêöèåé Ãðèíà.

Äëÿ òîãî, ÷òîáû ðàçîáðàòüñÿ ñ ñèòóàöèåé, âîçíèêøåé â ïðèìåðàõ 2 è

3, íàì íàäî âñïîìíèòü òåîðåìû Ôðåäãîëüìà, èçó÷àåìûå â êóðñå ôóíê-

öèîíàëüíîãî àíàëèçà è ïðèìåíèòü èõ â íàøåì ñëó÷àå.

Ðàññìîòðèì îïåðàòîð L[y], îïðåäåë¼ííûé íà íåêîòîðîì ìíîæåñòâå

ôóíêöèé y ∈ DL. Ïóñòü íà ýòîì ìíîæåñòâå çàäàíî ñêàëÿðíîå ïðîèçâåäå-

íèå. Îïåðàòîð íàçûâàåòñÿ ñàìîñîïðÿæ¼ííûì, åñëè ∀ u, u ∈ DL èìååì

(L[u], v) = (u, L[v]).

Íàñ èíòåðåñóþò óñëîâèÿ ðàçðåøèìîñòè ôóíêöèîíàëüíîãî óðàâíåíèÿ

L[y] = f , y ∈ DL , f ∈ EL. (22.5)

Àëüòåðíàòèâà Ôðåäãîëüìà ãëàñèò, ÷òî èëè óðàâíåíèå (22.5) èìååò

åäèíñòâåííîå ðåøåíèå äëÿ ëþáîé ôóíêöèè f , èëè îäíîðîäíîå óðàâíåíèå

L[y] = 0 èìååò íåòðèâèàëüíîå ðåøåíèå. Äðóãèìè ñëîâàìè, àëüòåðíàòèâà

Ôðåäãîëüìà óòâåðæäàåò, ÷òî îïåðàòîð L ìîæåò áûòü âûðîæäåííûì (ñó-

ùåñòâóåò íåíóëåâàÿ ôóíêöèÿ e0(x), ïðèíàäëåæàùàÿ ÿäðó îïåðàòîðà L)
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èëè íå âûðîæäåííûì. Âî âòîðîì ñëó÷àå îïåðàòîð L èìååò îáðàòíûé è

y = L−1[f ]

äëÿ ëþáîé ôóíêöèè f . Èìåííî ýòî è óäàëîñü íàì ñäåëàòü â ïðèìåðå 1.

Ïîêàæåì, ÷òî îïåðàòîð L[y] = y′′ + y âûðîæäåí íà ìíîæåñòâå ôóíêöèé,

óäîâëåòâîðÿþùèõ óñëîâèÿì y(0) = 0, y(π) = 0. Î÷åâèäíî, ÷òî e0(x) =

sinx ∈ KerL. Òàêèì îáðàçîì, ñòàíîâèòñÿ ïîíÿòíî, ïî÷åìó ìû èìåëè

ïðîáëåìû â ïðèìåðàõ 2 è 3.

Åñëè îïåðàòîð L âûðîæäåí, òî óðàâíåíèå (22.5) (â ñëó÷àå ñàìîñîïðÿ-

æ¼ííîãî îïåðàòîðà) èìååò ðåøåíèå åñëè è òîëüêî åñëè ôóíêöèÿ f(x)

îðòîãîíàëüíà ÿäðó îïåðàòîðà L.

Ìîæíî ïîêàçàòü, ÷òî ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð

L[y] =
d

dy
p(x)

dy

dx
+ q(x)y

(ãäå ôóíêöèÿ p(x) ïðåäïîëàãàåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé íà

(a, b), p(x) 6= 0 íà [a, b], q(x) � íåïðåðûâíà íà (a, b)) ÿâëÿåòñÿ ñàìîñî-

ïðÿæ¼ííûì íà ìíîæåñòâå ôóíêöèé, óäîâëåòâîðÿþùèõ êðàåâûì óñëîâè-

ÿì
α1y(a) + α2y

′(a) = 0 , α2
1 + α2

2 6= 0,

β1y(b) + β2y
′(b) = 0 , β2

1 + β2
2 6= 0.

Êðàåâûå óñëîâèÿ òàêîãî âèäà ìû áóäåì íàçûâàòü ñòàíäàðòíûìè.

Ïðè ýòîì ìû ðàññìàòðèâàåì òðàäèöèîííîå äëÿ ôóíêöèîíàëüíîãî

àíàëèçà ñêàëÿðíîå ïðîèçâåäåíèå

(u, v) =

b∫
a

u(x)v(x)dx.

Äàâàéòå óáåäèìñÿ, ÷òî îïåðàòîð L[y] = y′′ + y ÿâëÿåòñÿ ñàìîñîïðÿ-

æ¼ííûì, åñëè y(0) = 0, y(π) = 0. Ïîêàæåì, ÷òî



26 Çàíÿòèå 22

(L[u], v) =

π∫
0

(u+ u′′)vdx =

π∫
0

u(v + v′′)dx = (u, L[v]).

Èìååì

(L[u], v) =

π∫
0

u(x)v(x) +

π∫
0

u′′vdx.

Çàéì¼ìñÿ âòîðûì ñëàãàåìûì è ïðîèíòåãðèðóåì ïî ÷àñòÿì.

π∫
0

vdu′(x) = v(x)u′(x)

∣∣∣∣π
0

−
π∫

0

v′u′dx = −
π∫

0

v′(x)du =

= v′(x)u(x)

∣∣∣∣π
0

+

π∫
0

uv′′dx =

π∫
0

uv′′dx.

Âíåèíòåãðàëüíûå ÷ëåíû îáðàùàþòñÿ â íîëü, ïîñêîëüêó ôóíêöèè u(x) è

v(x) óäîâëåòâîðÿþò êðàåâûì óñëîâèÿì.

Îñîáåííîñòüþ ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðàòîðà, êîòîðûé

ìû ðàññìàòðèâàåì, ÿâëÿåòñÿ òî, ÷òî åãî ÿäðî ìîæåò áûòü òîëüêî îäíî-

ìåðíûì, òî åñòü åñëè KerL 6= ∅, òî ñóùåñòâóåò åäèíñòâåííàÿ íåíóëåâàÿ
ôóíêöèÿ e0(x) ∈ KerL.

Èòàê, ÷òîáû ïîëíîñòüþ ðàçîáðàòüñÿ ñ ðàññìîòðåííûìè â íà÷àëå çàíÿ-

òèÿ ïðèìåðàìè, íàì îñòàëîñü òîëüêî ïðîâåðèòü îðòîãîíàëüíîñòü ôóíê-

öèé 1 è 2x− π ÿäðó îïåðàòîðà, òî åñòü ôóíêöèè sinx. Èìååì:

π∫
0

sinx · 1dx 6= 0. Ñîîòâåòñòâóþùåå óðàâíåíèå íå èìååò ðåøåíèé.

π∫
0

sinx · (2x− π)dx = 0. Ñîîòâåòñòâóþùåå óðàâíåíèå èìååò ðåøåíèå.

Åñëè îïåðàòîð L âûðîæäåí, íî óðàâíåíèå L[y] = f âñ¼ æå èìååò

ðåøåíèå, òî ïîíÿòíî, ÷òî îíî îáÿçàòåëüíî áóäåò íå åäèíñòâåííûì

y = y1(x) + Ce0(x),
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ãäå y1(x) � êàêîå-íèáóäü ðåøåíèå óðàâíåíèÿ L[y1] = f . (Íàïðèìåð, åãî

ìîæíî âûáðàòü îðòîãîíàëüíûì ôóíêöèè e0(x).)

Ïðèìåð 4. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà α êðàåâàÿ çàäà÷à

(x2y′)′ = f(x) , y(1) = 0 , y(2) + αy′(2) = 0 (22.6)

à) ðàçðåøèìà ïðè âñåõ f(x)

á) èìååò áåñêîíå÷íî ìíîãî ðåøåíèé

â) íå èìååò ðåøåíèÿ

Íàéä¼ì, ïðè êàêèõ α îïåðàòîð âûðîæäåí. Îáùåå ðåøåíèå îäíîðîä-

íîãî óðàâíåíèÿ èìååò âèä

y =
C1

x
+ C2.

×òîáû ýòà ôóíêöèÿ óäîâëåòâîðÿëà êðàåâûì óñëîâèÿì, íåîáõîäèìî îïðå-

äåëèòü êîíñòàíòû C1, C2 èç ñèñòåìû

y(1) = C1 + C2 = 0,

y(2) + αy′(2) =
C1

2
+ C2 + α

(
−C1

4

)
.

Ñèñòåìà C1 + C2 = 0,(
1

2
− α

4

)
C1 + C2 = 0,

èìååò íåòðèâèàëüíîå ðåøåíèå, åñëè

det

(
1 1

1/2− α/4 1

)
= 0 ,

1

2
+

α

4
= 0 , α = −2.

Ïðè ýòîì çíà÷åíèè ïàðàìåòðà ìîæíî ïîëîæèòü C1 = −C2 è ìû ïîëó-

÷èì íåòðèâèàëüíîå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåå

êðàåâûì óñëîâèÿì

e0 = 1− 1

x
.
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Èòàê: à) Êðàåâàÿ çàäà÷à (22.6) ïðè α 6= −2 èìååò åäèíñòâåííîå ðå-

øåíèå ïðè âñåõ f(x).

á) Åñëè

2∫
0

f(x)(1−1/x)dx = 0, òî êðàåâàÿ çàäà÷à èìååò áåñêîíå÷íî ìíîãî

ðåøåíèé.

â) Åñëè

2∫
0

f(x)(1− 1/x)dx 6= 0, òî êðàåâàÿ çàäà÷à íå èìååò ðåøåíèé.

Ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ îïåðàòîðà áîëåå îáùåãî âèäà

L[y] = a0(x)y′′ + a1(x)y′ + a2(x)y = f(x). (22.7)

Âñåãäà ìîæíî íàéòè òàêóþ ôóíêöèþ ρ(x) 6= 0 íà (a, b), ÷òî

ρ(x) [a0(x)y′′ + a1(x)y′ + a2(x)y] =
d

dx
p(x)

dy

dx
+ q(x)y.

Òîãäà óðàâíåíèå (22.7) ïåðåéä¼ò â

d

dx
p(x)

dy

dx
+ q(x)y = ρ(x)f(x).

Óñëîâèå ðàçðåøèìîñòè êðàåâîé çàäà÷è ïðèìåð âèä

b∫
a

ρ(x)f(x)e0(x)dx = 0, (22.8)

ãäå e0(x) ∈ KerL.

Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî ïðàâàÿ ÷àñòü îðòîãîíàëüíà ÿäðó â ñêà-

ëÿðíîì ïðîèçâåäåíèè ñ âåñîì ρ(x)

(u, v) =

b∫
a

ρ(x)u(x)v(x)dx.

Ïðîäåìîíñòðèðóåì ñêàçàííîå íà ïðèìåðå.

Ïðèìåð 5. Íàéòè óñëîâèÿ ðàçðåøèìîñòè êðàåâîé çàäà÷è
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x2y′′ − xy′ + y = f(x) ,
y(1)− y′(1) = 0,

y(2)− 2y′(2) = 0.

Óáåäèìñÿ, ÷òî îïåðàòîð L[y] = x2y′′ − xy′ + y äåéñòâèòåëüíî âûðîæ-

äåí. Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ åñòü

y = C1x+ C2x lnx.

Ôóíêöèÿ e0(x) = x óäîâëåòâîðÿåò îäíîðîäíîìó óðàâíåíèþ è êðàåâûì

óñëîâèÿì. Ïðèâåä¼ì îïåðàòîð ê ñàìîñîïðÿæ¼ííîìó âèäó.

ρ(x)x2y′′ − ρ(x)xy′ + ρ(x)y = (ρ(x)x2y′)′ − (ρ(x)x2)′y′ − ρ(x)xy′ + ρ(x)y.

Ôóíêöèþ ρ(x) íàéä¼ì èç óñëîâèÿ

(ρ(x)x2)′ + ρ(x)x = 0.

Îáîçíà÷èì ρ(x)x2 = u(x), òîãäà

u′ +
u(x)

x
= 0 è u =

C

x
.

Îòñþäà ρ(x) = 1/x3. (Ìû âûáðàëè C = 1). Óðàâíåíèå ïåðåïèøåòñÿ â

âèäå
y′′

x
− y′

x2
+

1

x3
y =

f(x)

x3
,(

y′

x

)′
+

1

x3
y =

f(x)

x3
.

Óñëîâèå ðàçðåøèìîñòè

2∫
1

1

x3
f(x)xdx =

2∫
1

f(x)

x2
dx = 0.

Äëÿ ëþáèòåëåé "ãîòîâûõ"ôîðìóë ïðèâåä¼ì óðàâíåíèå äëÿ ôóíêöèè

ρ(x), êîòîðàÿ äà¼ò âåñ â ñêàëÿðíîì ïðîèçâåäåíèè (22.8).
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(a0(x)ρ(x))′ − a1(x)ρ(x) = 0.

Åñëè ïîëîæèòü a0(x)ρ(x) = u(x), òî

u′(x)− a1(x)

a0(x)
u(x) = 0.

Ñëåäóåò ñíà÷àëà íàéòè ôóíêöèþ u(x), à çàòåì ρ(x).

Ðàññìîòðèì íåñêîëüêî ïðèìåðîâ ñ íåñòàíäàðòíûìè êðàåâûìè óñëî-

âèÿìè.

Ïðèìåð 6. Íàéòè óñëîâèå ðàçðåøèìîñòè êðàåâîé çàäà÷è

y′′ + y′ = f(x) ,
y(0) + y′(0) = 0,

lim
x→+∞

y(x) = 0.

Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ: y = C1 + C2e
−x. Ôóíêöèÿ

e0(x) = e−x óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì. Íàéä¼ì âåñ ρ(x):

(ρ(x))′ − ρ(x) = 0 , ρ(x) = ex.

Óñëîâèå ðàçðåøèìîñòè:

+∞∫
0

exf(x)e−xdx =

+∞∫
0

f(x)dx = 0.

Ïðèìåð 7. Ïðè êàêèõ f(x) óðàâíåíèå

y′′ + y′ = f(x)

èìååò ðåøåíèå, îãðàíè÷åííîå ïðè âñåõ x?

Ôóíêöèÿ e0(x) = 1 ÿâëÿåòñÿ îãðàíè÷åííîé ôóíêöèåé è óäîâëåòâîðÿåò

îäíîðîäíîìó óðàâíåíèþ. Ôóíêöèþ ρ(x) = ex ìû óæå íàøëè. Óñëîâèå

ðàçðåøèìîñòè:
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+∞∫
−∞

f(x)exdx = 0.

Â îáùåé òåîðèè êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ L[y] = f îáû÷íî òðå-

áóåòñÿ, ÷òîáû ôóíêöèÿ p(x), ôèãóðèðóþùàÿ â çàïèñè ñàìîñîïðÿæ¼ííîãî

îïåðàòîðà

L[y] =
d

dx
p(x)

dy

dx
+ q(x)y,

íå îáðàùàëàñü â íîëü íà îòðåçêå [a, b]. Íî â ïðèëîæåíèÿõ ÷àñòî îêàçû-

âàåòñÿ, ÷òî p(x) 6= 0 íà (a, b), íî îáðàùàåòñÿ â íîëü, íàïðèìåð, ïðè x = a

(èëè ïðè x = b, èëè íà îáîèõ êîíöàõ). Â ýòîì ñëó÷àå â êà÷åñòâå êðàåâî-

ãî óñëîâèÿ îáÿçàòåëüíî âûñòóïàåò òðåáîâàíèå îãðàíè÷åííîñòè ðåøåíèÿ.

Íàïðèìåð, äëÿ óðàâíåíèÿ

xy′′ + y′ = f(x)

ñëåäóåò ðàññìîòðåòü êðàåâóþ çàäà÷ó

y(0) � îãðàíè÷åííî,

y′(1) = 0.

Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ y = C1+C2 lnx. Ôóíêöèÿ e0(x) =

1 ïðèíàäëåæèò ÿäðó îïåðàòîðà. Òàê êàê îïåðàòîð ñàìîñîïðÿæ¼í

(xy′)′ = f(x),

òî óñëîâèÿ ðàçðåøèìîñòè èìåþò âèä

1∫
0

f(x)dx = 0.

Ñàìîñòîÿòåëüíàÿ ðàáîòà

1. Ðåøèòü êðàåâóþ çàäà÷ó
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y′′ + y′ = 1 ,
y′(0) = 0,

y′(π) = 0.

2. Ïîêàçàòü, ÷òî îïåðàòîð

L[y] = x2y′′ + 2xy′ − 2y

íå âûðîæäåí íà ìíîæåñòâå ôóíêöèé, îãðàíè÷åííûõ íà [0,+∞).

3. Ïîêàçàòü, ÷òî îïåðàòîð L

L[y] = y′′ + y

âûðîæäåí íà ìíîæåñòâå ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèÿì

y(0)− y′(0) = 0,

y(π) + y′(π) = 0.

4. Íàéòè óñëîâèå ðàçðåøèìîñòè êðàåâîé çàäà÷è

(
y′

x

)′
= f(x) ,

y(1)− y′(1) = 0,

4y(2)− 5y′(2) = 0.

5. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà α êðàåâàÿ çàäà÷à

y′′ + 2y′ − 3y = f(x) ,
y(0) + αy′(0) = 0,

lim
x→−∞

y(x) = 0.

à) èìååò ðåøåíèå ïðè ëþáîé ïðàâîé ÷àñòè

á) íå èìååò ðåøåíèé

â) èìååò áåñêîíå÷íî ìíîãî ðåøåíèé
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Äîìàøíÿÿ ðàáîòà

�� 751, 758, 761, 763
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Ïîñòðîåíèå ôóíêöèè Ãðèíà.

Åñëè îïåðàòîð L íåâûðîæäåííûé, òî êðàåâàÿ çàäà÷à

L[y] = a0(x)y′′ + a1(x)y′ + a2(x)y = f(x) (23.1)

α1y(a) + α2y
′(a) = 0

β1y(b) + β2y
′(b) = 0

(23.2)

èìååò åäèíñòâåííîå ðåøåíèå ïðè ëþáîé ôóíêöèè f(x). Ýòî ðåøåíèå âû-

ðàæàåòñÿ ôîðìóëîé

y(x) = L−1[f ] =

b∫
a

G(x, s)f(s)ds. (23.3)

Ôóíêöèÿ G(x, s), êîòîðàÿ ÿâëÿåòñÿ ÿäðîì îáðàòíîãî èíòåãðàëüíîãî îïå-

ðàòîðà, íàçûâàåòñÿ ôóíêöèåé Ãðèíà.

Ôóíêöèÿ Ãðèíà îïðåäåëåíà íà êâàäðàòå [a, b] × [a, b], óäîâëåòâîðÿåò

óðàâíåíèþ

L[G(x, s)] = δ(x− s) (23.4)

è êðàåâûì óñëîâèÿì (23.2) (ïðè ýòîì, ìû ñ÷èòàåì G(x, s) ôóíêöèåé îò

x, ðàññìàòðèâàÿ s êàê ïàðàìåòð).

×òîáû ôóíêöèÿG(x, s) óäîâëåòâîðÿëà óðàâíåíèþ (23.4), íåîáõîäèìî,

÷òîáû ïðè x 6= s îíà óäîâëåòâîðÿëà óðàâíåíèþ L[G(x, s)] = 0, ïðè x = s

áûëà íåïðåðûâíà, à å¼ ïåðâàÿ ïðîèçâîäíàÿ èìåëà ïðè x = s ñêà÷îê,

ðàâíûé 1/a0(s). Òî åñòü

G(s+ 0, s) = G(s− 0, s),

G′x(s+ 0, s)−G′x(s− 0, s) = 1/a0(s).

Ýòè ñâîéñòâà ôóíêöèè Ãðèíà è ëåæàò â îñíîâå àëãîðèòìà å¼ ïîñòðîåíèÿ.
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Ðàññìîòðèì ïðèìåð.

Ïðèìåð 1. xy′′ − y′ = f(x) , y′(1) = 0 , y(2) = 0.

1 øàã. Íàéä¼ì îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ xy′′ − y′ = 0.

(Ìîæíî ñäåëàòü ïîíèæåíèå ïîðÿäêà èëè çàìåòèòü, ÷òî ýòî � óðàâíåíèå

Ýéëåðà).

y = C1x
2 + C2.

2 øàã. Íàõîäèì ôóíêöèþ, óäîâëåòâîðÿþùóþ ëåâîìó êðàåâîìó óñëî-

âèþ y′(1) = 0.

y′ = 2C1x

∣∣∣∣
x=1

= 2C1 = 0 , y(x) = 1.

Ñëåäîâàòåëüíî, îáùèé âèä ôóíêöèé, óäîâëåòâîðÿþùèõ îäíîðîäíîìó

óðàâíåíèþ è ëåâîìó êðàåâîìó óñëîâèþ áóäåò

yË(x, s) = A(s).

Ïðîäåëàåì òî æå ñàìîå äëÿ ïðàâîãî êðàåâîãî óñëîâèÿ.

y(2) = C14 + C2 = 0 , y(x) = x2 − 4,

yÏ(x, s) = B(s)(x2 − 4).

3 øàã. Ìû îïðåäåëÿåì ôóíêöèè A(s) è B(s), òðåáóÿ, ÷òîáû âûïîë-

íÿëîñü

yË(x, s)

∣∣∣∣
x=s

= yÏ(x, s)

∣∣∣∣
x=s

, òî åñòü A(s) = B(s)(s2 − 4) è

y′
Ï
(x, s)

∣∣∣∣
x=s

−y′
Ë
(x, s)

∣∣∣∣
x=s

=
1

s
, òî åñòü B(s)2x

∣∣∣∣
x=s

−0 =
1

s
.

Òàêèì îáðàçîì, ìû ïîëó÷èëè ñèñòåìó

A(s) = B(s)(s2 − 4),

B(s)2s = 1/s,
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îòêóäà B(s) = 1/2s2, A(s) =
s2 − 4

2s2
.

4 øàã. Çàïèøåì ôóíêöèþ G(x, s) ñ ïîìîùüþ äèàãðàììû.

Åñëè îïåðàòîð L èìååò ñàìîñîïðÿæ¼ííûé âèä

L[y] =
d

dx
p(x)

dy

dx
+ q(x)y,

òî ôóíêöèþ Ãðèíà ìîæíî íàéòè ïî ñëåäóþùèì ôîðìóëàì.

Çäåñü yË(s) è yÏ(s) � ôóíêöèè, óäîâëåòâîðÿþùèå îäíîðîäíîìó óðàâ-

íåíèþ è ëåâîìó èëè ïðàâîìó êðàåâîìó óñëîâèþ ñîîòâåòñòâåííî. Êîí-

ñòàíòà C îïðåäåëÿåòñÿ èç ñîîòíîøåíèÿ C = W (x)p(x), ãäå
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W (x) =

∣∣∣∣∣yË(x) yÏ(x)

y′
Ë
(x) y′

Ï
(x)

∣∣∣∣∣ .
Çàìåòèì, ÷òî â ýòîì ñëó÷àå óðàâíåíèå Ëèóâèëëÿ èìååò âèä

dW

dx
= −p

′(x)

p(x)
W è p(x)W ′ + p′(x)W = 0,

òî åñòü p(x)W (x) = const. Ðàññìîòðèì ïðèìåð.

Ïðèìåð 2. x2y′′ + 2xy′ = f(x) , y′(1) = 0 , y(2) = 0.

(x2y′)′ = f(x).

Îáùåå ðåøåíèå y = C1 + C2/x.

yË(x) = 1 , yÏ(x) =
2

x
−1 , W (x) =

∣∣∣∣∣∣1
2

x
− 1

0 − 2

x2

∣∣∣∣∣∣ = − 2

x2
, W (x)p(x) = −2.

Åñëè îïåðàòîð L áûë ñàìîñîïðÿæ¼ííûé, òî ôóíêöèÿ G(x, s) â ýòîì

ñëó÷àå áóäåò ñèììåòðè÷íîé è, ñëåäîâàòåëüíî, èíòåãðàëüíûé îïåðàòîð òî-

æå áóäåò ñàìîñîïðÿæ¼ííûì. Ïîñòðîèì ôóíêöèþ Ãðèíà äëÿ ñîâñåì ïðî-

ñòîé êðàåâîé çàäà÷è è ïîñìîòðèì, êàê îíà ðàáîòàåò.

Ïðèìåð 3. y′′ = f(x) , y(0) = 0 , y′(1) = 0
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yÎ.Ð.Î. = C1 + C2x , yË = x , yÏ = 1.

Îïåðàòîð ñàìîñîïðÿæ¼ííûé, ïîýòîìó äåéñòâóåì äàëåå òàêæå, êàê è

â ïðèìåðå 2. Íàéä¼ì

W (x) =

∣∣∣∣∣x 1

1 0

∣∣∣∣∣ = −1 , p(x) = 1 , C = −1.

Èòàê, y(x) =

1∫
0

G(x, s)f(s)ds = −
x∫

0

sf(s)ds+

1∫
x

xf(s)ds.

Ïóñòü ôóíêöèÿ f(x) èìååò ñëåäóþùèé âèä:

f(x) =

{
4x, 0 6 x 6 3/4,

3, 3/4 6 x 6 1.

Ðèñ. 23.1. Âèä ôóíêöèè f(x).

Ôèêñèðóåì 0 6 x 6 3/4, òîãäà
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y(x) = −
x∫

0

s · 4sds−
3/4∫
x

x · 4sds−
1∫

3/4

3xds = −4

3
s3
∣∣∣∣x
0

−2xs2
∣∣∣∣3/4
x

−3xs

∣∣∣∣1
3/4

=

= −4

3
x3 − 2x

(
9

16
− x2

)
− 3x

1

4
=

2

3
x3 − 15

8
x.

Åñëè 3/4 6 x 6 1, òî

y(x) = −
3/4∫
0

s · 4sds−
x∫

3/4

3 · sds−
1∫

x

3xds =
3

2
x2 − 3x+

9

32
.

Ðàññìîòðèì ïîñòðîåíèå ôóíêöèè Ãðèíà äëÿ îïåðàòîðà áîëåå âûñîêîãî

ïîðÿäêà.

Ïðèìåð 4. yIV = f(x) , y(0) = y′(0) = y′′(0) = 0 , y′′′(1) = 0.

Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

y = C1 + C2x+ C3x
2 + C4x

3.

Ôóíêöèÿ, óäîâëåòâîðÿþùàÿ ëåâûì êðàåâûì óñëîâèÿì, åñòü y = C4x
3.

Ñëåäîâàòåëüíî, îáùèé âèä òàêèõ ôóíêöèé

yË(x, s) = A(s)x3.

Ôóíêöèÿ, óäîâëåòâîðÿþùàÿ ïðàâîìó êðàåâîìó óñëîâèþ, åñòü y =

C1 + C2x+ C3x
2, ñëåäîâàòåëüíî

yÏ(x, s) = B(s) + C(s)x+D(s)x2.

×òîáû äîáèòüñÿ òîãî, ÷òî L[G(x, s)] = δ(x − s), ñëåäóåò îáåñïå÷èòü
íåïðåðûâíîñòü ôóíêöèè G(x, s) è å¼ ïðîèçâîäíûõ ïåðâîãî è âòîðîãî ïî-

ðÿäêà íà äèàãîíàëè x = s, òî åñòü
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yÏ(x, s)

∣∣∣∣
x=s

= yË(x, s)

∣∣∣∣
x=s

B(s) + C(s)s+D(s)s2 = A(s)s3

y′
Ï
(x, s)

∣∣∣∣
x=s

= y′
Ë
(x, s)

∣∣∣∣
x=s

C(s) + 2D(s)s = 3A(s)s2

y′′
Ï
(x, s)

∣∣∣∣
x=s

= y′′
Ë
(x, s)

∣∣∣∣
x=s

2D(s) = 6A(s)s

Òðåòüÿ ïðîèçâîäíàÿ äîëæíà òåðïåòü ñêà÷îê.

y′′′
Ï

(x, s)

∣∣∣∣
x=s

−y′′′
Ë

(x, s)

∣∣∣∣
x=s

=
1

a0(s)
, − 6A(s) = 1.

Èç ýòîé ñèñòåìû îïðåäåëÿåì ôóíêöèè A(s), B(s), C(s), D(s):

A(s) = −1

6
, D(s) = −s

2
, C(s) =

s2

2
, B(s) = −s

3

6
.

Èòàê,

Îáðàòèìñÿ ê êðàåâûì çàäà÷àì ñ íåîäíîðîäíûìè êðàåâûìè óñëîâèÿ-

ìè

L[y] = f ,
α1y(a) + α2y

′(a) = A,

β1y(b) + β2y
′(b) = B.

Èùåì ðåøåíèå â âèäå ñóììû y(x) = u(x)+v(x), ãäå ôóíêöèÿ u(x) ÿâ-

ëÿåòñÿ ðåøåíèåì íåîäíîðîäíîãî óðàâíåíèÿ ñ îäíîðîäíûìè ãðàíè÷íûìè

óñëîâèÿìè
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L[u] = f ,
α1u(a) + α2u

′(a) = 0,

β1u(b) + β2u
′(b) = 0.

Òàêóþ çàäà÷ó ìû óìååì ðåøàòü è

u(x) =

b∫
a

G(x, s)f(s)ds.

À ôóíêöèÿ v(x) ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîãî óðàâíåíèÿ L[v] = 0 è

óäîâëåòâîðÿåò íåîäíîðîäíûì êðàåâûì óñëîâèÿì. Ìîæíî ïîêàçàòü, ÷òî

åñëè îïåðàòîð L íåâûðîæäåí, òî ìû âñåãäà ìîæåì íàéòè òàêóþ ôóíê-

öèþ. Ðàññìîòðèì ïðèìåð

Ïðèìåð 5. xy′′ − y′ = f(x) , y′(1) = 1 , y(2) = −1

y(x) = u(x) + v(x).

Ôóíêöèþ Ãðèíà äëÿ ýòîãî îïåðàòîðà ìû óæå íàøëè â ïðèìåðå 1,

ïîýòîìó

u(x) =

2∫
1

G(x, s)f(s)ds.

Íàéä¼ì ôóíêöèþ v(x).

v(x) = C1x
2 + C2,{

v′(1) = 2C1 = 1,

v(2) = 4C1 + C2 = −1.

Îòêóäà C1 = 1/2, C2 = −3 è v(x) = x2/2− 3. Èòàê,

y(x) =

2∫
1

G(x, s)f(s)ds+ x2/2− 3.

Íàïîìíèì, ÷òî ðåàëèçóåìûé çäåñü ïîäõîä íàçûâàåòñÿ ïðèíöèïîì ñóïåð-

ïîçèöèè.
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Åñëè îïåðàòîð L âûðîæäåí, òî, êàê ìû ïîìíèì, ñóùåñòâóåò íåíóëå-

âàÿ ôóíêöèÿ e0(x) ∈ KerL. Îêàçûâàåòñÿ, åñëè ðàññìîòðåòü ìíîæåñòâî

ôóíêöèé, óäîâëåòâîðÿþùèõ êðàåâûì óñëîâèÿì è îðòîãîíàëüíûõ ôóíê-

öèè e0(x) (y ∈ D0
L), òî íà ýòîì ìíîæåñòâå îïåðàòîð îêàçûâàåòñÿ íåâû-

ðîæäåííûì è ìû ìîæåì ïîñòðîèòü îáðàòíûé. Îáðàòíûé îïåðàòîð áó-

äåò îïÿòü èíòåãðàëüíûì îïåðàòîðîì è åãî ÿäðî íàçûâàåòñÿ îáîáù¼ííîé

ôóíêöèåé Ãðèíà.

Èòàê, åñëè

L[y] = f(x) ,
α1y(a) + α2y

′(a) = 0,

β1y(b) + β2y
′(b) = 0,

îïåðàòîð L âûðîæäåí, e0(x) ∈ KerL, f(x) îðòîãîíàëüíà e0(x), òî ôóíê-

öèÿ

y0(x) =

b∫
a

Gîá(x, s)f(s)ds

äà¼ò ðåøåíèå ïîñòàâëåííîé êðàåâîé çàäà÷è. Ýòî ðåøåíèå îðòîãîíàëüíî

ôóíêöèè e0(x) è îïðåäåëÿåòñÿ îäíîçíà÷íî. Ìû çíàåì, ÷òî â ýòîì ñëó÷àå

êðàåâàÿ çàäà÷à èìååò áåñêîíå÷íî ìíîãî ðåøåíèé

y(x) = y0(x) + C · e0(x).

Ìû ïðèâåä¼ì àëãîðèòì íàõîæäåíèÿ îáîáù¼ííîé ôóíêöèè Ãðèíà

òîëüêî äëÿ ñàìîñîïðÿæ¼ííîãî îïåðàòîðà

L[y] =
d

dx
p(x

dy

dx
+ q(x)y.

1 øàã. Íàéòè ôóíêöèþ e0(x) ∈ KerL.

2 øàã. Íàéòè ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ L[y] = e0(x), óäî-

âëåòâîðÿþùèå ïðàâîìó (yÏ(x))è ëåâîìó (yË(x)) êðàåâûì óñëîâèÿì.

3 øàã. Âû÷èñëèòü êîíñòàíòó C = W (x) · p(x), ãäå
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W (x) =

∣∣∣∣∣yË(x)− yÏ(x) e0(x)

y′
Ë
(x)− y′

Ï
(x) e′0(x)

∣∣∣∣∣ .
4 øàã. Çàïèñàòü äèàãðàììó äëÿ ôóíêöèè Gîá(x, s).

5 øàã. Íàéòè êîíñòàíòó A èç óñëîâèÿ îðòîãîíàëüíîñòè

b∫
a

Gîá(x, s)e0(s)ds = 0.

Ïîñòðîèì îáîáù¼ííóþ ôóíêöèþ Ãðèíà äëÿ êðàåâîé çàäà÷è, êîòîðóþ

ìû ðàññìàòðèâàëè íà ïðåäûäóùåì çàíÿòèè.

Ïðèìåð 6. y′′ + y = f(x) , y(0) = 0 , y(π) = 0

Ôóíêöèÿ e0(x) = sin x ∈ KerL. Óñëîâèå ðàçðåøèìîñòè:

π∫
0

f(x) sinxdx =

0. Ìû èùåì ðåøåíèå êðàåâîé çàäà÷è, îðòîãîíàëüíîå ôóíêöèè e0(x).

Óðàâíåíèå y′′ + y = sinx èìååò îáùåå ðåøåíèå

y = C1 sinx+ C2 cosx− x

2
cosx,

yË(x) = −x
2

cosx , yÏ(x) =
π

2
cosx− x

2
cosx.

W (x) =

∣∣∣∣∣−
π

2
cosx sinx

π

2
sinx cosx

∣∣∣∣∣ = −π
2
, C = −π

2
.
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Çàïèøåì ôóíêöèþ Gîá(x, s) â ñëåäóþùåì âèäå, óäîáíîì äëÿ îòûñêà-

íèÿ êîíñòàíòû A.

Gîá(x, s) = A sinx sin s+

+
s

π
cos s sinx+

x

π
cosx sin s+

− cos s sinx, 0 6 x 6 s,

− cosx sin s, s 6 x 6 π.

Íàéä¼ì êîíñòàíòó A èç óñëîâèÿ

b∫
a

Gîá(x, s) sin sds = 0.

Èìååì

A sinx

π∫
0

sin2 sds+ sinx

π∫
0

s

π
cos s sin sds+

x

π
cosx

π∫
0

sin2 sds−

− cosx

x∫
0

sin2 sds− sinx

π∫
x

cos s sin sds = 0.

Âû÷èñëèì èíòåãðàëû:

π∫
0

sin2 sds =
π

2
,

π∫
0

s

π
cos s sin sds = −1

4
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π∫
0

sin2 sds =
x

2
− sin 2x

4
,

π∫
x

cos s sin sds =
cos 2x− 1

4
.

Èòàê,

A sinx
π

2
− sinx

1

4
+

x

π
cosx

π

2
− cosx

(
x

2
− sin 2x

4

)
− sinx

(
cos 2x− 1

4

)
= 0

A sinx
π

2
− 1

4
sinx+

1

4
(sin 2x cosx− cos 2x sinx) +

1

4
sinx = 0

A sinx
π

2
+

14

sin
x = 0.

Îòêóäà A = − 1

2π
. Îáîáù¼ííàÿ ôóíêöèÿ Ãðèíà íàéäåíà.

Ñàìîñòîÿòåëüíàÿ ðàáîòà

Íàéòè ôóíêöèþ Ãðèíà. Çàïèñàòü ðåøåíèå êðàåâîé çàäà÷è.

1. y′′ = f(x) , y(0) = 0 , y(1) = 0.

2. (xy′)′ = f(x) , y(0) � îãðàíè÷åíà , y(1) = 0.

3. y′′ − y′ = f(x) , y(0) = 0 , y′(1) = 0.

4. y′′ + y = f(x) , y′(0) = 0 , y(π) = 0.

5. y′′′ = f(x) , y(0) = 0 , y′(1) = 0 , y′′(1) = 0.

Äîìàøíÿÿ ðàáîòà

�� 767, 772, 774, 775, 778, 780
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Çàäà÷à Øòóðìà-Ëèóâèëëÿ. Òåîðåìà

Ñòåêëîâà.

Íåíóëåâàÿ ôóíêöèÿ e(x) íàçûâàåòñÿ ñîáñòâåííîé ôóíêöèåé îïåðàòî-

ðà L

L[y] =
d

dx
p(x)

dy

dx
+ q(x)y, (24.1)

åñëè îíà ïðèíàäëåæèò îáëàñòè îïðåäåëåíèÿ îïåðàòîðà L, òî åñòü äâàæäû

íåïðåðûâíî äèôôåðåíöèðóåìà, ïîä÷èíåíà êðàåâûì óñëîâèÿì

α1y(a) + α2y
′(a) = 0, β1y(b) + β2y

′(b) = 0,

è óäîâëåòâîðÿåò óðàâíåíèþ

L[e] = λe. (24.2)

×èñëî λ ïðè ýòîì íàçûâàåòñÿ ñîáñòâåííûì ÷èñëîì. Çàäà÷à îòûñêàíèÿ

ñîáñòâåííûõ ÷èñåë è ñîáñòâåííûõ ôóíêöèé îïåðàòîðà L è íàçûâàåòñÿ

çàäà÷åé Øòóðìà-Ëèóâèëëÿ. Ðàññìîòðèì íåñêîëüêî ïðèìåðîâ.

Ïðèìåð 1. y′′ = λy , y(0) = 0 , y(l) = 0.

Åñëè λ = 0, òî y = C1 + C2x. Èç êðàåâûõ óñëîâèé èìååì

C1 = 0,

C1 + C2l = 0,

îòêóäà C1 = 0, C2 = 0 è y ≡ 0. Òî åñòü ÷èñëî λ = 0 íå ÿâëÿåòñÿ

ñîáñòâåííûì, äðóãèìè ñëîâàìè, ìû ïîêàçàëè, ÷òî îïåðàòîð íåâûðîæäåí.

Åñëè λ = a2, òî y = C1 sh ax+ C2 ch ax. Èç êðàåâûõ óñëîâèé

C2 = 0,

C1 sh al + C2 ch al = 0,
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îòêóäà C1 = 0, C2 = 0 è ìû îïÿòü íå ïîëó÷èëè ñîáñòâåííóþ ôóíêöèþ.

Åñëè λ = −a2, òî y = C1 sin ax+ C2 cos ax. Èç êðàåâûõ óñëîâèé

C2 = 0,

C1 sin al + C2 cos al = 0,

îòêóäà C2 = 0 è, åñëè ìû õîòèì, ÷òîáû âûïîëíÿëîñü C1 6= 0, òî äîëæíû

ïîëîæèòü, ÷òî

sin al = 0,

îòêóäà al = πn è a =
πn

l
, n ∈ Z.

Èòàê, ìû íàøëè áåñêîíå÷íî ìíîãî ñîáñòâåííûõ ÷èñåë λn = −π
2n2

l2
è

ñîîòâåòñòâóþùèõ èì ñîáñòâåííûõ ôóíêöèé

en(x) = sin
πn

l
x, n ∈ N.

Çàìåòèì, ÷òî ìû íå ðàññìàòðèâàåì n = 0, òàê êàê λ = 0 íå áûëî ñîá-

ñòâåííûì ÷èñëîì, êðîìå òîãî, îòðèöàòåëüíûå çíà÷åíèÿ ïàðàìåòðà n äà-

þò òî æå ñàìîå ñîáñòâåííîé ÷èñëî è òó æå ñîáñòâåííóþ ôóíêöèþ.

Ìîæíî ñòðîãî äîêàçàòü, ÷òî åñëè â (24.1) ôóíêöèÿ p(x) > 0 íà [a, b], à

q(x) 6 0 íà [a, b], òî ñîáñòâåííûå ÷èñëà îïåðàòîðà L áóäóò íåïîëîæèòåëü-

íû. Åñëè ôóíêöèÿ q(x) ìåíÿåò çíàê íà [a, b], òî ó îïåðàòîðà L ìîãóò áûòü

ïîëîæèòåëüíûå ñîáñòâåííûå ÷èñëà, íî èõ îáÿçàòåëüíî êîíå÷íîå ÷èñëî.

Ýòî îáñòîÿòåëüñòâî ïîçâîëÿåò ñýêîíîìèòü âðåìÿ ïðè ïîèñêå ñîáñòâåííûõ

÷èñåë.

Ïðèìåð 2. y′′ = λy , y′(0) = 0 , y′(l) = 0.

Â ýòîì ïðèìåðå ÷èñëî λ = 0 ÿâëÿåòñÿ ñîáñòâåííûì è åìó ñîîòâåò-

ñòâóåò ñîáñòâåííàÿ ôóíêöèÿ e0(x) = 1 (îïåðàòîð îêàçûâàåòñÿ âûðîæ-

äåííûì). Äàëåå ñðàçó ðàññìàòðèâàåì λ = −a2, a 6= 0. Òîãäà

y = C1 sin ax+ C2 cos ax,

y′ = C1a cos ax− C2 sin ax.
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Èç êðàåâûõ óñëîâèé èìååì

y′(0) = C1a = 0,

y′(l) = C1a cos al − C2a sin al = 0.

Òàêèì îáðàçîì, òàê êàê a 6= 0, C2 6= 0, äîëæíî âûïîëíÿòüñÿ sin al = 0 è

al = πn. Èòàê,

λn = −π
2n2

l2
, en = cos

πn

l
x , n = 0, 1, . . . .

Ïðèìåð 3. y′′ = λy , y(0) = 0 , y(l)− y′(l) = 0.

Ðàññìàòðèâàåì λ = 0, òîãäà y = C1 + C2x. Èç êðàåâûõ óñëîâèé

C1 = 0,

C1 + C2l − C2 = 0,

ñëåäóåò, ÷òî åñëè l = 1, òî ìû èìååì ñîáñòâåííîå ÷èñëî λ = 0 è ñîáñòâåí-

íóþ ôóíêöèþ e0 = x, åñëè æå l 6= 1, òî λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì

÷èñëîì. Ðàññìàòðèâàåì äàëåå λ = −a2, a 6= 0, òîãäà

y = C1 sin ax+ C2 cos ax.

Èç êðàåâûõ óñëîâèé íàéä¼ì, ÷òî

C2 = 0,

C1 sin al − C1a cos al = 0.

Òàê êàê C1 6= 0, òî äëÿ îïðåäåëåíèÿ ïàðàìåòðà a ïîëó÷àåì òðàíñöåí-

äåíòíîå óðàâíåíèå

sin al = a cos al.

Îáîçíà÷èâ al = τ , ïðèä¼ì ê

tg τ =
τ

l
.
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Ðèñ. 24.1. Òðàíñöåíäåíòíîå óðàâíåíèå íà τ èìååò áåñêîíå÷íî ìíîãî ïîëîæèòåëüíûõ
êîðíåé (íà ðèñóíêå l = 1/2).

Ýòî óðàâíåíèå èìååò áåñêîíå÷íî ìíîãî êîðíåé (êîðåíü τ = 0 ìû

äîëæíû èñêëþ÷èòü, òàê êàê ðàññìàòðèâàëè ýòîò ñëó÷àé âûøå). Îáîçíà-

÷èâ ÷åðåç τk ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ tg τ = τ/l, ïîëó÷èì, ÷òî

èñõîäíûé îïåðàòîð èìåë ñîáñòâåííûå ÷èñëà λn = −τ
2
n

l2
è ñîáñòâåííûå

ôóíêöèè en(x) = sin
τnx

l
.

Ïðèìåð 4. y′′ = λy ,
y(0) + y′(0) = 0,

y(l)− y′(l) = 0.

Ðàññìàòðèâàåì λ = 0, òîãäà y = C1 +C2x. Èç êðàåâûõ óñëîâèé ïîëó-

÷èì ñèñòåìó óðàâíåíèé íà C1 è C2. C1 + C2 = 0,

C1 + C2l − C2 = 0.

Ýòà ñèñòåìà èìååò íåòðèâèàëüíîå ðåøåíèå åñëè l = 2, èíà÷å C1 = C2 = 0.

Èòàê, åñëè l = 2, òî ìû èìååì ñîáñòâåííîå ÷èñëî λ = 0 è ñîáñòâåííóþ

ôóíêöèþ e0 = x− 1. Èíà÷å λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì ÷èñëîì.

Åñëè λ = −a2, a 6= 0, òî

y = C1 sin ax+ C2 cos ax
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è èç êðàåâûõ óñëîâèé ïîëó÷èì ñèñòåìó äëÿ îïðåäåëåíèÿ C1 è C2. C2 + aC1 = 0,

C1 sin al + C2 cos al − C1a cos al + C2a sin al = 0.

Ñèñòåìà èìååò íåòðèâèàëüíîå ðåøåíèå, åñëè îïðåäåëèòåëü ñîîòâåòñòâó-

þùåé ìàòðèöû ðàâåí íóëþ.∣∣∣∣∣ a 1

sin al − a cos al cos al + a sin al

∣∣∣∣∣ = 0.

Ìû ïîëó÷àåì óðàâíåíèå äëÿ îïðåäåëåíèÿ ïàðàìåòðà a

(a2 − 1) sin al + 2a cos al = 0.

Ââîäÿ ïàðàìåòð τ = al, ïîëó÷èì

tg τ = − 2τ l

τ 2 − l2 .

Ðèñ. 24.2. Òðàíñöåíäåíòíîå óðàâíåíèå íà τ èìååò áåñêîíå÷íî ìíîãî ïîëîæèòåëüíûõ
êîðíåé (íà ðèñóíêå l = 1/2).

Îáîçíà÷èì ÷åðåç τn ïîëîæèòåëüíûå êîðíè ýòîãî óðàâíåíèÿ. Òîãäà

îïåðàòîð L èìååò ñîáñòâåííûå ÷èñëà
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λn = −τ
2
n

l2
, n = 1, . . .

è ñîáñòâåííûå ôóíêöèè

en(x) = sin
τn
l
x− τn

l
cos

τn
l
x.

(Ìû ïîëîæèëè C1 = 1, C2 = −a.)

Àíàëèçèðóÿ ðàññìîòðåííûå ïðèìåðû, ìû âèäèì, ÷òî â êàæäîì ñëó-

÷àå ìû ñìîãëè íàéòè áåñêîíå÷íî ìíîãî ñîáñòâåííûõ ÷èñåë è ñîîòâåò-

ñòâóþùèõ èì ñîáñòâåííûõ ôóíêöèé. Ïî õîäó âû÷èñëåíèé (íà ýòàïå íà-

õîæäåíèÿ ñîáñòâåííûõ ÷èñåë) âîçíèêàþò äîñòàòî÷íî òðóäíûå òðàíñöåí-

äåíòíûå óðàâíåíèÿ. Õîòåëîñü áû èìåòü ãàðàíòèè, ÷òî îíè äåéñòâèòåëüíî

èìåþò ðåøåíèÿ. Ýòè ãàðàíòèè äà¼ò òåîðåìà Øòóðìà-Ëèóâèëëÿ:

Îïåðàòîð L (24.1) èìååò âñåãäà áåñêîíå÷íî ìíîãî ñîáñòâåííûõ ÷èñåë

è ñîîòâåòñòâóþùèõ èì ñîáñòâåííûõ ôóíêöèé. Ýòè ñîáñòâåííûå ôóíêöèè

îðòîãîíàëüíû â ñêàëÿðíîì ïðîèçâåäåíèè

(u, v) =

b∫
a

u(x)v(x)dx.

Îðòîãîíàëüíîñòü ñîáñòâåííûõ ôóíêöèé, ïîëó÷åííûõ â ïðèìåðàõ 1

è 2 î÷åâèäíà, íî äîêàçàòü íåïîñðåäñòâåííî îðòîãîíàëüíîñòü ôóíêöèé

â ïðèìåðàõ 3 è 4 äîñòàòî÷íî òðóäíî. È òóò íà ïîìîùü ïðèõîäèò

ôóíêöèîíàëüíûé àíàëèç. Ìû çíàåì îáùèé ôàêò, ÷òî ëþáûå äâå ñîá-

ñòâåííûå ôóíêöèè ñàìîñîïðÿæ¼ííîãî îïåðàòîðà, îòâå÷àþùèå ðàçëè÷-

íûì ñîáñòâåííûì ÷èñëàì, îðòîãîíàëüíû. Âîîðóæèâøèñü çíàíèåì òåî-

ðåìû Øòóðìà-Ëèóâèëëÿ, ðàññìîòðèì åù¼ îäèí ïðèìåð.

Ïðèìåð 5. Íàéòè ñîáñòâåííûå ôóíêöèè îïåðàòîðà L[y] = (x2y′)′,

ïîä÷èí¼ííûå êðàåâûì óñëîâèÿì y(1) = 0, y′(2) = 0.

Ðàññìîòðèì îäíîðîäíîå óðàâíåíèå

(x2y′)′ − λy = 0.
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Ýòî óðàâíåíèå Ýéëåðà. Èùåì åãî ÷àñòíîå ðåøåíèå â âèäå y = xk, òîãäà

íà ïàðàìåòð k ïîëó÷àåì êâàäðàòíîå óðàâíåíèå

k2 + k − λ = 0.

Åãî ðåøåíèÿ k1,2 =
−1±

√
1 + 4λ

2
. Äàëåå ðàññìîòðèì òðè ñëó÷àÿ.

a) 1 + 4λ=0, òîãäà k1 = k2 = −1/2 è y = C1x
−1/2 + C2x

−1/2 lnx.

Êðàåâûå óñëîâèÿ ïðèâåäóò ê óðàâíåíèÿì íà Ci. y(1) = C1 = 0,

y′(2) = −1

2
C12

−3/2 + C2

(
−1

2
2−3/2 ln 2 + 2−3/2

)
= 0.

Îòêóäà C1 = 0, C2 = 0.

b) Åñëè 1 + 4λ > 0, òî êâàäðàòíîå óðàâíåíèå èìååò äâà ðàçëè÷íûõ

âåùåñòâåííûõ êîðíÿ. Ïóñòü k2 > k1 è y = C1x
k1+C2x

k2. Êðàåâûå óñëîâèÿ

ïðèâåäóò ê  C1 + C2 = 0,

C1k12
k1 + C2k22

k2 = 0.

×òîáû ýòà ñèñòåìà èìåëà íåòðèâèàëüíîå ðåøåíèå, äîëæíî âûïîëíÿòüñÿ

óñëîâèå

k12
k1 = k22

k2 , k2 > k1,

÷òî, î÷åâèäíî, íåâîçìîæíî (òàê êàê
k1
k2
6= 2k2−k1). Èòàê, è â ýòîì ñëó÷àå

C1 = 0, C2 = 0.

c) Åñëè 1 + 4λ < 0, òî îáîçíà÷èâ 1 + 4λ = −4a2, a 6= 0, ïðèä¼ì ê

k1,2 = −1/2± ia, ÷òî äàñò íàì

y = C1x
−1/2 sin(a lnx) + C2x

−1/2 cos(a lnx).

Êðàåâûå óñëîâèÿ ïðèâåäóò ê ñèñòåìå óðàâíåíèé
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 C2 = 0,

C1

(
−1

2
2−3/2 sin(a ln 2) + 2−3/2 cos(a ln 2)a

)
= 0,

îòêóäà ïîëó÷àåì óñëîâèå íà a.

2a cos(a ln 2) = sin(a ln 2).

Îáîçíà÷èâ a ln 2 = τ , ïðèõîäèì ê óðàâíåíèþ

tg τ =
2τ

ln 2
,

êîòîðîå íàì óæå çíàêîìî. Åñëè τn � ïîëîæèòåëüíûå êîðíè ýòîãî óðàâ-

íåíèÿ, òî ñîáñòâåííûå ÷èñëà λn èìåþò âèä

λn = −
(
τn

ln 2

)2
− 1

4
, n = 1, 2, . . .

à ñîáñòâåííûå ôóíêöèè ñóòü

en(x) = x−1/2 sin
(
τn

ln 2
lnx
)
.

Ðàññìîòðèì òåïåðü çàäà÷ó îá îòûñêàíèè ñîáñòâåííûõ ôóíêöèé íå

ñàìîñîïðÿæ¼ííîãî îïåðàòîðà

L[y] = a0(x)y′′ + a1(x)y′ + a2(x)y.

Ïðèìåð 6. Íàéòè ñîáñòâåííûå ôóíêöèè îïåðàòîðà

L[y] = y′′ + 2y′,

óäîâëåòâîðÿþùèå óñëîâèÿì y(0) = 0, y(π) = 0.

Ðåøàåì óðàâíåíèå

y′′ + 2y′ = λy.

Ýòî � ëèíåéíîå îäíîðîäíîå óðàâíåíèå. Èùåì ÷àñòíûå ðåøåíèÿ â âèäå
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y = ekx è ïðèõîäèì ê óðàâíåíèþ íà k

k2 + 2k − λ = 0,

îòêóäà k1,2 = −1±
√
λ+ 1. Äàëåå îïÿòü ðàññìàòðèâàåì òðè ñëó÷àÿ.

Åñëè λ + 1 = 0, òî åñòü λ = −1, òî y = C1e
−x + C2xe

−x. Êðàåâûå

óñëîâèÿ ïðèâåäóò ê ñèñòåìå íà êîíñòàíòû C1, C2. C1 = 0,

C1e
−π + C2πe

−π = 0,

îòêóäà C1 = C2 = 0, òî åñòü λ = −1 íå ÿâëÿåòñÿ ñîáñòâåííûì ÷èñëîì.

Åñëè λ+1 = a2, a 6= 0, òî óðàâíåíèå èìååò äâà ðàçëè÷íûõ âåùåñòâåí-

íûõ êîðíÿ k1, k2. Òîãäà y = C1e
k1x +C2e

k2x è êðàåâûå óñëîâèÿ ïðèâîäÿò

ê ñèñòåìå  C1 + C2 = 0,

C1e
k1π + C2e

k2π = 0,

êîòîðàÿ ïðè k1 6= k2 èìååò òîëüêî òðèâèàëüíîå ðåøåíèå.

Åñëè λ+ 1 = −a2, a 6= 0, òî y = C1e
−x sin ax+C2e

−x cos ax. Êðàåâûå

óñëîâèÿ ïðèâîäÿò ê ñèñòåìå C2 = 0,

C1e
−π sin aπ + C2e

−π cos aπ = 0,

îòêóäà ïîëó÷àåì óñëîâèå

sin aπ = 0 , a = n, n = 1, 2, . . . .

Èòàê, ñîáñòâåííûå ÷èñëà λn = −1 − n2 è ñîáñòâåííûå ôóíêöèè en =

e−x sinnx, n = 1, 2, . . .. Íî îñòà¼òñÿ îòêðûòûì âîïðîñ îá îðòîãîíàëüíî-

ñòè ýòèõ ôóíêöèé.

Åñëè îïåðàòîð L ïðèâåñòè ê ñàìîñîïðÿæ¼ííîìó âèäó, òî ìû ïîëó÷èì
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ñëåäóþùåå óðàâíåíèå íà ñîáñòâåííûå ôóíêöèè:

(p(x)y′)′ + q(x)y = λρ(x)y.

Ìîæíî ïîêàçàòü, ÷òî â ýòîì ñëó÷àå ñîáñòâåííûå ôóíêöèè îðòîãîíàëüíû

ñ âåñîì, òî åñòü
b∫

a

ρ(x)en(x)em(x)dx = 0, n 6= m.

Íàéä¼ì ôóíêöèþ ρ(x), êîòîðàÿ äàñò íàì âåñ, ñ êîòîðûì îðòîãîíàëüíû

ôóíêöèè â ïîñëåäíåì ðàçîáðàííîì ïðèìåðå. Èìååì

ρ(x)(y′′+2y′) = ρ(x)y′′+2ρ(x)y′ = (ρ(x)y′)′−ρ′(x)y′+2ρ(x)y′ = (ρ(x)y′)′,

åñëè ρ′ = 2ρ, òî åñòü ρ(x) = e2x. Òàêèì îáðàçîì,

π∫
0

e−x sinnx · e−x sinmx · e2xdx =

π∫
0

sinnx · sinmxdx = 0, n 6= m.

Ñîáñòâåííûå ôóíêöèè îïåðàòîðîâ âèäà (24.1) èìåþò îãðîìíîå ïðè-

êëàäíîå çíà÷åíèå áëàãîäàðÿ òîìó, ÷òî îíè îáðàçóþò ïîëíóþ ñèñòåìó

ôóíêöèé, òî÷íåå èìååò ìåñòî ñëåäóþùàÿ òåîðåìà Ñòåêëîâà.

Åñëè en(x) � ñîáñòâåííûå ôóíêöèè íåêîòîðîãî îïåðàòîðà L

L[y] =
d

dx
p(x)

dy

dx
+ q(x)y,

óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì

α1y(a) + α2y
′(a) = 0,

β1y(b) + β2y
′(b) = 0,

òî ëþáàÿ ôóíêöèÿ f(x), êîòîðàÿ äâàæäû íåïðåðûâíî äèôôåðåíöèðóå-

ìà è óäîâëåòâîðÿåò òåì æå êðàåâûì óñëîâèÿì, äîïóñêàåò ðàçëîæåíèå â

ðàâíîìåðíî ñõîäÿùèéñÿ ðÿä
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f(x) =
∞∑
n=1

cnen(x), ãäå cn =
(f, en)

(en, en)
=

b∫
a

f(x)en(x)dx

/ b∫
a

e2n(x)dx .

(24.3)

Åñëè îïåðàòîð íå ñàìîñîïðÿæ¼ííûé, òî òåîðåìà îñòà¼òñÿ ñïðàâåäëèâîé,

íî ñêàëÿðíîå ïðîèçâåäåíèå ââîäèòñÿ ñ âåñîì ρ(x).

Áîëå îáùàÿ òåîðåìà óòâåðæäàåò, ÷òî ñèñòåìà ôóíêöèé {en(x)} ïîëíà
â L2[a, b], òî åñòü åñëè f(x) ∈ L2[a, b], òî f(x) äîïóñêàåò ïðåäñòàâëå-

íèå â âèäå ðÿäà (24.3), íî ñõîäèìîñòü ýòîãî ðÿäà ïîíèìàåòñÿ óæå êàê

ñõîäèìîñòü ïî íîðìå â ïðîñòðàíñòâå L2[a, b]. Ñôîðìóëèðóåì, íàïðèìåð,

òåîðåìó Ñòåêëîâà äëÿ îïåðàòîðà èç ïðèìåðà 6.

Åñëè ôóíêöèÿ f(x) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà è f(0) =

0, f(π) = 0, òî îíà ìîæåò áûòü ïðåäñòàâëåíà ðàâíîìåðíî ñõîäÿùèìñÿ

ðÿäîì

f(x) =
∞∑
n=1

cne
−x sinnx, ãäå

cn =

π∫
0

f(x)·e−x sinnx·e2xdx

/ π∫
0

(e−x sinnx)2 · e2xdx =
2

π

pi∫
0

f(x)ex sinnxdx.

Ñàìîñòîÿòåëüíàÿ ðàáîòà

1. Íàéòè ñîáñòâåííûå ôóíêöèè îïåðàòîðà. Ñôîðìóëèðîâàòü òåîðåìó

Ñòåêëîâà.

L[y] = y′′ ,
y(0) = 0,

y′(1) = 0.

2. Íàéòè ñîáñòâåííûå ôóíêöèè îïåðàòîðà. Ñôîðìóëèðîâàòü óñëîâèå

îðòîãîíàëüíîñòè. Ñôîðìóëèðîâàòü òåîðåìó Ñòåêëîâà.

L[y] = x2y′′ + xy′ ,
y′(1) = 0,

y′(l) = 0.
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Äîìàøíÿÿ ðàáîòà

�� 782, 783, 784, 785


