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Abstract

We study the nonhomogeneous boundary value problem for Navier—Stokes
equations of steady motion of a viscous incompressible fluid in a two-dimensional,
bounded, multiply connected domain 2 = 21 \ 25, 25 C 2. We prove that
this problem has a solution if the flux F of the boundary value through 952, is
nonnegative (inflow condition). The proof of the main result uses the Bernoulli law
for a weak solution to the Euler equations and the one-sided maximum principle
for the total head pressure corresponding to this solution.

1. Introduction

Let £2 be a bounded domain in R"”, n = 2, 3, with multiply connected Lips-
chitz boundary 32 consisting of N disjoint components I';: 92 =Ty U--- Uy
andI['; NT'; =0, i # j. Consider in £2 the stationary Navier-Stokes system with
nonhomogeneous boundary conditions

—vAu+(u-V)u+Vp=O in £,
divau=0 in £, (1.1)
u=a on 052.

The continuity equation (1.15) implies the necessary compatibility condition for
the solvability of problem (1.1):

N N
/ a-ndS:Z/ a-ndS:ij:o, (1.2)
382 7T O

where n is a unit vector of the outward (with respect to §2) normal to 9£2. The
compatibility condition (1.2) means that the net flux of the fluid over the boundary
052 is zero.
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Starting from the famous paper of LERAY [27] published in 1933, problem (1.1)
has been the subject of investigation in many papers. However, in spite of all efforts,
the existence of a weak solution u € W2(£2) to problem (1.1) was proved only
either under the stronger condition, which requires the fluxes F; of the boundary
value a to be zero separately across each component I"; of the boundary 952 l

]:jz/ a-ndS=0, j=12,...,N, (1.3)
Lj

(for example [19,23,24,27,41]), or for sufficiently small fluxes F ,-2 (for example
[3,9,10,13,14,21,34,35], or under certain symmetry conditions on the domain £2
and the boundary value a (for example [1,11,31-33,37]).

Another interesting contribution to this problem is due to Fusita and Morim-
oT1o [12] (see also [36]). They studied problem (1.1) in a plane domain §2 with two
components of the boundary, I'1 and I';. Assuming that a = FVuo + «, where
F € R, ug is a harmonic function, and « satisfies condition (1.3), they proved that
there is a countable subset .4~ C R such thatif 7 ¢ .4 and « is small (in a suitable
norm), then problem (1.1) has a weak solution. Moreover, if £2 C R? is an annulus
and ug = log|x|, then A" = 0.

Problem (1.1), (1.3) can be reduced to an operator equation in a Hilbert space
(with a compact operator) and the existence of a fixed-point to this equation can be
proved by using the Leray—Schauder Theorem (for example [14,23,27]). In order to
apply the Leray—Schauder Theorem, one needs an a priori estimate of solutions to
the operator equation. In [27], LERAY initiated two different approaches of getting
this estimate. The first method uses the extension of boundary value a into £2 as
A(e, x) = curl (¢(e, x)b(x)), where (e, x) is Hopf’s cut-off function [18]. For
this extension the estimate

—/ (v-V)A vdx < ec/ |IVv|?dx V ve Wh2(2) (1.4)
2 2

holds (for example [24]), where ¢ > 0 can be taken arbitrarily small and the con-
stant ¢ is independent of ¢ (in fact, one needs to know only that ec < v). Usually
(1.4) is called Leray—Hopf’s inequality. It is well known that boundary value can
be extended into the domain as a cur/ only if condition (1.3) is satisfied. The coun-
terexamples in [39] and [17] show that if the net flux across some component of the
boundary is nonzero, then it is impossible to extend the boundary value a in any
manner as a solenoidal function A satisfying Leray—Hopf’s inequality (1.4). Thus,
this approach may be applied only when condition (1.3) is valid.

The second approach in [27] is to prove an a priori estimate by a contradic-
tion. Such arguments can also be found in the book of LADYZHENSKAYA [24].
In [1] the solvability of (1.1) was proved using this method for arbitrary fluxes
Fj, assuming only the necessary condition (1.2). However, the problem has been
studied for a special class of plane symmetric domains and symmetric boundary

I Condition (1.3) does not allow the presence of sinks and sources.
2 This condition does not assumes the norm of the boundary value a to be small.
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values. An effective estimate for the solution of the Navier—Stokes problem with the
above symmetry conditions was first obtained by SaAzoNov [37], who constructed
a symmetric extension of the boundary data satisfying the Leray—Hopf inequality.
Analogous results were independently obtained by Fuiita [11] (see also [31]), who
called the proposed method the “virtual drains method”.

However, the fundamental question whether problem (1.1) is solvable for all
values of F; (Leray’s problem) is still open, despite the efforts of many mathema-
ticians (see the review papers [32,33,42]). In this paper we study problem (1.1) in
a plane domain

Q=021\2,, $£2,C 2, (1.5)

where £2; and £2, are bounded, simply connected domains of R? with Lipschitz
boundaries 0§21 = I'1, 92, = I'>. Without loss of generality we may assume that
2, O {x € R?: |x| < 1}. Since £2 has only two components of the boundary,
condition (1.2) may be rewritten in the form

F = a-ndS:—/ a-ndS, (1.6)
I I

where n is an outward normal with respect to the domain £2. We prove the solv-
ability of problem (1.1) without any restriction on the value of ||, provided that
F > 0 (inflow condition). Since it is known that problem (1.1) is solvable for
sufficiently small | F| (see [3,9,10,13,21]), we conclude that the solution exists if
F € [—Fp, 00), where Fy is some positive number. Note that this is the first result
on Leray’s problem which does not require smallness of the flux or symmetry con-
ditions on the domain and boundary values. The method proposed here works only
for 7 > 0. We have neither physical nor mathematical arguments for the existence
or nonexistence of the solution to (1.1) in the case F < 0 with large | F].

The proof of the existence theorem is based on an a priori estimate which we
obtain using the reductio ad absurdum argument proposed by LERAY [27]. The
essentially new part in this argument is the use of the weak one-sided maximum
principle for the total head pressure, corresponding to weak solutions of the Euler
equations, and a representation of the total head pressure in the divergence form
(see formula (4.20) ), while the proof of the above maximum principle is based on
the Bernoulli Law for a weak solution to the Euler equations. The results concerning
the Bernoulli Law and the weak one-sided maximum principle for the total head
pressure were obtained in [20]. However, the proofs there were not detailed; some
steps were only sketched. Below (Section 3) we publish the first detailed proofs of
these results.

The paper is organized as follows. Section 2 contains preliminaries. Basically,
this section consists of standard facts® and we present them only in order to make
the paper self contained. Results of Sections 2.1-2.3 are used in the proof of the
Bernoulli Law, etc., results of Section 2.4 are used for reducing of problem (1.1) to

3 Except for the results of Section 2.2, where we formulate the recent version [4] of the
Morse-Sard Theorem for the space w2l (Rz), which plays the key role in the Section 3.
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an operator equation (Section 4), and results of Section 2.5 are used for the proof
of the continuity of the pressure in the Euler equations (Theorem 3.2). Section 3 is
devoted to the above-mentioned results for the Euler equation. Finally, Section 4
contains the proof of the existence theorem for problem (1.1).

The authors are deeply indebted to V.V. Pukhnachev for valuable discussions.

2. Notation and Auxiliary Results

2.1. Function Spaces and Definitions

By a domain we mean an open connected set. Let 2 C R? be a bounded
domain with Lipschitz boundary* 9$2. We use standard notations for function
spaces: CX(2), CK(382), Wk4(£2), W54(82), W*4(382), where o € (0, 1),k €
No, g € [1, +o0]. H! (Rz) denotes the Hardy space on R2. In our notation we do
not distinguish function spaces for scalar and vector valued functions; it is clear
from the context whether we use scalar or vector (or tensor) valued function spaces.
H (£2) is subspace of all solenoidal vector fields (divau = 0) from Vi’l'z(.Q) with
the norm |lul|p(2) = [IVull 2o Note that for functions u € H(2), the norm
I Il (s2) is equivalent to || - [ly12(o)-

Working with Sobolev functions, we always assume that the “best represen-
tatives” are chosen. If w € Llloc(.Q), then the best representative w* is defined
by

) = [ lim f () w(2)dz, if the finite limit exists;
0 otherwise,
where f; o w(2)dz = sty S @ @4z, B (x) = {y s |y — x| < r}isa
ball of radius r centered at x.
Let us discuss some properties of the best representatives of Sobolev functions.

Lemma 2.1. (see, for example, Theorem 1 of Sect. 4.8 and Theorem 2 of Sect.
49.2in[8]) Letw € WVS(R?), s > 1. Then there exists a set Ay C R? such that

i) H'(A1w) =0;
(i1) foreachx € 2\ A1.w

lim lw(z) — wx)>dz = 0;
r—0 By (x)

(iii) for all & > O there exists a set U C R? such that f)cl)o(U) <eAyw CU
and the function w is continuous in 2 \ U;

(iv) for any unit vector 1 € d B1(0) the restriction w|y, is an absolutely continu-
ous function (of one variable) for almost all straight lines L parallel to the
direction 1.

498 is Lipschitz, if for every £ € 952, there is a neighborhood of & in which 942 is the
graph of a Lipschitz continuous function (defined on an open interval).
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Here and henceforth we denote by 9! the one-dimensional Hausdorff measure,
that is, ' (F) = lim,_ 04 $! (F), where ! (F) = inf{>{° | diamF; : diamF; <
t,F c U2, Fi}.

Remark 2.1. Property (iii) above means that f is quasicontinuous with respect to
the Hausdorff content 5'3})0. Really, Theorem 1(iii) of Sect. 4.8 in [8] asserts that
f € WIS (R?) is quasicontinuous with respect to s-capacity. But it is well known
that for s = 1 the smallness of the 1-capacity of a set F C R? is equivalent to
the smallness of ﬁéo(F ) (see, for example, Theorem 3 of Sect. 5.6.3 in [8] and its
proof.)

Lemma 2.2. Let w € W' (R?), s > 1. Take any function g € C'(R?) and a
closed set F C R? such that Vg # 0 on F. Then for almost all y € g(F) and for
all the connected components K of the set F N g~ (y), the equality K N Ay, = ¢}
holds and the restriction w|g is an absolutely continuous function.

Lemma 2.2 follows from Lemma 2.1 (iv) by coordinate transformation (see
[29, Sect. 1.1.7]).
To receive some specific version of the property (iv) in Lemma 2.1, we need

Lemma 2.3. Let f € WI¥(R?), s = 1, and xg € R? \ Ay f. Suppose
\Y
/ VIO 4 < oo @2.1)
B

1(x0) |x — xol

Then the restriction f| Ly, is an absolutely continuous function (of one variable)
for almost all rays Ly, starting from x.

Lemma 2.3 is easily deduced from Lemma 2.1 (iv) using polar coordinates.

Lemma 2.4. Let f € W'S(R?),s > 1. Then there exists a set Ay s C R? such
that $H! (A2, ) = 0and forall xo € R2\ Ay, r the restriction flL,, isan absolutely
continuous function (of one variable) for almost all rays Ly, starting from xo.

Proof. Put

- 3 V)] dx
Az,szl,fu[yeRZ i 35 >0].

r—0 r

By [8, Theorem 3, Sect. 2.4.3] the equality ﬁl(Az’f) = 0 holds. Now take xg €
R\ Az, r. Then there exists Co > 0 such that fBr(XO) [V f(x)|*dx < Coyr for all

r € (0,1). Denote r; = 2% and By = B, (xo). By direct calculation,

[ w2 [ e
B Bi\ Bi+1

i\ Br+1 lx — xol Tk
1 1
2 s (37 5 24l £ _1\K
<= IVf(x)Isdx) (—r,?) <ot =cu =0 (27)
Tk N Bi\ By 4

Hence the convergence (2.1) follows easily from the last estimate. Now the assertion
of Lemma 2.4 follows from Lemma 2.3. |
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Remark 2.2. Because of the Sobolev Extension Theorems, the analogs of Lem-
mas 2.1-2.4 are true for functions w € W15 (£2), where 2 C R2 is a bounded
domain with Lipschitz boundary. Because of Trace Theorems, each function w €
Ws(2) is “well-defined” for $'-almost all x € 3£2. So henceforth we assume
that each function w € W15(£2) is defined on £2.

2.2. On Morse-Sard and Luzin N-Properties of Sobolev Functions from W'

First of all, let us recall some classical differentiability properties of Sobolev
functions.

Lemma 2.5. (see Proposition 1 in [7]) Let ¢ € W2L(R2). Then there exists a set
Ay D Aivy such that H'(Ay) = 0, and for all x € R* \ Ay, the function
is differentiable (in the classical sense) at the point x; furthermore, the classical
derivative coincides with Vi (x).

The theorems below in this subsection were proved by BOURGAIN et al. [4].

Theorem 2.1. Ler 2 C R? be a bounded domain with Lipschitz boundary and
v € W21 (82). Then

() for every & > 0 there exists 8 > 0 such that for any set U C 2 with
9L (U) < 8, the inequality ' (Y (U)) < & holds;

(ii) for every & > 0 there exists an open set V. C R and a function g € C'(R?)
suchthat $' (V) < &, andforeachx € Q2 if ¢ (x) ¢ V, thenx ¢ Ay, the function
Y is differentiable at the point x, and yr(x) = g(x), Vi (x) = Vg(x) # 0.

Theorem 2.2. Suppose 2 C R? is a bounded domain with Lipschitz boundary and
/S w2l(2). Then for $-almost all y € Y (2) C R the preimage w_l(y) isa
finite disjoint family of C'-curves Si,j=1,2,...,N(y). Each S; is either a cycle
in §2(that is, S; C $2 is homeomorphic to the unit circle SY or it is a simple arc
with endpoints on 082 (in this case S; is transversal to 9§2). Moreover, the tangent
vector to each S; is an absolutely continuous function.

2.3. Some Facts from Topology

For the further considerations we will also need some topological definitions
and results. By continuum we mean a compact connected set. We understand con-
nectedness in the sense of general topology. A set is called an arc if it is homeo-
morphic to the unit interval [0, 1]. (Sometimes by arc we mean a corresponding
parametrization, for example, a continuous injective function y : [«, 8] — Rz).

Lemma 2.6. Let 2 C R? be a bounded domain with Lipschitz boundary and let
K C 2 be a continuum. Then there exists 8 > 0 such that for any continuous
injective function y : I = [0, 1] — $2 with the properties® y(0), y(1) € K, and
y((0, 1)) C {x € £ : dist(x, K) < 8}, the following assertion is valid:

5 y((0, 1)) can intersect K or even y ([0, 1]) C K.
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(R) For any interval («, B) adjoining the set [ = y_l(K) (that is, [isa
compact subset of the interval [0, 1] and 0, 1 € I , (e, B) is a connected compo-
nent of the open set (0, 1) \ 1) there exists a continuum Kup C K and a simply
connected domain 24 C §2 such that 24 N K = 0,y (@), y(B) € Kup and
aQaﬂ = K(xﬂ U V([aa ,8])

Lemma 2.6 is proved in the Appendix.

Here we briefly present some results from the classical paper [22] concerning
level sets of continuous functions. Let Q = [0, 1] x [0, 1] be a square in R2 and let
f be acontinuous function defined on Q. Denote by E; alevel set of the function f,
thatis, E; = {x € Q : f(x) =t}. A component K of the level set E; containing a
point x¢ is a maximal connected subset of E; containing xo. By T denote a family
of all connected components of level sets of f. KRONROD [22] has established that
T equipped by a natural topology is a tree. More precisely, he proved the following
result.

Lemma 2.7. Let f € C(Q). Then for any different A, B € T there exists a unique
arc J = J(A, B) C Ty joining A to B. Moreover, for any inner point C of this arc
the points A, B lie in different connected components of the set Ty \ {C}.

We can reformulate the above Lemma in the following equivalent form.

Lemma 2.8. Let f € C(Q). Then for any different A, B € Ty there exists an
injective function ¢ : [0, 1] — Ty such that

) ¢0)=A,p)=B;
(ii) for any ty € [0, 1] the convergence lim{y 1]5t—¢, SUPx o () dist(x, ¢(tp)) —
0 holds.
(iii) foranyt € (0, 1) the sets A, B lie in the different connected components of

the set Q \ ¢(1).

Remark 2.3. Under conditions and notation of Lemma 2.8, define a function g :
[0,1] — R by the rule g(t) = f(x), where x € ¢(¢). Evidently, g will be a
continuous function nonconstant on each subinterval. Consequently, if, in addition,
f e W21(Q), then by Theorem 2.2 there exists a dense subset E of (0, 1) such that
p(t)isa C!l-curve for each t € E. Furthermore, (1) is either a cycle or a simple
arc with endpoints on 9 Q.

Remark 2.4. All results of Lemmas 2.7-2.8 remain valid for level sets of con-
tinuous functions defined on some compact set R C R* whose boundary dR is
homeomorphic to the unit circle S'.

2.4. Some Facts About Solenoidal Functions

The next two lemmas concern the existence of solenoidal extensions of bound-
ary values and the integral representation of the bounded linear functionals vanish
ing on solenoidal functions.
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Lemma 2.9. (see [25]) Let §2 be a bounded domain with Lipschitz boundary.
Ifae WY22(0R) and
/ a-ndS =0,
082

then there exists a solenoidal extension A € W1-2(2) of a such that

IAllwi2e) S cllallwizzge)- (2.2)
Lemma 2.10. (see [38]) Let §2 be a bounded domain with Lipschitz boundary and
let R(n) be a continuous linear functional defined on W'2(82). If

R =0V ne H(),
then there exists a function p € L*>(2) with fg p(x)dx = 0 such that

R(n):/ pdivpdx V pe Wh(9).
2

Moreover, ||pllL2(o) is equivalent to ||R||(W.,2(Q))*.

2.5. Some Facts from Harmonic Analysis

Lemma 2.11. Let f € H'(R?) and

I = / log |x — y| £(»)dy. 23)
RZ

Then
(i) J e CR?);
() VJ e L[R2, DYJ € LY(R?), |o| = 2.
Lemma 2.11 is well known; the proof of property (i) can be found in

[40, Theorem 5.12 and Corollary 12.12 at pp. 82—83]; the property (ii) is proved,
for example, in [2, Theorem 5.13, p. 208].

Lemma 2.12. Ler w € WL2(R2) and divw = 0. Then

div[(w-V)w] = Z

dx; 0x;
ij=1 "1 "

Lemma 2.12 follows from the div-curl lemma with two cancellations (for
example, [6, Theorem II.1]).

%8& c Hl(RZ).

Lemma 2.13. Ler 2 C R? be a bounded domain with Lipschitz boundary and

h e C@8).If h can be extended into domain §2 as a function H € WH2(£2),

then there exists a unique weak solution v € W1-2(82) of the problem
[ —Av=0 in £,

v=h on 052 2.4)

such that v € C(2).

The proof of Lemma 2.13 can be found in [28] (see also [26, Theorem 4.2]).
Note that not every function 4 continuous on 952 can be extended into §2 as a func-
tion H from W12(£2). In this case there exists a weak solution v of (2.4) satisfying
only v € W,>2(£2) N C(2) (see [26, Chapter II]).
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3. Euler Equation

In this section we prove some properties of a solution to the Euler system

i(w-V)w+Vp:0,

divw = 0. G-1)

Let 2 C R? be a bounded domain with Lipschitz boundary. Assume that
w e Wh2(2) and p € WH5(2),s € [1,2), satisfy the Euler equations (3.1)
for almost all x € £2, and let fr w-ndS =0, i =1,2,..., N, where I'; are
connected components of the boundary 052. Then there exists a stream function
v oe W22(£2) such that Vi = (—wy, wy) (note that by Sobolev Embedding The-
2

— w
orem Y is continuous in £2). Denote by ® = p + % the total head pressure
corresponding to the solution (w, p). Obviously, ® € W1*(£2) for all s € [1, 2).
By direct calculations one easily gets the identity

dwy  odw;

Vo = (— — —)(wz, —wi) = (AY)VY. (3.2)

axl axz

Applying Lemmas 2.1, 2.2, 2.4, 2.5, and Remark 2.2 to the functions w, ¥, ®,
we get the following

Theorem 3.1. There exists a set Ay C 2 such that:

(i) 9'(Aw) =0;
(i) forallx € 2\ Ay

lim lw(z) — w(x)|?dz = lim |®(z) — ®(x)|>dz = 0;

r—0 B, (x) —0 By (x)
moreover, the function  is differentiable at x and Vi (x) = (—wa(x), wi(x));
(iii) forall ¢ > O there exists a set U C R? such that .‘?)éo(U) <¢& Ay C U and
the functions w, ® are continuous in 5\ U,
(iv) for any two points a,b € 2 \ Ay there exists a Lipschitz function (an
arc)y : [0, 1] — E\Aw, y(0)=a, y(1) =b, y((0, 1)) C 2 suchthat oy
is an absolutely continuous function and

[0 )] = [Av G O)VY @) -/ () for almost all 1 € [0,1].
(3.3)

(v) Take any function g € C'(R?) and a closed set F C §2 such that Vg # 0 on
F. Then for almost all y € g(F) and for all connected components K of the set
FN g~ (y) the equality K N Ay = @ holds and the restriction ®|x is absolutely
continuous. Moreover, for any C'-smooth parametrizationy : [0, 1] — K, y' #
0 on [0, 1], the identity (3.3) holds.

If all functions are smooth, then from (3.2) the classical Bernoulli law follows
immediately:

The total head pressure ®(x) is constant along any streamline of the flow.

In the general case the following assertion holds.
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Theorem 3.2. Let 2 C R? be a bounded, multiply connected domain with Lipschitz
boundary 52 = UlNZIFi.AssumethatW e Wi2(2) andp € wls(2), s €[1,2),
satisfy Euler equations (3.1) for almost all x € §2 and fl“[ w-ndS =0, i =

1,..., N. Then for any connected set K C 2 such that
Y|, = const, (3.4)
the assertion
AC =C(K) @(x)=C for f)l—almost allx e K 3.5)
holds.

Theorem 3.2 was obtained in [20, Theorem 1]. But the proofs in [20] were not
detailed, some steps were only sketched. Here we publish the first detailed proof
of this result.

Proof. (i)Fixanye > 0and considera functiong € C! (R?) and an openset V with
$H1(V) < & from Theorem 2.1 (ii) applied to the function . Put F = 2\ v,
Then ¥ (x) = g(x) and VY (x) = Vg(x) # 0 for any x € F. Thus, by Theo-
rem 3.1 (v) for almost all y € v (£2) \ V = g(F), for any connected component K
of the set ¥~ (y) (that is, for any streamline) and for any C'-smooth parametriza-
tiony : [0, 1] — K therestriction @ | is absolutely continuous, and identity (3.3)
gives

[y (D] = [AY (Y OVY (v () -y (@) = [AY (y O)IVE(y (1)) - v (1) = 0.

The last equality is valid because g(x) = const on K and, hence, Vg(y (1))-y'(t) =
0, so we have @ (x) = const on K. In view of arbitrariness of ¢ > 0, we have proved
that for almostall y € ¥ (£2) and for all connected components K of the set 1//_1 (),
the equality K N Ay, = @ holds® and @ (x) = const on K. Notice that the last iden-
tity is valid everywhere on K, instead of almost everywhere, but for almost all
y € ¥ (£2) only. Here (only during this proof!) such components K will be called
regular components.

(ii) Now take an arbitrary value y € ¥ (£2) and a connected component K of
the level set ¥ ~!(y) and fix them. Take also any pair of points a, b € K \ Ay. We
shall prove that

D (a) = d(b). (3.6)

Consider a Lipschitz function y : [0, 1] — ﬁ\ Aw from the assertion (iv) of
Theorem 3.1. There is considerable arbitrariness in the choice of this y (recall,
that @ is absolutely continuous along almost all straight segments) and we can
choose y to satisfy the condition (X) of Lemma 2.6. Now take any interval (¢, 8)
adjoining the set / = y~!(K), and consider the corresponding subdomain £up.
Denote by T the family of all connected components of level sets of the function

% For this equality see Theorems 3.1 (i) and 2.1 (i).
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Yop = ‘Mﬁaﬁ' According to Lemma 2.7 the topological space T is a tree. Let
to € (o, B), Ko > y(tp) be a connected component of the level set of g, and
let Ko C K be a continuum from the property (X). Denote by J = J(Kqg, Ko)
the arc (of the tree T') joining the points Ky and Ko (see Lemmas 2.7-2.8). Take
a sequence of regular components C; € J \ {Kqg, Ko}, C; — Kyg (this is possi-
ble because of Remark 2.3). Then the sets Ko 3 y(t0), Kog D {y(a), y(B)} lie
in different connected components of the set ﬁaﬂ \ C; for all i. Therefore, there
exist t; € (a, o) and s5; € (fo, B) such that y(t;), y(s;) € C;. Since C; — Kgg,
we obtain t; — «,s; — B. By paragraph (i) @(x) = const on C;. In partic-
ular, G(t;)) = G(s;), where by G we denote the absolutely continuous function
G(t) = ®@(y(1)). Since G is continuous, it follows that G(«) = G(B) for any
interval (a, B) adjoining the set / and, since the absolutely continuous function
G (¢) is differentiable almost everywhere, we obtain

B
/ G'(t)dt = 0.

Hence,
v
/ G'(t)dt =0 3.7
"

if 1, v € I and the interval (i, v) contains only a finite number of points from I.
Now consider the closed set Iog = {# € [0, 1]: in any neighborhood of the point
t there exist infinitely many points from I}. It follows from (3.7) that

/ G'(t)dt = 0. (3.8)
[0, 1\ /oo

According to properties (ii) and (iv) in Theorem 3.1, the function v is differentia-
ble at any point y (¢), t € (0, 1). Furthermore, the properties of Lipschitz functions
imply that the function y (¢) is differentiable for almost all ¢ € [0, 1]. Clearly, if for
t € I there exists ¥/ (¢), then y'(¢) - Vi (¥ (¢)) = 0 (since v is equal to a constant
at points y (Ioo) C J/(I~ ) C K). In view of formula (3.3), we then immediately
derive

/ G'(t)dt = 0. (3.9)
I

Summing formulas (3.8) and (3.9) we get

1
G() -G = / G'(t)dt = 0.
0

The last relation is equivalent to equality (3.6). The theorem is proved. O
Remark 3.1. Really, we have proved in Theorem 3.2 that the identity
®(a)=D(h) Va,be K\ Ay

holds for any connected set K C §2 with ¥|x = const.
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Remark 3.2. In particular, if w = 0 on 92 (in the sense of trace), then the pressure

p(x) is constant on d£2. Note that p(x) could take different constant values p; =

p(x) |F _on different connected components I'; of the boundary 9 2. This statement
J

was also proved in [19, Lemma 4] and in [1, Theorem 2.2].

Theorem 3.3. Let 2 C R? be a bounded, multiply connected domain with Lips-
chitz boundary 052 = UlN:1 I';. Assume that (w, p) satisfy the Euler equations
(3.1) for almost all x € 2, w € W'*(2) and w(x)|,, = 0. Then

peC)NwWh(). (3.10)

Proof. From the Euler equations (3.1) it follows that p € wbs(£2) for any s €
[1,2) and

2
I2llwis 2y = C”w”H(_Q)-

Multiply (3.1) by ¢ = V&, where & € C(°(£2):

/Vp-Vde=—/ (W-V)w.VEdx V& e CP(£2).
2
2

Thus, p € W1#(£2) can be interpreted as the unique weak solution of the Dirichlet
boundary value problem for the Poisson equations

p(x) = pi on Ty, i=1,....N, (3.11)

’ —Ap =div[(w-V)w] in £,
where p; are constants. According to Lemma 2.12, div [ (w- V)w] € H! (R?) (here

we assume that w € H (£2) is extended by zero to R2). Define the function J; (x)
by the formula

1
50 = =5 [ toglx = yldiv, [(w0) - V) wn).

In virtue of Lemma 2.11, J; € C(R?), VJ; € L2(R?), D*J, € L'(R?), |o| = 2.
Since —AJj(x) = div[(w - V)w] in R?, we get for /2(x) = p(x) — Ji(x) the
following problem

[—AJQZO in £, 3.12)

Do =J2—Jj1 on 382,

where ji(x) = Jl(x)|39,j2(x) = pionTl;, i =1,...,N. The function j; is
a trace on 982 of J; € WH2(2) N C(2), while j, € C(3£2) and j, obviously
could be extended to §2 as a function from Wl’z(.Q). Thus, by Lemma 2.13, prob-
lem (3.12) has a unique weak solution J, € W12(£2) such that J, € C(£2). By
uniqueness p(x) = Ji(x) + Jo(x). Hence, p € C(22) N W1-2(£2). The lemma is
proved. O
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Let £2 be a bounded domain with Lipschitz boundary. We say that the function
f e Whs() satisfies a one-sided maximum principle locally in $2, if

esssup f(x) Sesssup f(x) (3.13)
xes2’ x€082’

holds for any strictly interior subdomain 2’ (2’ C £2) with the boundary 9’
not containing singleton connected components. (In (3.13) negligible sets are the
sets of two-dimensional Lebesgue measure zero in the left ess sup, and the sets of
one-dimensional Hausdorff measure zero in the right ess sup.)

If (3.13) holds for any £2’ C £2 (not necessary strictly interior) with the bound-
ary 9£2' not containing singleton connected components, then we say that f €
W5 (2) satisfies a one-sided maximum principle in §2 (in particular, we can take
2’ = 2 in (3.13)).

Theorem 3.4. Let 2 C R? be a bounded, multiply connected domain with Lipschitz
boundary 32 = UN_\T';. Let w € W'2(2) and p € W'(2), s € [1, 2), satisfy
Euler equations (3.1) for almost all x € §2 and fFi w-ndS=0,i=1,...,N.

Assume that there exists a sequence of functions {®,} such that @, € WIIO’CS(SZ)
and @, — @ in the space WIL’CS(.Q) for some s € [4/3,2). If all , satisfy the
one-sided maximum principle locally in §2, then @ satisfies the one-sided maximum
principle in S2.

Theorem 3.4 was obtained in [20, Theorem 2]. But the proofs in [20] were not
detailed, some steps were only sketched. Below we publish the first detailed proof
of this result, but first we need some auxiliary results.

Lemma 3.1. Let 2 C R? be a bounded domain with Lipschitz boundary and
v € W>L(R). Suppose that 2' C 2 is a domain, T C 3’ is a compact con-
nected set, Y|r # const, and Ko C 2/ is a connected component of some level
set of |5, such that

KonQ' #£0, KoNT #40. 3.14)

Then for any set E C 2 with $'(E) = 0 there exists a sequence of connected com-
pactsets K; C §2'\E and points x; € K; suchthaty|g, = ¢; = const, K;N3§2' #
@, diam K; = 8 for some 8§ > 0, and x; — x¢ € Kp.

Proof. Fix a set E C 2 with $'(E) = 0. Here (during this proof) a value y €
W (£2) is called admissible if y~'(y) N E = @ and the assertions of Theorem 2.2
are fulfilled. From Theorems 2.1 (i), 2.2 it follows that $'-almost all y € ¥ (£2)
are admissible.

Let ¥k, = yo. Take a sequence of admissible values yi+ -y +0,y —
yo — 0. Denote by C; the connected component of the compact set {x € 2/ :
Y(x) €ly; y;r]} such that Ky C C;. Then, obviously, C; — K with respect to
the Hausdorff distance.’

7 Recall that the Hausdorff distance d g between two compact sets A, B C R” is defined
as follows: dg (A, B) = max(sup dist(a, B), sup dist(b, A)) (see, for example, Sect. 7.3.1
acA beB
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Denote T; = £2' N 8C;. Clearly,
Y(x) = yi+ or Y(x)=y; forany x €T;.

We shall say that a connected component S of the set T} is interesting if S N
082" # (@; otherwise § is called uninteresting. Since the values y;r ,y; are admis-
sible (see the beginning of the proof), we see that

(**) Each uninteresting component $ of the set 7; isa C I_smooth curve homeo-
morphic to the unit circle. Moreover the set R? \ S has two connected components
U,V suchthat UNC; = @and V N {x € R? : dist(x, S) < 85} C C;, where
55 > 0.

Denote by {T} } the family of all interesting connected components of 7;. To
finish the proof of the Lemma, it is sufficient to check the convergence

lim sup diam T; > 0. (3.15)

i—00 j
Suppose the convergence (3.15) does not hold, that is,

lim supdiam 7 = 0. (3.16)

11— 00 ]
Take any point z € I" such that ¥ (z) # yo. Then there exists § > 0 such that
Bs(z) N C; = for sufficiently large i, (3.17)

where Bs(z) is a ball with center z and radius §. Now fix points zg € Ko N £2’',z1 €
Bs(z) N £2'. Take an arc y joining zg to z; in £2’. More precisely, y : [0, 1] —
£2’ is a continuous injective function such that y(0) = zo, y(l1) = z1. Denote
t; = sup{t € [0,1] : y(t) € C;}. Evidently, y(#;) € T; for sufficiently large i.
From (3.16) and the inequality inf,¢fo, 17 dist(y (¢), 3£2") > 0 it follows that y (#;)
belongs to the uninteresting component S; of the set 7; fori = iy. Denote by U;, V;
the corresponding components of R? \ S; (see (**)). Then by construction we see
that y(r) € U; foralli = ig and ¢ € (7, 1]; in particular, z; € U;. From (3.17) it
follows that Bs(z) N S; = ¥. Hence Bs(z) C U;. From the definition of uninterest-
ing components it follows that S; N T" = @, consequently, ' C U; € R*\ C;. The
last inclusions contradict assumption (3.14) and, hence, inequality (3.15) is valid.
The lemma is proved. 0O

Footnote 7 continued

in [5]). By the Blaschke Selection Theorem, if X C R” is a compact set, then the space of all
compact subsets of X equipped with the Hausdorff distance is a compact set, as well [ibid].
In other words, for any uniformly bounded sequence of compact sets A; C R”", there exists
a subsequence A;; which converges to some compact set Ao with respect to the Hausdorff
distance. Of course, if all A; are compact connected sets and diam A; = § for some § > 0,
then the limit set A is also connected and diam Ay = § (we will use these elementary
properties below).
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Lemma 3.2. Let 2 C R? be a bounded domain with Lipschitz boundary and let
w, p satisfy the conditions of Theorem 3.2. Assume that K; C 2 is a sequence of
connected compact sets such that diam K; = § > 0 and ¥'|g, = ¢; = const. Take
any converging sequence of points K; > x; — xo, and denote by K, the connected
component of the level set {x € 2 : ¥ (x) = V¥ (xo)} containing xo. Then for any
vi € K; \ Ay and for any yo € Ky, \ Aw the equality

lim @ () = @ (30) (3.18)
holds.
Proof. We may assume without loss of generality that
K; — Ko with respect to the Hausdorff distance 3.19)

(see the footnote in the previous proof of Lemma 3.1). Then, by our assumptions,
K is a compact connected set, Ko C Ky, and diam Ko = § > 0. Take a straight
line L such that the projection of K on L is not a singleton. Since K is a connected
set, we see that this projection is a segment. By Iy denote the interior of this seg-
ment. For z € Iy, by L, denote the straight line suchthatz € L, and L, L L. From
Lemma 2.1 (iv) it follows that for $!-almost all z € Iy, wehave L, N2 C 22\ Ay
and the restriction @ |5, is continuous. Fix a point z € Iy with the above prop-

erties. Then by construction ¥ # K; N L, C 2 \ Ay, for sufficiently large i. Now
take a sequence y; € K; \ Aw and a point yo € K,, \ Aw. From Remark 3.1 it
follows that @ (y;) = @ (x) for any x € K; \ Ay. Hence, we may assume without
loss of generality that y; € L, and lim; .00 y; = v« € L, N Ko C 2 \ Ay. By
continuity of @ |5~ L.
" lim @ (yi) = @ (1)
1—> 00
By Remark 3.1, @ (yg) = @ (y«) and we get the required equality (3.18). O

Under conditions of Theorem 3.2, let £2” be an arbitrary subdomain of §2 and
let K, be a connected component of the level set {z € 2 : ¥(z) = ¥ (x)} con-
taining the point x. Denote X = X = {x € 2’ : K, N 32" = @}. By The-
orems 2.1 (i), 2.2, for almost all y € ¥ (X) and for any x € X N ¥~ !(y), the
component K, C £’ \ Ay is a C'-smooth curve homeomorphic to the circle and
Vi # 0 on K. Below, we call such K, an admissible cycle (note that if X #
then the set ¥ (X) contains an interval; hence, it has positive measure and the family
of admissible cycles is nonempty).

Lemma 3.3. Let 2 C R? be a bounded, multiply connected domain with Lipschitz
boundary. Let w € W“2(82) and p € W5 (82) satisfy Euler equations (3.1) for
almost all x € 2 and fl“i w-ndS =0, i =1,..., N. Assume that there exists a

sequence of functions {®,} such that ®,, € Wlf)’cs (£2) and ®,, — @ in Wllo’cs (£2)
for some s € [4/3,2). Then for any subdomain 2' C 2 with X = X #
the functions @, |k are continuous on almost all® admissible cycles K and the

sequence {®, |k} converges to @|g uniformly: ,|x = P|k.

8 “Almost all cycles” means cycles in preimages 1//_1 (y) for almost all values y € ¥ (X).
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Proof. Fix an arbitrary ¢ > 0 and take a set V C R and a function g € C'(R?)
from Theorem 2.1 (ii). Put X, = Xgo/ \ ¥~ (V) and take arbitrary point xg €
Xg, ¥ (x0) = yo. Then by construction we have g(x9) = yo, Vi (x) = Vg(x) # 0
forx € Ky, and the C!-smooth cycle K, coincides with the connected component
of the level set {z € R? : g(z) = yo} containing the point xo. Take small &y > 0
and denote by X the connected component of the preimage {z € R? : g(z) €
[yo — €0, Yo + €0]} containing x¢. By construction, Yy € [yop — €9, Yo + €o], the
preimage g~ (y) N X is a C'-smooth cycle where Vg # 0. Now it is easy to
construct a C!-smooth diffeomorphism F' = (f1, f2) : Xo — [0, 1] x S! such
that fj = [ o g, where / : R — R is a linear function which maps the segment
[vo — €0, Yo + €o] onto [0, 1] (in particular, the level sets of fi coincides with the
level sets of g).

Let G = G(1,0) = F~1, thatis, G : [0,1] x S! = X{ is a C!-diffeomor-
phism such that for any ¢ € [0, 1] the image {G(¢,0) : 8 € [0, 27)} coincides
with the connected component of the level set {z € R? : g(z) = g(G(t,0))}
containing G (¢, 0). Put 5(!, 0) = D(G(t,H)), etc.

The rest of the proof repeats the argument of the proof of Theorem 3.2 in [1].
For the reader’s convenience we repeat these arguments. Denote

2r _ 9 - 9 -
zu(r)=/0 I(DM(I,@)—@(t,0)|‘£®u(t,9)—ﬁqj(t,e)‘de.

Then

1 I o B 1
/zﬂ(t)dt < (// |Q§M(t,9)—d>(t,0)|qd9dt)q
0 0 JO

x(/ol/:ﬂ‘a%@(z, 0) — a%é(r, G)Fdedt)%

Sl @y — PllLaxg IV(@u — @) llLs(xo)s (3.20)
1 1 _
where —+— =1, Xo = Xo C £2. Since @, — & in Wli)’cs(s?),by the Embedding
q S
Theorem @, — @ in L% (Xy) for g, = % 2 5 = g (the last inequality

follows from the assumption s = 4/3), and it follows from (3.20) that z, — Oin
L'([0, 1]). Thus, there exists a subsequence (we denote it again by {z,,}) converging
to zero almost everywhere on [0, 1].

Define

1 2r 1 27
H, () = 5/0 ®,(t,6)d6, H(t) = 5/0 &(t,0)d0.

9 The second function f>» + Xo — S! can be constructed as follows. First of all, let
h: Ky, — Sl be C 1—diffeomorphism. Then take a C®°-smooth vector field £(x), x € Xy,
which is close to Vg(x) in C-norm. Consider integral lines of this vector field. Then each
integral line intersects the cycle Ky, at one point. So we have a C 1_smooth function f :
X0 — Kx,. Finally take f = h o f. Because level sets of f, are “almost orthogonal” to
the level sets of g, the mapping F' = (f1, f>) is a diffeomorphism.
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Since @, — @ in whs(Xo), by the Embedding Theorem we conclude that H,, —
H in C([0, 1]) as 4 — oo. Moreover, 5/» @ € WIs([0,1] x S') and, hence,
5ﬂ (t,-), @ (t, -) are absolutely continuous functions with respect to 8 for almost
allr € [0, 1].

Let us fix arbitrary #, € [0, 1] such that z,(t,) — 0 and that the functions
5M(t*, ), ¢~>(t*, -) are continuous. Let 6, € [0, 27 ] be such that

By (1, 0p) — D(te, 0,) = Hy (1) — H(t).
Then

max @, (t, 0) — ®(ty, 0)|* < | B (ts, 0,) — P (1, 0,
0el0,27]

2
/()

as i — o0. Thus, the continuity of 5# (¢, -) and the uniform convergence 5/1 (t, )=
@ (¢, -) are proved for almost all ¢ € [0, 1], that is, for almost all level sets of
function g|x,. Since Xo was a neighborhood of an arbitrary admissible cycle
Ky, C Xg, the claim of the lemma is proved for almost all admissible cycles
KCXg=Xg \ ¥~ (V). Because H' (V) < gande > O is arbitrary, the lemma
is proved completely. O

ﬁ(@(r*, 0) — (1, 9))2\d9 = |Hy(t) — H(t)1? +22,(t) — 0

Proof of Theorem 3.4. Let 2/ C £2 be an arbitrary domain with the boundary
952’ not containing a singleton connected component (in particular, we can take
2/ = £2). Denote

o1 =esssup@(x), o =esssup@(x). 3.21)
x€d82’ xes2’

Assume that the claim of Theorem 3.4 is false, that is,
o1 < 07. (3.22)

Thenforallo € (o1,07)theset{x € 2'\Ay : @ (x)_> o'} is nonempty. Denote by
K the connected component of the level set {y € £2 : {¥(y) = ¥ (x)} containing
the point x. There are two possibilities:

(i) there exists a point yg € £2"\ Ay such that @ (yo) > oy and Ky, N 382" # @;
(ii) forany x € £2'\ Ay such that @ (x) > o, the equality Ky N 32" = @
holds.

We shall prove that in both cases (i) and (ii) the assumption (3.22) leads to a
contradiction.

(i) LetI""be aconnected component of 92" such that Ky NI # A.If ¢ (x) =
const on I'/, then by Remark 3.1 @ (x) = ®(yg) > o foranyx € "\ Ay C
052’. However, the last equality contradicts the definition (3.21) of o7.
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Now let y(x) # const on I'". Take any set E C 982’ with H'(E) = 0. In
virtue of Lemma 3.1, there exists a sequence of connected compact sets K; C
£2'\ (Aw U E) and points x; € K; such that ¥/ |, = ¢; = const, K; N 32’ #
@,diam K; 2 6 > 0 and x; — xo € K,,. Let y; € K; N 0£2'. By Lemma 3.2,

lim @ (y;) = @(yo) > o1.
1—> 00

Thus sup,.cyon (a,uE) P (X) 2> @ (yg) > o1. Because of arbitrariness of E C 982’

with §!(E) = 0 we have esssup, .y @ (x) > o1, and we obtain the contradic-
ion 10
tion.

(i1) These assumptions imply that the family of all admissible cycles is non-
empty (the definition of an admissible cycle is given in the commentary above
Lemma 3.3). By Lemma 3.3, on almost all admissible cycles K, the functions
®,,| g are continuous and the sequence {®, | x } converges to @| ¢ uniformly. Here
(during this proof) admissible cycles having this property are called uniformly
regular.

Let us fix o € (o1, 02) such that there exists an admissible cycle K¢ with the
property @ (x) = o forall x € K.!" A uniformly regular cycle K is called red, if
@ (x) < o for x € K. We need the following claim.

(**#) For any z € 062’ there exists a red cycle K and an open neighborhood
U (z) suchthat U (z) and K7 lie in different connected components of the set R2\K.

To prove (***), take any z € 3§2’. Because of the Sobolev Extension Theorem
we can assume that v € W21 (R?). Fix a square Q O §2’ and apply Lemmas 2.7—
2.8 to the function f = . Consider the corresponding arc J = J(K?, K;)
from these Lemmas, parameterized by the injective function ¢ : [0, 1] — J such
that ¢(0) = K? and ¢(1) = K, (below during this proof by K, we denote the
connected component of the level set {y € O : ¥(y) = ¥(x)} containing x).
From the definition of admissible cycles it follows that K N 92" = @. By con-
tinuity of ¢ we have () N 982" = @ for ¢ € [0, 8], § is sufficiently small. Put
ty =supf{t € [0,1]: p(r) NI =PVt € [0, 1)}. Clearly,

ot NR £ 0. (3.23)

Take a sequence t; — t, — 0 such that K; = ¢(#;) are uniformly regular cycles. If
there exists i such that the cycle K; is red, then the assertion of (***) is true and
there is nothing to prove. Assume now that K; are not red for all i, that is,

® 2o onall K;. (3.24)

To finish the proof of (***), we need to obtain a contradiction. By I'" denote the
connected component of 32’ containing z. Since K; N 382" = {J, we see that the

10 Note that in arguments of this paragraph we do not use the fact that the functions @,
converge to @.

' 1t follows from Remark 3.1 that for any admissible cycle K the identity @ (z) = @ (x)
holds Vz € K.
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sets I/, K lie in the different connected components of the set R? \ K; for all
i. Hence diam K; = min(diam K?, diam I'’) > 0. We may assume without loss
of generality that K; converges to some set Ko C £’ with respect to the Haus-
dorff distance (see the footnote in the proof of Lemma 3.1), and x; — x¢, where
x; € K;, xo € Ko. From the previous properties we have Ko C ¢ (), diam Ky =
min(diam K¢, diam I'’) > 0, ¥ = const on K. Now from Lemma 3.2 and (3.24)
we conclude that

®(x) 2o forall x € Ko\ Ay.

From the last inequality and from the assumption ess Sup, .5 P (x) = 01 < o it
follows that there exists a point x, € Ko N 2’ \ Ay; moreover, @ (x,) > o1. Then
by assumption (ii) we obtain the equality Ky, 192" = .12 Thus K., = ¢(t.), but
the last equality contradicts (3.23). This contradiction finishes the proof of (**%).

Combining (***) with the compactness of 32’ (that is, for any open covering
of the compact set 32’ it is possible to extract a finite subcovering), we get that
there exist finitely many red cycles separating K° from all the points of 3£2’. In
other words, there is a strictly interior subdomain £2* C £’ (2 * C £2’) such that
K? C £2* and the boundary 9£2* is the union of a finite number of uniformly
regular cycles S M S guch that

¢|S(j)<o’, j=1,...,M.
Therefore,

o> sup &(x) = max sup @(x)= lim { max sup D,(x)
xed* J=LooM o) U0\ j=1,..M | ()

= lim sup D, (x).

H=>00 xep 2+

Since by the assumptions the functions @,, satisfy the one-sided maximum principle
locally in £2, we have the estimate

lim esssup @, (x) < lim esssup @, (x) < o,
H=>00 yeq* K00 yep+

and because of the weak convergence @, — @ in WLs(£2*), the inequality

esssup@(x) <o (3.25)

xeN*

is valid. However, by the construction K © c Q* \ Aw, thus the inequality (3.25)
contradicts the identity @|x©) = o. The contradiction obtained completes the
proof. O

12 Remark, that in this case the connected component of the level set {y € Q : ¥(y) =
¥ (x4)} containing x coincides with the connected component of the level set {y € 2/ :
¥ (¥) = ¥ (xs)} containing x.
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Remark 3.3. In particular, it follows from Theorem 3.4 and Remark 3.2, that if

w} 9o = 0 (in the sense of traces), then

esssup @ (x) < esssup @ (x) = max{pi, p2,..., PN}, (3.26)
xesf2 x€df2

where p(x)|r, = p; = const.

Remark 3.4. Note that some version of a local weak one-sided maximum principle
was proved by AmIcK [1] (see Theorem 3.2 and Remark thereafter).

4. Existence Theorem

Now consider Navier—Stokes problem (1.1) in the domain £2 C R? defined by
(1.5) and assume that 352 is Lipschitz. If the boundary datum a € W1/22(32)
satisfies condition (1.2), that is,

/ a~ndS=/ a'ndS—i—/ a-ndS =0,
AR I I

then by Lemma 2.9 there exists a solenoidal extension A € WL2(2) of a and
estimate (2.2) holds. Using this fact and standard results (for example [24]) we can
find a weak solution U € W12(£2) of the Stokes problem such that U—A € H(£2)
and

v/ VU -Vpdx =0 Vye HE). 4.1)
2

Moreover,

”U”WLZ(Q) é C||a||W1/2,2(a_Q). (42)

By a weak solution of problem (1.1) we understand a function u such that
w=u—A € H(£2) and

v/ vW.vndx—/ (<w+U>-V)n-wdx—/ (W V)n-Udx
2 2 2

:/ (U-V)n-Udx  Vne HE®). 43)
2

We shall prove the following

Theorem 4.1. Assume that a € W/22(32) and let condition (1.6) be fulfilled.
IfF = fl“z a-ndS = 0, then problem (1.1) admits at least one weak solution.
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Proof.

1. We follow a contradiction argument of LERAY [27]. Although this argument
has also been used in many other papers (for example [1,19,23,24]), we reproduce,
for the reader’s convenience, some of its details. It is well known (for example
[24]) that integral identity (4.3) is equivalent to an operator equation in the space
H (£2) with a compact operator. Therefore, by virtue of the Leray—Schauder The-
orem, to prove the existence of a weak solution to Navier—Stokes problem (1.1) it
is sufficient to show that all possible solutions of the integral identity

v/ Vw~V77dx—)»/ ((W+U)~V)n~wdx—k/ (W~V)n~de
2 2 2
=x/ (U-V)p-Udx VneH() (4.4)
fos

are uniformly bounded (with respect to A € [0, 1]) in H(£2). Assume this is false.
Then there exist sequences {Ax}reny C [0, 1] and {Wi}ren € H (§2) such that

u/ Vwk-Vndx—)»k/ ((Wk+U)~V)nowkdx—)\k/ (Wi - V)p - Udx
2 2 2

= Ak/ (U-V)p-Udx Ve H(), (4.5)
2
and
lim Ap = Ao € [0,1], lim Jpy = lim ||willg o) = o0. 4.6)
k— 00 k—o00 k— o0

Let us take in (4.5) n = Jk_zwk and denote Wy, = Jk_lwk. Since
/Q ((wk +U)- V)wk -wrdx =0,
we get
v/g | VW | dx 2)"‘/9 (wk-v)wk-deJer—l)\k/Q (U- V)W - Udx. (4.7)

Since ||Wi ||z (2) = 1, there exists a subsequence {Wy, } converging weakly in H (£2)
to a vector field W € H(£2). Because of the compact embedding

H(§2) — L"(£2) Vr e (l,00),

the subsequence {Wy,} converges strongly in L"(§2). Therefore, passing to a limit
as k; — oo in equality (4.7) we obtain

v:Ao/ (W~V)W~de. (4.8)

2

2. Let us return to integral identity (4.5). Consider the functional

Ric(n) = / (vVWk -V = (Wi +0) - V) - wie — A (Wi - V)7 - U) dx
2

—xk/ (U-V)p-Udx VyeWh).
2
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Obviously, Ri(n) is a linear functional, and using (4.2) and Sobolev Embedding
Theorem, we get the estimate

[Ren| = c(Iwkll ) + Wl + 1803100, ) IR,
with constant ¢ independent of k. It follows from (4.5) that
Rie(m) =0 Ve H(2).

Therefore, by Lemma 2.10, there exist functions py € ZZ(Q) ={q € L2(2)
Jo g (x) dx = 0} such that

Rk<n)=/ pedivpdy ¥ e W2(2)
22
and
Ipelz < c(Iwklln) + Wl + 18l 0060))-  49)

The pair (Wk, pr) satisfies the integral identity
v/ Vwk~Vndx—Ak/ ((wk+U)~V)n-wkdx—Ak/ (Wi - V)p - Udx
2 Q 2

—Ak/ (U-V)n-de:/pkdivndx Ve W), .10
2 2

Let uy = wy + U. Then identity (4.10) takes the form (see (4.1))
v/ Vuy - Vi dx —/ prdivydx = —,\k/ (- V)ug - pdx Vo e WH2(0).
Q Q Q

Thus, (uk, px) might be considered as a weak solution to the Stokes problem

—vAu; + Vpr =1 in £,
divu, =0 in $2,
u, = a on 052,

with the right-hand side f;, = —X (uk . V)uk. Obviously, f; € L¥(£2) fors € (1,2)
and

I€cll s () < cll(ux - V)ugllizs2) S cllullp2e-» o) I VUl 20
2
< oIl + 10y 120))°) < e(IWelig) + 1l 00, )-

where c is independent of k. By well known local regularity results for the Stokes
system (see [14,24]) we have wi € W22 (2), px € W, (£2), and the estimate

Wi llw2sony + lPkllwrs oy = C(”fk”U(Q) + [ullwrze) + ||pk||L2(Q))

< c(Iwkldiia) + Wl + lallyir2ge) + 1al g )
“.11)
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holds, where £2’ is an arbitrary domain with 2’ C £2 and the constant ¢ depends
on dist (£2’, 952) but not on k.
Denote py = J 2 Pk It follows from (4.9) and (4.11) that

1Pkl L2y = const, | Prllwison = const

for any 2’ c 2 and s € (1,2). Hence, from the sequence {pg,} we ‘can extract
a subsequence, still denoted by {py,}, which converges weakly in L%(£2) and

W,.25(£2) to some function p € W5 (2) N L*(2). Let ¢ € C(£2). Taking
in (4.10) p = J,;zgo and letting k; — oo yields

—ko/ (W-V)(p-ﬁdx:/ﬁdiwpdx Yo € C3°(£2).
2
2

Integrating by parts in the last equality, we derive

Ao/ (W-V)W-pdx = —/vﬁ-godx Yo € C°(£2). (4.12)
2
2

Hence, the pair (W ﬁ) satisfies, for almost all x € §2, the Euler equations

[AO(W.V)WJFVJD*:O, 4.13)

divw = 0,

and W|39 = 0. By Theorem 3.3, p € C(£2) N W!2(£2) and the pressure p(x) is
constant on I'y and ', (see Remark 3.2). Denote by p; and p» values of p(x) on
'y and T, respectively.

Multiplying equations (4.13) by U and integrating by parts we derive

xo/ (W.V)W.dez—/ vﬁ-de=—/ pa-ndS
Q Q 082
=—ﬁ1/ a-ndS—ﬁz/ a-ndS =F(p1 — p2) (4.14)
I Iy
(see formula (1.6)). If either F = 0 or p; = p», then from (4.14) it follows that
Ao/ (W . V)W -Udx =0. 4.15)
Q

This last relation contradicts equality (4.8). Therefore, the norms || w|| g () of all
possible solutions to identity (4.4) are uniformly bounded with respect to A € [0, 1]
and by the Leray—Schauder Theorem problem (1.1) admits at least one weak solu-
tionu € WH2(£2).

3. Up to this point our arguments have been standard and have followed those
of LERAY [27] (see also [19] and [1]). However, by our assumptions F > 0 and,
in general, p» # p1 (see a counterexample in [1]). Thus, (4.15) may be false. In
order to prove that pj and p; do coincide in the case F > 0, we use the fact that
(W, ﬁ) was obtained as a limit (in some sense) of solutions to the Navier—Stokes
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equations. Note that the possibility of using this fact was already pointed up by
AMmIck [1].

Ak
Let &, = py, + 71|uk1|2,

where uy, = wy, + U, be total head pressures
corresponding to the solutions (wk,, pkl) of integral identities (4.10). Then @, €

WZ’S(.Q), s € (1,2), satisfy almost everywhere in §2 the equations

loc

duiy, 3M2k,)2

VADy — A (“kz ‘ V)q)k' = U( 9x2 X1

It is well known [15,16] (see also [30]) that @y, satisfy the one-sided maximum
principle locally in £2 (the boundary 952 is only Lipschitz and functions @, do
not have second derivatives up to the boundary). Set 5;(1 = Jk72¢k,. From (4.9),
Ao
2
the space L3(£2) N Wlln’s (£2), s € (1,2). Therefore, by Theorem 3.4, @ satisfies

C
the weak one-sided maximum principle in £2:

(4.11) it follows that the sequence {@q} weakly converges to ® = p + —|w|? in

€ss sup D (x) < ess sup D(x) = max{py, pa2}. (4.16)
xeN x€082

From equalities (4.8) and (4.14) we conclude that
(P1—p2)F=v>0. 4.17)
So, if 7 > 0, then
P2 < p1. (4.18)
Now, from (4.16), (4.18) it follows that

/ @ (x)dx <esssup @ (x)|2] < p1182], (4.19)
2 xXeN

where |£2| = meas(£2).
On the other hand, from equation (4.131) we obtain the identity

0=x-Vpx)+ Aox - (W(x) . V)W(x) =div [x p(x) + )Lo(vAv(x) ~x)W(x)]
—p(x) divx — A|W(x)[* = div [x p(x) + Ao(W(x) - x)W(x)] — 20 (x).
(4.20)

Integrating this identity over 2 we derive

2/ q?(x)dxz/ ﬁ(x)(x~n)dS:ﬁ1/ (x-n)ds+ﬁz/ (x-n)ds
2 902 I

Iy
= 'ﬁl/ divx dx — 'ﬁz/ divxdx = 2(ﬁ1|91| — f)2|522|).
21 2y
Hence,

/ P (x)dx = p1|21] — pal2a| = p112| + (P1 — P2) 122, (4.21)
2
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Inequalities (4.19) and (4.21) yield
P1 = Do

This contradicts inequality (4.18). Thus, all solutions of integral identity (4.4) are
uniformly bounded in H(§2) and by the Leray—Schauder Theorem there exists at
least one weak solution of problem (1.1). O

Remark 4.1. The arguments of the first two steps in the proof of Theorem 4.1 also
remain valid (with obvious changes) in the three-dimension case.

Remark 4.2. Let 2 = {x : 1 < |x| < 2} be the annulus and (r, ) be the polar

coordinates in R?. If f € C§°(1, 2), then the pair W = (@,, Wy) and p with

2
t

wy(r,0) =0, we(r,0) = f(r), prH) = ko/ dr (4.22)
1

satisfy both equations (4.13) and the boundary condition W‘a o = 0 (W, and Wy
are components of the velocity field in polar coordinate system). However,

2
ft(t)dt>0.

2
0= F0)|,_, # P,y = 4o /1

This simple example, due to Amick [1] (see also [13], v. I, p. 59), shows that,
in general, the pressure p corresponding to the solution of Euler equations (4.13)
could have different constant values on different components of the boundary.

It is interesting to observe that for a solution like (4.22) the inequality p; =
p(x) |r=2 > py = p(x) |r=] necessarily holds. Thus the solution (4.22) cannot be a
limit of solutions to the Navier—Stokes problem (in the sense described in the proof
of Theorem 4.1). If it were, then we would conclude from (4.8), (4.14) that 7 > 0.
But this, as proved in Theorem 4.1, leads to a contradiction.

We emphasize that in the case when F < 0, problem (1.1) remains unsolved.
However, in this case we do not know a counterexample showing that for the solu-
tion to Euler equations (4.13) the inequality p» > p; holds.

It is well known (see [3, 13]) that independently of the sign of the flux F, prob-
lem (1.1) has a solution, if |F| is sufficiently small. Using this result Theorem 4.1
can be strengthened as follows

Theorem 4.2. Assume that a € W'/22(382) and let condition (1.6) be fulfilled.
Then there exists Fo > 0 such that for any F € [—Fo, +00), problem (1.1) admits
at least one weak solution.
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Appendix (Proof of Lemma 2.6)

In order to prove Lemma 2.6 we need some simple additional statements.

Lemma A.l. Let U C R? be a bounded, simply connected domain and let y :
[, Bl — U be a continuous injective function (an arc) such that y (), y (B) € U
and y ((«, B)) C U. Then y divides U into two simply connected domains. More
precisely, U \ y((a, B)) = ViU Vo, Vi N Vo = 0, each V is a simply connected
domain, V; = y((a, B)) U K j, where K; C dU are continua.

Lemma A.2. Let 2, C R? be a bounded domain with 352, homeomorphic to
the unit circle, let K C $2, be a continuum, and let an arc y e, B] — 2.
have the properties y (), y(B) € K and y ((«, B)) C 24« \ K. Then there exists a
connected component §2,,  of the open set RZ\ (K Uy ([a, ,3])) such that §2, g is
a bounded, simply connected domain, §2,, k C 24 and 082, x = y ([a, B]) UK,
where K\, C K is a continuum.

Lemma A.3. Let 2, C R? be a bounded domain with 382, homeomorphic to the
unit circle, let K C $2, be a continuum, and let 21 C 2 \ K be a subdomain.
Suppose $21 is contained in the unbounded connected component of the open set
R?\ K. Then there exists § > 0 such that foranyarcy : [a, Bl — §24 with the prop-
erties y (), y(B) € K and y((«, B)) C {x € §2, : dist(x, K) < 8} \ (K U £27),
the equality 2, k N §21 = ) holds, where §2,, g is an arbitrary simply connected
domain from Lemma A .2.

Lemma A.4. Let 2 C R? be a bounded domain with a Lipschitz boundary and
let K C 2 be a continuum. Then for any § > 0 and for any pair a,b € K
there exists an arc y : [0, 1] — Q2 with the properties y(0) = a, y(1) = b, and
y((0, 1)) C {x € £ :dist(x, K) < §}.

Lemmas A.1-A.4 are easy consequences of the classical well-known facts of
general topology, so we omit their proofs.

Proof of Lemma 2.6. Because of the definition of a domain with a Lipschitz

boundary, the following representation £2 = £2, \ (Uf_lﬁ,) holds, where

2,N2; =0fori # j,2; C 2., and each set £, 2; is a bounded domain
whose boundary is homeomorphic to the unit circle. Denote by U; the connected
components of the open set £2, \ K. Then for any £2; there exists an index j (i)
such that £2; C Uj(;). We may assume without loss of generality that

(%) For each U there exists at most one §2; C U;.

(Really, if () is not true, for example if there exist two domains £2]U$2, C Uj,then we
can take a simply connected Lipschitz domain £2 suchthat £21U§2y C 21 C Uj, 21 € £24,
and consider (instead of £2 ) the Lipschitz domain 2 =82 \ Cl(f?l Us23U---U .Qk), etc.)

Take §; > 0 and a continuous injective function y : [0, 1] — 2 with the
properties ¥ (0), y(1) € K, and y((0,1)) C {x € £ : dist(x, K) < 61}. Let
(o, B) be an interval adjoining the set K = y ~1(K). Then there exists U; such that
v ((ar, B)) C U;. Now we have the following possibilities.

D U;jN; =Pforalli =1,..., k. Thenweput 2, = ‘QVaﬁyK’ Kop =K
where yop is the restriction y (o, p) and §2y,, k, K

Yap

vap &€ Objects from Lemma A.2.
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(ID U;j D £2; forsome i =1, ..., k. This possibility splits into two cases.

(I a) £2; is contained in the unbounded connected component of the set R? \ K.
Then £2, g, Kyp are the same as in case (I), above. This definition satisfies all the
requirements in (N) for sufficiently small §; > 0 because of Lemma A.3.

(I b) £2; is contained in the bounded connected component of the set R2 \ K.
Of course, in our case this component coincides with U;. Then, obviously, U; is
a simply connected domain, dU; C K. Take a decomposition U; \ y ((a, B)) =
Vi UV, from Lemma A.1. Since y ((«, 8)) N §2; = ¥, we have either £2; C V|
or £2; C Va. Suppose, for definiteness, that the first equality is valid. Then take
4 = V2, Kog = K3 (see Lemma A.1).

‘We have consider all possible cases, so Lemma 2.6 is proved. O
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