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dimensional exterior domain with multiply connected boundary. We prove that this
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1 Introduction

In this paper we shall consider the Navier—Stokes problem

—vAu+(u-V)u+Vp=f in Q,
divu=0 in €,

u=a on 0€2, (1.1
lim u(x) =ug
[x]—>400
in the exterior domain of R3
N _
Q=R\(U Q)), (1.2)
j=1

where €; are bounded domains with connected C2-smooth boundaries I'; and Q in
Q; =@ fori # j.In(1.1) v > 0 is the viscosity coefficient, u, p are the (unknown)
velocity and pressure fields, a and u are the (assigned) boundary data and a constant
vector respectively, f is the body force density.

Let

_7-"l-=/a~ndS, i=1,...N, (1.3)

i

where n is the exterior (with respect to €2) normal to d€2. Under suitable regularity
hypotheses on 2 and a and assuming that

Fi =0, i=1,...N, (1.4)

in the celebrated paper [26] of 1933, J. Leray was able to show that (1.1) has a solution
u such that

/|Vu|2dx < 400, (1.5)
Q

and u satisfies (1.14) in a suitable sense for general ug and uniformly for uy = 0.
In the fifties the problem was reconsidered by Finn [12] and Ladyzhenskaia [23,24].
They showed that the solution satisfies the condition at infinity uniformly. Moreover,
the condition (1.4) and the regularity of a have been relaxed by requiring Zf\;l | Fil
to be sufficiently small [12] and a € W1/2’2(8Q) [24].

In 1973, Babenko [3] proved that if (u, p) is a solution to (1.1), (1.5) withug # 0,
then (u — ug, p) behaves at infinity as the solutions to the linear Oseen system. In
particular,!

u@) —u=0¢"h, p)=00"). (1.6)

! See also [13]. Here the symbol f(x) = O(g(r)) means that there is a positive constant ¢ such that
| f(x)| < cg(r) for large r.
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The existence theorem for the steady Navier—Stokes... 729

However, nothing is known, in general, on the rate of convergence at infinity for
uy = 0.2

One of the most important problems in the theory of the steady-state Navier—Stokes
equations concerns the possibility to prove existence of a solution to (1.1) without any
assumptions on the fluxes F; (see, e.g. [13]). To the best of our knowledge, one of
the most general assumptions assuring existence is expressed by

al 1
D |Fi leap(€) < 5, (1.7)

i=1

where F; is defined by (1.3) and cap(£2;) is the harmonic capacity of the set €2; (see
[31]). Another ’condition of smallness” of the fluxes F; has been used in the paper [21],
where the fluxes F; are related to the L3-norms of certain functions, harmonic in
(see the condition (2.8) from [21]). More simpler assumption is expressed by

< 8mv (1.8)

(see [37]), where x; is a fixed point of 2;. The assumptions (1.7) and one from [21]
could be weaker than (1.8) in some special geometries of €2, but (1.8) is much easier
to check (see also [5] for analogous conditions in bounded domains).

The present paper is devoted to the above question in the axially symmetric case.
To introduce the problem we have to specify some notations. Let O,,, Oy,, O,; be
coordinate axes in R? and 6 = arctg(xp/x1), r = ()cl2 + xzz)l/ 2 z=x3be cylindrical
coordinates. Denote by vg, v,, v, the projections of the vector v on the axes 6, r, z.

A function f is said to be axially symmetric if it does not depend on 6. A vector-
valued function h = (hy, h,, h;) is called axially symmetric if hy, h, and h; do not
depend on . A vector-valued function h = (hy, h,, h;) is called axially symmetric
with no swirl if hy = 0, while h, and /; do not depend on 6.

Note that for axially-symmetric solutions u of (1.1) the vector ug has to be parallel
to the symmetry axis. The main result of the paper is the following.

Theorem 1.1 Assume that @ C R3 is an exterior axially symmetric domain (1.2)
with C2-smooth boundary 92, ug € R3 is a constant vector parallel to the symmetry
axis, and £ € WHE(Q) N LY5(Q), a € W3/22(3Q) are axially symmetric. Then
(1.1) admits at least one weak axially symmetric solution u satisfying (1.5). Moreover,
if a and ft are axially symmetric with no swirl, then (1.1) admits at least one weak
axially symmetric solution satisfying (1.5) with no swirl.

Remark 1.1 Tt is well known (see, e.g., [24]) that under hypothesis of_ Theorem 1.1,
every weak solution u of problem (1.1) is more regular, i.e, u € Wli’cz(Q) N Wli’CZ(Q).

2 For small llall 00 (5q2) existence of a solution (u, p) to (1.1) suchthatu = O (r~ 1) is a simple consequence

of Banach contractions theorem [36]. Moreover, one can show that p = 0(},72) and the derivatives of
order k of u and p behave at infinity as pok=l k=2 respectively [41] (see also [13,30]).
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730 M. Korobkov et al.

Let us emphasize that Theorem 1.1 furnishes the first existence result without any
assumption on the fluxes for the stationary Navier—Stokes problem in an exterior
domains.

Note that in the papers [19,20] existence of a solution to problem (1.11)—(1.13) in
arbitrary C2-smooth bounded plane or axially symmetric spatial domain €2 has been
proved under the sole condition of zero total flux through the boundary (for a historical
review in the case of bounded domains see, e.g., [19,34,35]).

The proof of the existence theorem is based on an a priori estimate which we derive
using the classical reductio ad absurdum argument of Leray [26], see Sect. 3. As well-
known, after applying Leray’s argument one comes along to a solution of Euler system
satisfying zero boundary conditions. Such solutions are studied in Sect. 4. The essen-
tially new part here is the use of Bernoulli’s law obtained in [16] for Sobolev solutions
to the Euler equations (the detailed proofs are presented in [17,19] for the plane and
the axially symmetric bounded domains, respectively). In Sect. 4 we present the proof
of the Bernoulli Law for unbounded domains (Theorem 4.2, see also Lemma 4.5 and
Remark 4.1). Furthermore, we prove here that the value of the pressure on the boundary
components intersecting the symmetry axis coincides with the value of the pressure
at infinity (see Corollary 4.1). This phenomenon is connected with the fact that the
symmetry axis can be approximated by streamlines, where the total head pressure is
constant (see Theorem 4.4).

The results concerning Bernoulli’s law are based on the recent version of the Morse—
Sard theorem proved by Bourgain et al. [6], see also Sect. 2.3. This theorem implies,
in particular, that almost all level sets of a function ¢ € W21 (R2) are finite unions of
C'-curves homeomorphic to a circle (see also [7] for a multidimensional case).

We obtain the required contradiction in Sect. 5 for the case ug = 0. The above men-
tioned results allow to construct suitable subdomains (bounded by smooth streamlines)
and to estimate the L>-norm of the gradient of the total head pressure. We use here
some ideas which are close (on a heuristic level) to the Hopf maximum principle for
the solutions of elliptic PDEs (for a more detailed explanation see Sect. 5). Finally,
a contradiction is obtained using the Coarea formula, isoperimetric inequality (see
Lemmas 5.7-5.9), and some elementary facts from real analysis (see “Appendix”). In
Sect. 6 we show how to modify our arguments for the case ug # 0.

The analogous result (by quite different methods) for symmetric exterior plane
domains was established in [18] under the additional assumption that all connected
components of the boundary intersects the symmetry axis.

2 Notations and preliminary results

By a domain we mean an open connected set. We use standard notations for function
spaces: Wk‘q(Q), W*4(92), where o € (0, 1), k € Ny, g € [1, +00]. In our notation
we do not distinguish function spaces for scalar and vector valued functions; it is clear
from the context whether we use scalar or vector (or tensor) valued function spaces.

For g > 1 denote by D¥4 () the set of functions f € Wlﬁ’cq such that || /'l pr.a(q) =
IV £l a (@) < oo. Further, Dé’z(Q) is the closure of the set of all smooth functions
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The existence theorem for the steady Navier—Stokes... 731

having compact supports in €2 with respect to the norm || - || p1.2(q), and H(Q) =
{ve Dy*(Q) : divy =0}

Let Q C R? be an exterior domain with C2-smooth boundary <2, defined by (1.2).
It is well known that functions u € Dé’z(Q) belong to L%(Q) and, hence tend (in
some sense) to zero at infinity (see, e.g., [24]). Moreover, in exterior domains 2 with
C?-smooth boundaries any vector-field v € H(S2) can be approximated in the norm
Il - I p1.2(q) by solenoidal smooth vector-fields with compact supports (see [25]).

Working with Sobolev functions we always assume that the “best representatives”
are chosen. If w € Llloc(Q), then the best representative w* is defined by

w(x) = { [yglofBR(x) w(z)dz, if the finite limit exists;

otherwise,

- - @ — 3. _
meaS(BR(x)) BRj(lx) w(Z)dZ’ BR(X) B {y <R |y X| =

R}isaball of radius R centered at x. Also we use the notation Bg = Bg(0), Sg = 9 Bp.

where fp o\ w(2)dz =

2.1 Extension of the boundary values

The next lemma concerns the existence of a solenoidal extensions of boundary values.

Lemma 2.1 Ler @ C R3 be an exterior axially symmetric domain (1.2). If a €
W3/22(3Q), then there exists a solenoidal extension A € W*%(Q) of a such that
A(x) = o (x) for sufficiently large |x|, where

N
X
o(x) = —Wg}} .1

and F; are defined by (1.3). Moreover, the following estimate

IAllw22q) < cllallwsr2pe) (2.2)

holds. Furthermore, if a is axially symmetric (axially symmetric with no swirl), then
A is axially symmetric (axially symmetric with no swirl) too.

Proof The proofis based on a standard technique. Let (uy, py) € (H )N WIZU’C2 (S_Z)) X
(L*(@)n WZ]D’CZ(S_Z)) be the solution (see, e.g., [24]) to the Stokes system

Aug— Vp, =0 1in Q,
divug =0 in €,

U, =a onodif2, 2.3)

i ) =0
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732 M. Korobkov et al.

The solution ug satisfies the estimate
lusll z @) + llusllw22@y < cllallwsrzgg) (2.4)
for any bounded Q" with QcQ (see, e.g., [24]). Define
v(x) = us(x) — o (x).

Take R > 0 such that 92 € Bg. Then

/V-HdS:O (2.5)

aBg

Let ¢ = ¢(]x|) be a smooth cut-off function, equal to 1 in Bg and vanishing outside
Bor. Thendiv(¢v) = V¢ -v e W1*2(B2R\BR). Because of (2.5) the equation

divé = —div(¢v), &lsBog\Br) =0 (2.6)

has a solution & € W22(Bg\Bg) (see [4]) and

||§||W242(32R\BR) = C||V||W'-2(BZR\BR) < cllallws22e)- (2.7)
The field
Uy, x € BRNQ,
A=10+&+¢v, x € Bor\Bg,
ag, x € Q\Bog

is the desired solenoidal extension of a in . If a is axially symmetric (axially sym-
metric with no swirl), then, according to results of Section 2.1 in [19], the extension
uy and the solution & to the divergence equation (2.6) are axially symmetric (axially
symmetric with no swirl). Thus, in this case the extension A is axially symmetric
(axially symmetric with no swirl) too. O

2.2 A uniform estimate of the pressure in the Stokes system

This subsection is rather technical: the estimates below are not considered as new or
sharp, but they are sufficient for our purposes.

We use here the technique that is usual in the theory of elliptic problems in domains
with corner points [15,29] and which is based on classical local estimates for elliptic
in the sense of Agmon et al. [1] problems, see also [38,39] (the considered Stokes
system is an important particular case of such problems).
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The existence theorem for the steady Navier—Stokes... 733

Lemma 2.2 Let 2 C R? be an exterior axially symmetric domain (1.2), f € L3/2(Qg)
and a € W3/22(3Q). Take Ry > 0 such that 92 € %BRO. Suppose that R > Ry and
ue WI’Z(QR) is a solution to the Stokes system

vAu—Vp=~f inQp,
divu=0 inQg,

2.8
u=a ono2, (28)
u=o0 ondBg,
where Qr = Q2 N B and o (x) is defined by (2.1). Then the estimates
lullzoqy =< C(||Vu||L2(QR) + ||a||W3/2-2(aQ)), (2.9)
IV2ull 32 + 1V P 32008
(2.10)

< c(IVull2(gq) + Ifll320p) + lallwsr2pg))
hold with the constant ¢ independent of a, u, f, and R.
Proof Rewriting the Stokes system (2.8) for the new function " = u — A, where
A is the solenoidal extension of a from Lemma 2.1, we can assume, without loss of

generality, thata = 0, i.e.,

vAu—Vp =1f inQg,
divu =0 in Qg, 2.11)
u=0 onodQg.
Then the first estimate (2.9) follows easily from the well known inequality

gl Loms) < cllVell 2@y Vg e CFRY)

and (2.2).
Let us prove (2.10). Let R = 2! Ro with [ € N. Denote

or={xeR:R2" T < x| <R2Y), k=1,2,...., ;w0 ={x € Q: |x| < Ro},
Or={x eR¥: R2F 2 < x| < R2*™}, k=1,2,...;@0={x € Q: |x| < 2Ro}.

Obviously, w; C @ and Qg = Ui:o wy.. Consider the system (2.11) in @, k < 1—1.

After the scaling y = ﬁ we get the Stokes equations in the domain oy = {y : % <
0

Iyl <2}

—VvAyu+Vyp = f, divyu =0,
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734 M. Korobkov et al.

where p = 28Rop, £ =2%R3f. Letog = {y: § < |y| < 1}. By the local estimate

for Agmon et al. elliptic type problems (see [1,38,39]) we have

u 3 +IVypll 3
lall ;3 " Il )P||L§(UO

W22 (o )

(2.12)

= (I

Sy T8I 5o = ol 5 ).

L2 () L2 (0

. 1 .
where pg = @Af p(y)dy.
30

Consider the functional

Hiw) = / (B ) — o) divwdy, Yw e W3@0).

a0

Using Stokes equations and integrating by parts we obtain

<v

/ Vyu- Vywdy’

a0

\HW)| = '/vyﬁ-wdy
)

+

[t wdy‘ < (I3 o+ IV5ul, 5 )IVaWisy.

00

The norm of the functional H is equivalent to ||p — ﬁO“L%(A) (see, e.g., [32,33)).
00

Hence, the last estimate gives

p—p <c(If \% )
15— foll 3, =I5 + 1Vl

00
and inequality (2.12) takes the form
\ < (f 5 3 )
IIUIIWZg(UO)vLII yp”L%(ao) = c(l IIL%(ao)vLIIUIIWl%(aO)

In particular,

VZu Vyp < < F 5 u )
195l 3+ IVl < (I Ly @ + ol g
Returning to coordinates x, we get

v? v
” xu”L%(wk) + ” xp”L%(wk)

(2.13)
<c(ifl, 3 +27%ul g +27K 1V ).
L ) L ) L2 (&

2 (o 2 (o )
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The existence theorem for the steady Navier—Stokes... 735

Estimates (2.13) hold for | <k <[ — 1. For k = [ we obtain, by the same argument,
the following estimate

v?2 v
I xullL%(wl)Jrll "p||L%<w,>

(2.14)
= (i 3

+ 27| 5 + 27 Veul| 3
L2 (w—1Vay)

L (wr—1Uay) Lz(wz 1Uay)

Furthermore, by local estimates (see [1,38,39]) for the solution to (2.11) we have

Viu| v
Il quIL%(wo)JrII "p”L%(wO)

(2.15)
< (I3, g Il

L2 (wpUwy) L2(w0U L2(a) Uw1)

(recall that u|je = 0). Summing estimates (2.13)—(2.15) by k and taking into account
that r ~ 2 for x € wy, we derive

ll
192l 3 o+ IVepll 3

<c(Ifl 5 el 2ul g Tl )
L2(Rr) L2(Qr) L2(Q )
(2.16)

-1
</ (I00,5 g, F 1wl + Va0l )

< (If1, 3 o+ 1Veullizgp):

where the constant ¢” is independent of R. Here we have used the Holder inequality
and the well known estimate

2
'g&x'i' dx < c/ IVg(x)[dx ¥ g e CMRY).

R3 R3

The required estimate (2.10) for the solution of the nonhomogeneous boundary
value problem (2.8) follows from (2.16) and the estimate (2.2) for the extension A
constructed in Sect. 2.1. O

Corollary 2.1 Let Q@ C R3 be an exterior axially symmetric domain (1.2), f €

L32(Qg) anda € W¥*2(3Q). Take Ry > 0 such that 3Q € 3B, and R > R. Let
ue Wl’Z(Q R) be a solution to the Navier—Stokes system

—vAu+(u~V)u+Vp=f in Qpg,
divu=0 in Qg,

(2.17)
u=a onads2,

u=o0 ondBg,
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736 M. Korobkov et al.

where o (x) is defined by (2.1). Then the estimates

lullzsqgy < C(||Vu||L2(QR) + ||a||w3/2,2(agz)), (2.18)

1V2ull 32 + 1Pl 200 < (IflL32g + 1781 20+
(2.19)

2
Hlallwsr2ae + (IVul 2@, + lalw20e)’)

hold. Here the constant c is independent of a, u, f, R.

Proof Estimate (2.18) follows by the same argument as (2.9). In order to prove (2.19),
we consider the Navier—Stokes system (2.17) as the Stokes one with the right-hand
sidef’ =f — (u- V)u. Since

I V)ull 32 < 1l s IVull 20, < elVallsg .

estimate (2.19) follows from (2.10). O

2.3 On Morse-Sard and Luzin N-properties of Sobolev functions from W21
Let us recall some classical differentiability properties of Sobolev functions.

Lemma 2.3 (see Proposition 1 in [10]) Let ¢ € W21 (R?). Then the function  is
continuous and there exists a set Ay, such that H! (Ay) = 0, and the function  is
differentiable (in the classical sense) at each x € Rz\Aw. Furthermore, the classical
derivative at such points x coincides with Vi (x) = lim,_ JCB,(x) Vi (2)dz, and

lim, ¢ JCB,(x) [V (z) — Vlﬂ(x)lzdz =0.

Here and henceforth we denote by 9! the one-dimensional Hausdorff measure, i.e.,
HUF) = lim;o1 9] (F), where H! (F) = inf{}_{2, diamF; : diamF; < ¢, F C
Uiz Fi).

The next theorem have been proved recently by Bourgain et al. [6] (see also [7] for
a multidimensional case).

Theorem 2.1 Let D C R? be a bounded domain with Lipschitz boundary and v €
W21(D). Then

@) H'{Y )+ x e D\Ay & VY (x) =0h) =0; )
(ii) for every ¢ > O there exists § > O such that for any set U C D with .VJ}X)(U) N
the inequality H' (Y (U)) < & holds;
(iii) for $H'—almost all y € ¥ (D) C R the preimage ¥~ (y) is a finite disjoint
family of C'=curves Si,j=12,...,N(). Each S; is either a cycle in D (i.e.,
S; C Dis homeomorphic to the unit circle SY orit is a simple arc with endpoints
on 9D (in this case S; is transversal to 0D).

@ Springer
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2.4 Some facts from topology

We shall need some topological definitions and results. By continuum we mean a
compact connected set. We understand connectedness in the sense of general topology.
A subset of a topological space is called an arc if it is homeomorphic to the unit
interval [0, 1].

Let us shortly present some results from the classical paper of A.S. Kronrod [22]
concerning level sets of continuous functions. Let Q@ = [0, 1] x [0, 1] be a square in
R? and let f be a continuous function on Q. Denote by E; a level set of the function f,
ie, E; ={x e Q: f(x) =t}. Acomponent K of the level set E; containing a point
X0 is a maximal connected subset of E; containing xo. By 7 denote a family of all
connected components of level sets of f. It was established in [22] that T equipped
by a natural topology? is a one-dimensional topological tree.* Endpoints of this tree’
are the components C € Ty which do not separate Q, i.e., Q\C is a connected set.
Branching points of the tree are the components C € T such that Q\C has more than
two connected components (see [22, Theorem 5]). By results of [22, Lemma 1], the
set of all branching points of T is at most countable. The main property of a tree is
that any two points could be joined by a unique arc. Therefore, the same is true for 7'y.

Lemma 2.4 (see Lemma 13 in [22]) If f € C(Q), then for any two different points
A € Ty and B € Ty, there exists a unique arc J = J(A, B) C Ty joining A to B.
Moreover, for every inner point C of this arc the points A, B lie in different connected
components of the set Ty \{C}.

We can reformulate the above Lemma in the following equivalent form.
Lemma 2.5 If f € C(Q), then for any two different points A, B € Ty, there exists
a continuous injective function ¢ : [0, 11 — Ty with the properties

(1) ¢(0) = A, ¢(1) = B;
@ii) for any 1y € [0, 1],

lim  sup dist(x, ¢(t)) — 0;
[0,1]3t—19 xep(t)

(iii) foranyt € (0, 1) the sets A, B lie in different connected components of the set

O\p ().

Remark 2.1 1f in Lemma 2.5 f € W21(Q), then by Theorem 2.1 (iii), there exists a
dense subset E of (0, 1) such that ¢(¢) isa C- curve for every t € E. Moreover, ¢(t)
is either a cycle or a simple arc with endpoints on 9 Q.

3 The convergence in Ty is defined as follows: Ty 5 C; — C iff sup, ¢, dist(x, C) — 0.

‘A locally connected continuum 7 is called a topological tree, if it does not contain a curve homeomorphic
to a circle, or, equivalently, if any two different points of 7' can be joined by a unique arc. This definition
implies that 7" has topological dimension 1.

SA point of a continuum X is called an endpoint of K (resp., a branching point of K) if its topological index
equals 1 (more or equal to 3 resp.). For a topological tree T this definition is equivalent to the following:
apoint C € T is an endpoint of T (resp., a branching point of T'), if the set 7\{C} is connected (resp., if
T\{C} has more than two connected components).
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738 M. Korobkov et al.

Remark 2.2 All results of Lemmas 2.4-2.5 remain valid for level sets of continuous
functions f : Dy — R, where Dy C R? is a compact set homeomorphic to the unit
square Q = [0, 1]2.

3 Leray’s argument “reductio ad absurdum”

Let us consider the Navier—Stokes problem (1.1) with f € wh2(Q)n L6/5 (2) in the
C?-smooth axially symmetric exterior domain € C R? defined by (1.2). Without loss
of generality, we may assume that f = curlb € wh2(Q) N L5 ().

We shall prove Theorem 1.1 for

11020.

The proof for ug 7# 0 follows the same steps with minor standard modification, see
Sect. 6.

By a weak solution of problem (1.1) we mean a function u such thatw =u — A €
H (R2) and the integral identity

v[Vw-Vpdx=—v [VA -Vpdx— [(A-V)A - pdx
Q Q Q

—S{(A-V)w~ndx—é(w~V)w~ndx 3.1)

—[(w-V)A -pdx+ [f-pdx
Q Q

holds for any n € J7°(2), where J5°(£2) is a set of all infinitely smooth solenoidal
vector-fields with compact support in 2. Here A is the extension of the boundary data
constructed in Lemma 2.1. We shall look for the axially symmetric (axially symmetric
with no swirl) weak solution of problem (1.1). We find this solution as a limit of weak
solution to the Navier—Stokes problem in a sequence of bounded domain 25, that
in the limit exhaust the unbounded domain 2. The following result concerning the
solvability of the Navier—Stokes problem in axially symmetric bounded domains was
proved in [20].

Theorem 3.1 Let Q' = Qo\(U;V:l Q) be an axially symmetric bounded domain in

R with multiply connected C*-smooth boundary 32 consisting of N + 1 disjoint
components I'j = 0Q;, j =0,...,N. Iff € WI'Z(Q’) and a € W3/2'2(8Q/) are
axially symmetric and a satisfies

[ a-ndS =0,

tlod

6 By the Helmholtz—Weyl decomposition, f can be represented as the sum f = curl b + V¢ with curlb €
WI’Z(Q) n L%/ (2), and the gradient part is included then into the pressure term (see, e.g., [13,24]).
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The existence theorem for the steady Navier—Stokes... 739

then (1.11)—(1.13) with Q = Q' admits at least one weak axially symmetric solution
u € WH2(Q'). Moreover, if £ and a are axially symmetric with no swirl, then the
problem (1.11)—(1.13) with Q = Q' admits at least one weak axially symmetric solution
with no swirl.

Consider the sequence of boundary value problems

VAW, — (Wi +A) - V(W +A) + vAA — Vp =f  in Qp,
divwg =0  in Qp, (3.2)
Wk =0 on 8Qbk,

where Qpr = By N Q fork > ko, By = {x : |x| < k}, %Bko ») U,N:1 Qi. By
Theorem 3.1, each problem (3.2) has an axially symmetric solution wi € H ()
satisfying the integral identity

U/VW/(-Vndx:/f~17dx—vaA-Vndx—/(A~V)A-ndx

Q Q Q Q
_/(A.v)wk.ndx_/(wk.v)wk.ndx_/(wk.v)A.ndx

Q Q Q

(3.3)

for all n € H(Qpy). Here we have assumed that Wy, and » are extended by zero to the
whole domain 2.
Assume that there is a positive constant ¢ independent of k such that

/|vwk|2 <c (3.4)
Q

(possibly along a subsequence of {Wy }rcn). The estimate (3.4) implies the existence of
a solution to problem (1.1). Indeed, the sequence Wy, is bounded in H (£2). Hence, Wy
converges weakly (modulo a subsequence) in H (£2) and strongly in L?OC ) (g <6)
to a function W € H(£2). Taking any test function 5 with compact support, we can
find k such that suppn C Qpi. Thus, we can pass to a limit as k — oo in (3.3)
and we obtain for the limit function W the integral identity (3.1). Then, by definition,
u = W + A is a weak solution to the Navier-Stokes problem (1.1). Thus, to prove the
assertion of Theorem 1.1, it is sufficient to establish the uniform estimate (3.4).

We shall prove (3.4) following a classical reductio ad absurdum argument of Leray
[26] and Ladyzhenskaia [24]. Indeed, if (3.4) is not true, then there exists a sequence
{Wk}keN such that
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The sequence wi = Wi/ J; is bounded in H (£2) and it holds
1
~ [ VW Vadx = — [(We - V)W - ndx + — [(w - V)n - Adx
Jr o Q Jeq

1 1
+— [(A-V)n-widx + — [(A-V)n-Adx (3.5)
JkQ JkQ

1
—%fVA-Vndx—i——szﬂ]dx
Jia Ji o

for all n € H (S2pi). Extracting a subsequence (if necessary) we can assume that wy
converges weakly in H (£2) and strongly in LfOC(Q) (g < 6)toavectorfieldv € H(L2)
with

‘/Wﬁ§1~ (3.6)
Q

Fixing in (3.5) a solenoidal smooth 5 with compact support and letting k — 400 we
get

/(V-V)V-ndx:O Ve JyP (), 3.7
Q

Hence, v € H(2) is a weak solution to the Euler equations, and for some p €
DV3/2(Q) the pair (v, p) satisfies the Euler equations almost everywhere:

(v-V)v+Vp=0 in Q,
divv =20 in €, 3.8)
v=0 on 0%.

Adding some constants to p (if necessary) by virtue of the Sobolev inequality (see,
e.g., [13] I1.6) we may assume without loss of generality that

Pl 3(q) < const. (3.9)

2
Put vy = (J;)~'v. Multiplying equations (3.2) by % = ;—’g, we see that the pair
k

(we = Wi+ A, pr = Jlkzﬁk) satisfies the following system

—Vvr Auy + (llk . V)llk + Vpr =1 in Qpk,
divu, =0 in Qp, (3.10)

w =a; on 9,
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2
where f;, = % f, a = VT" A u; € Wli’f(ﬂ), Pk € Wli’cz(Q).7 From Corollary 2.1 we
have
lull z6(q,,) < const. (3.11)

For R > Ro denote Qg = QN B(0, R). Since by Holder inequality [[f[|13/2(q,) <
||f||L2(QR)\/E’ Corollary 2.1 implies also

IV pill 32 < CVR - YR € [Ro., Ryl (3.12)

where C does not depend® on k, R. By construction, we have the weak convergences
. 12,5 : 132 &

w—~vin WA, p— pinWA(Q)0

In conclusion, we can prove the following lemma.

Lemma 3.1 Assume that Q@ C R> is an exterior axially symmetric domain of type
(1.2) with C*-smooth boundary 32, and a € W3/>2(3Q), f = curlb € W12(Q) are
axially symmetric. If the assertion of Theorem 1.1 is false, then there exist v, p with
the following properties.

(E) The axially symmetric functions v € H(Q), p € D"3/>(Q) satisfy the Euler
system (3.8) and || p|13(q) < 0°.

(E-NS) Condition (E) is satisfied and there exist a sequences of axially symmetric
functions uy € W1’2(Qhk), Pk € W1’3/2(Qhk), Qpr = N Bg,, Ry — o0 as
k — oo, and numbers vy — 0+, such that estimates (3.11)—(3.12) hold, the pair

2
(ug, px) satisfies (3.10) with £, = E—’; f,a, = UT" A (here A is solenoidal extension of a
from Lemma 2.1), and

1,32
ocC

v= /(V-V)V-Adx (3.14)
Q

VUl 2y = 1w = vin W2 (@), pr— pin W."(Q), (3.13)

Moreover, vy, € Wlf)'cz(Q) and py € Wlikz(g)'

Proof We need to prove only the identity (3.14), all other properties are already estab-
lished above. Choosing n = wy in (3.5) yields

7 The interior regularity of the solution depends on the regularity of f € W 1.2(Q), but not on the regularity
of the boundary value a, see [24].

8 Of course, the above assumptions f € WI*Z(Q) N L6/5(Q) imply Hf”L3/2(QR) < C and
VPl 3 2(Qp) < C, but we prefer to use here weaker estimate (3.12) which holds also in the gen-
eral case ug # 0 to make our arguments more universal.

9 The weak convergence in WI{)LZ () means the weak convergence in wb2(Q') for every bounded subdo-
main Q' C Q.
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1
VZf(wk'V)Wk‘Adx+TfA‘vwk'Adx
k
Q

Q
(3.15)

v 1
— — | VA -Vwid — | f-widx.
Jk/ Wy x+Jk/ Wi dx
Q Q

By the Holder inequality

/ A VWi Adx| < |Al74 g VWil 20) < IIA1174 g
Q

/ VA - Vwdx| < VAl 20 VWil 20 < VA2

f-widx| < [IfllLo/5 ) Wkl Lo ()

@\K)

Note that

/(wk-V)A~Wkdx—f(v-V)A~vdx=/((wk—v)-V)A~Wkdx
Q Q Q

+/(V~V)A-(wk—v)dx:Jk(l)—kjk(z)—>O as k — oo.
Q

Indeed, by Cauchy’s and Hardy’s inequalities

1 c |Wk — v|[W|
|‘7k( )If /((Wk—V)~V)A-Wkdx +E / de
Qr R3\BR
< Wk = Vg4 IWkll L4 @) IVAI L2 (0p)

C1l 26‘1
+EIIV(W/¢ — V2@ ) I VWl 223\ BR) = c(R)IWk — ViL2(0p) + R

where Qr = Br N Q2 and ¢ does not depend on R. Hence, letting first k — +o00 and
then R — +00, we conclude that

lim g =o0.

k— 00

Analogously, it can be shown that limg_, jk(z) = 0. Consequently, we can let
k — +o00in (3.15) to get the required identity (3.14). O
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Notice that because of (3.14) the limiting solution v of the Euler system (3.8) is
nontrivial. Now, to finish the proof of the existence Theorem 1.1, we need to show
that conditions (E-NS) lead to a contradiction. The next two sections are devoted to
this purpose.

4 Euler equation

In this section we assume that the assumptions (E) (from Lemma 3.1) are satisfied.
For definiteness, we assume that
(SO) €2 is the domain (1.2) symmetric with respect to the axis Oy, and

LiNOy,#9W, j=1,....M,
[iNO0g=0, j=M+1,...,N.

(We allow also the cases M = N or M’ = 0, i.e., when all components (resp., no
components) of the boundary intersect the axis of symmetry.)

Denote Py = {(0,x2,x3) : x2 >0, x3 e R}, D=QN P, D; =Q; NPy . Of
course, on Py the coordinates x;, x3 coincides with coordinates r, z.

For aset A C R3 put A:=AnN P, and for B C P, denote by B the set in R?
obtained by rotation of B around O;-axis. From the conditions (SO) one can easily
see that

(S1) D is an unbounded plane domain with Lipschitz boundary. Moreover, r jisa
connected set for each j = 1, ..., N. In other words, the family {f‘j cj=1,...,N}
coincides with the family of all connected components of the set P N aD.

Then v and p satisfy the following system in the plane domain D:

ap v, v,
b i —Z< -0,
0z tr or t 0z
ap  (vp)? v, v,
— = V— v, — =
or r ar 0z
Vg Uy dvy dvg

4.1

a(rvy) | 9(rvy)
ar + dz

(these equations are fulfilled for almost all x € D).
We have the following integral estimates: v € Wll)’cz (D),

/V|Vv(r, D> drdz < . 4.2)
D

/r|v(r, )0 drdz < co. 4.3)
D
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Also, the inclusions Vp € L3%(Q), p € L3(R) can be rewritten in the following
two-dimensional form:

/r|Vp(r, 1% drdz < oo, 4.4)
D
/r|p(r, 1P drdz < co. 4.5)
D

The next statement was proved in [14, Lemma 4] and in [2, Theorem 2.2].

Theorem 4.1 Let the conditions (E) be fulfilled. Then
Vjief{l,...,N}3dp;eR: pkx)=p, for $* — almost all x € . (406)
In particular, by axial symmetry,
p(x)=Dp; for 9 — almost all x € f‘j. 4.7

We shall prove (see Corollary 4.1), that in the axially symmetric case p; = --- =
Py = 0, i.e., these values coincide with the constant limit of the pressure function p
at infinity. To formulate this result, we need some preparation. Below without loss of
generality we assume that the functions v, p are extended to the whole half-plane P
as follows:

v(x):=0, xe P \D, (4.8)
p(x):=pj, xe PLND;, j=1,....N. (4.9)

Obviously, the extended functions inherit the properties of the previous ones. Namely,
ve WLA(Py), p e W.P(Py), and the Euler equation (4.1) are fulfilled almost
everywhere in P;. Of course, for the corresponding axial-symmetric functions of
three variables we have v € H (R?), pE D'3/2(R3), and the Euler equation (3.8) are

fulfilled almost everywhere in R3.

Lemma 4.1 For almost all ro > 0
|p(ro, 2)| + |v(ro, 2)| — 0 as |z| — oo. (4.10)
Proof This Lemma follows from the fact that for almost all straight lines L,, =
{(r,z) € R?> : r = ro} we have the inclusion |p(ro,-)| + |v(ro, )|> € L3®R) N
D3/2(R), see (4.2)-(4.5). O
The main result of this section is a weak version of Bernoulli Law for the Sobolev

solution (v, p) of Euler equation (4.1) (see Theorem 4.2 below). To formulate and to
prove it, we need some preparation.
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The last equality in (4.1) (which is fulfilled, after the above extension agreement,
see (4.8)—(4.9), in the whole half-plane P, ) implies the existence of a stream function
2.2
Y € W ; (P4) such that

oy oY
W:—V‘UZ, B—ZZrUr. (411)
By (4.11), formula (4.3) can be rewritten in the following form:
Vi (r, z)[°
f Mdrdz < . (4.12)
-
Py

By Sobolev Embedding Theorem, ¢ € C(P) (recall that P, is an open half-plane,
so here we do not assert the continuity at the points of singularity axis O,). By virtue
of (4.8), we have Vy/(x) = 0 for almost all x € D;. Then

Vie{l,...,N} 3§ eR: y(x)=§; VxePrND;. (4.13)
v|?

Denote by & = p + —— the total head pressure corresponding to the solution
(v, p). From (4.2)-(4.5) we get

/r|<l>(r, z)|3drdz+/r|vq>(r, )I¥?drdz < oo. (4.14)
Py Py
By direct calculations one easily gets the identity
v, &+ v, P, =0 (4.15)
for almost all x € P. Identities (4.8)—(4.9) mean that
d(x)=p; VxePrNDj, j=1,...,N. (4.16)

Theorem 4.2 (Bernoulli Law for Sobolev solutions) Let the conditions (E) be valid.
Then there exists a set Ay C Py with §'(Ay) = 0, such that for any compact
connected'® set K C Py the following property holds : if

Y|, = const, 4.17)

then
O (x1) = ®(xp) forall x1,x3 € K\Ay. (4.18)

Theorem 4.2 was obtained for bounded plane domains in [16, Theorem 1] (see
also [17] for detailed proof). For the axially symmetric bounded domains the result
was proved in [19, Theorem 3.3]. The proof for exterior axially symmetric domains

10 We understand the connectedness in the sense of general topology.
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is similar. To prove Theorem 4.2, we have to overcome two obstacles. First difficulty
is the lack of the classical regularity, and here the results of [6] have a decisive role
(according to these results, almost all level sets of plane W21 functions are C! -curves,
see Sect. 2.3). The second obstacle is the set where Vi (x) = 0 #£ V& (x), i.e., where
vr(x) = v;(x) = 0, but vg(x) # 0. Namely, if we do not assume the boundary
conditions (3.83), then in general even in smooth case (4.17) does not imply (4.18).
For example, if v, = v, = 0 in the whole domain, vy = r, then ¥ = const on the
whole domain, while p = é and ® = r? # const. Without boundary assumptions
one can prove only the assertion similar to Lemma 4.5 (see below). But Lemma 4.5
together with boundary conditions (3.83) imply Theorem 4.2.
First, we prove some auxiliary results.

Lemma 4.2 Let the conditions (E) be fulfilled. Then
2,1
p € Wi (Py). (4.19)
Moreover, for any ¢ > 0 the inclusion
p e D> (P) (4.20)

holds, where P, = {(r,z) € P4 :r > ¢}.

Proof Clearly, p € D'3/2(R3) is the weak solution to the Poisson equation
Ap — T 3
p=—-Vv-Vv inR 4.21)

(recall that after our agreement about extension of v and p, see (4.8)—(4.9), the Euler
equation (3.8) are fulfilled in the whole R?). Let

1 [ (Vv-Vv)(y) dy

Gx) = —
=1z x—yl
Q

By the results of [9], Vv - Vv belongs to the Hardy space H'(R?). Hence by
Calderén—Zygmund theorem for Hardy’s spaces [40] G € D>!(R%) N D3/2(R3).
Consider the function p, = p — G. By construction p, € D"3/?2(R?) and Ap, =0
in R3. In particular, Vp, € L3/?(R?) is a harmonic (in the sense of distributions)
function. From the mean-value property it follows that p, = const. Consequently,
p € D>I(RY). o

3?p 3’p

aroz - azor
Z = {x € P4 1 v.(x) = v;(x) = 0}. Equation (4.1) yield the equality

From inclusion (4.19) it follows that

for almost all x € Py. Denote

9 9 2
op _ . 9p _ )

, = for almost all x € Z,
0z or r
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2 2

0
and, using identity —— = P and Eq. (4.1), it is easy to deduce that
ordz  0z0r
0P
8—(x) =0 for almost all x € P4 such that v,(x) = v;(x) = 0. (4.22)
b4

In the assertion below we collect the basic properties of Sobolev functions applied
to v and ®. Here and in the next statements we assume that the conditions (E) are
fulfilled and that all functions are extended to the whole half-plane P [see (4.8)—(4.9),
(4.13)—(4.16)].

Theorem 4.3 There exists a set Ay C Py such that:

(i) H'(Ay) =0;
(ii) Forall x € Py\Ay

lim IV(y) — v(x)|*dy = lim 1D (y) — D) 2dy =0,
R—0 Br(x) R—0 Br(x)
. 1 f 3/2
lim — VO (y)%dy = 0.
R—0 R Br(x)

Moreover, the function  is differentiable at x € Pi\Ay and Vi (x) =
(=rvz(x), rvp(x));

(iii) For all € > O there exists an open set U C R? such that ﬁcl,o(U) <eg Ay C U,
and the functions v, ® are continuous in Py \U;

(iv) For each xo = (rg, z0) € P+\Ay and for any ¢ > 0 the convergence

1
lim —$H'(E(x, & p)) > 1 (4.23)
p—0+2p

holds, where

ro+p z20t+p
0o 00
E(xg,e,p) =t e (—p,p): a(r, zo +1)|dr + 8_z(r0 +t,2)|dz

ro—p 20—p

+ sup [P, z0 +1) — D(x0)]
relro—p.ro+pl

+ sup |[D(rg+1t,2) — Dxg)| <€y .
z€lzo0—p,z0+p]

(v) Take any function g € C'(R*) and a closed set F C Py such that Vg # 0
on F. Then for almost all y € g(F) and for all connected components K of
the set F N g~1(y) the equality K N Ay = @ holds, the restriction ®|g is an
absolutely continuous function, and formulas (4.1), (4.15) are fulfilled ' -almost
everywhere on K.
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The above theorem coincides with Theorem 3.7 from [19] (see also [17, Theorem
3.1] for more detailed explanations).

Really most of these properties are classical and could be found, e.g., in [11]. Note,
that the property (iv) follows directly from the second convergence formula in (ii).
The last property (v) follows (by coordinate transformation, cf. [28, §1.1.7]) from the
well-known fact that any function f € W ! is absolutely continuous along almost all
coordinate lines. The same fact together with (4.22), (4.15) imply

Lemma 4.3 Denote L,, = {(r,z) € Py : r = ro}. Then for almost all ro > 0 the
equality L,y N Ay = 0 holds. Moreover, p(ro, -), v(ro, -) are absolutely continuous
functions (locally) and

00
B—(ro, z7) =0 for almost all 7 € R such that v, (rg, z) = 0. (4.24)
z

We need also the following assertion which was proved in [19] (see Lemma 3.6).

Lemma 4.4 Suppose for ro > 0 the assertion of Lemma 4.3 is fulfilled, i.e., the
equality L,y N Ay = @ holds, p(ro, ), v(ro, -) are absolutely continuous functions,
and formula (4.24) is valid. Let F C R be a compact set such that

Y (ro,z) =const forallz € F (4.25)
and
D (rg, ) = ®(ro, B) for any interval («, B) adjoining F (4.26)

(recall that («, B) is called an interval adjoining F ifo, B € F and (a, B) N F = ).
Then
®(rg,z) =const forallz € F. 4.27)

The next lemma plays the key role in the proof of the Bernoulli Law.

Lemma 4.5 Let P C P4 be a rectangle P := {(r,z) : r € [r1,12], z € [z1, 221},
r1 > 0, and K C P be a connected component of the set {x € P : ¥ (x) = yo}, where
yo € R. Then there exists an absolute continuous function f : [r1, r2] — R such that

O(r,z) = f(r) forall (r,z) € K\Ay. (4.28)

Moreover, for each ro € [r1, 2] if f(r) # const locally in any neighborhood of ry,
then
(ro.2) € K Vz €[z, 22]. (4.29)

In other words, if for ro € [r1, r2] the inclusion (4.29) is not valid, then there exists a
neighborhood U (r) such that f|yy)nir,r,] = const.

Remark 4.1 Notice that the above lemma is valid without assumption (3.83) (that
v]sq = 0). It is enough to suppose that v € wbh2(p), p € wh3/2(p) satisfy Euler
system (4.1) almost everywhere in P.
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Proof of Lemma 4.5 splits into six steps (see below). Steps 1—4 coincides (in essential)
with the corresponding steps (having the same numbers) from the proof of Theorem 3.3
in [19], where we assumed additionally that

v(x) =0 Vx € aP\{(r1,2) : z € (21, 22)}. (4.30)

The new arguments appear in Steps 5 and 6, where we cannot simply repeat the
arguments from [19] because of absence of boundary conditions (4.30).

STEP 1.Put P° =1Int P = (r1, r2) X (21, z2). Let U; be the connected components

of the open set U = P°\K.In [19, Step 1 of the proof of Theorem 3.3] it was proved
that for any U; there exists a number 8; such that

®(x) =B forall x € K NaU;\Ay. 4.31)

STEP 2. Using (4.31) and Lemma 4.4, in [19, Step 2 of the proof of Theorem 3.3]
it was proved that for almost all € (rq, r2) the identities

O(r,7) =(r,7") V(). (rn) ek (4.32)
hold.
STEP 3. Denote by Proj,. E the projection of the set E onto the r-axis. From (4.31),
(4.32) it follows that
Proj, U; NProj, U; #0 = pi = B;. (4.33)
Denote V' = Proj,(P°\K )11 and let (ug, vi) be the family of intervals adjoining the
compact set [r1, r2]\V (in other words, (u, vr) are the maximal intervals of the open
set V = J; Proj, U;). Then, repeating the assertion (4.33), we have
Proj, U; C (uk, vg) D Proj, U; = B; = B;. (4.34)

In other words, for any interval (uy, vy) adjoining the set [rq, r2]\V there exists a
constant B (k) such that

Proj, Ui C (ug, ) = (®(x) = Bk) forall x € K N3U;\Ay). (4.35)

By construction, for any r € (uy, vx) there exists z € (z1, z2) such that (r,z) €
U; for some component U; with Proj, U; C (ug, vi). From this fact and from the
identities (4.35) and (4.32) it follows that

®(r,z) = B(k) for almostall » € (ug, vr) and for any (r, z) € K. (4.36)

1 By construction, the set [r1, 73]\ V coincides with the set of values r € [rq, rp] such that the whole
segment {r} x [z, z2] lies in K. The set V can be empty, but it can also coincide with the whole [ry, r7].
For example, if K is a circle, then V = [r{, r2]. Further, V = (Jiff K = P.
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STEP 4. It was proved in [19, Step 4 of the proof of Theorem 3.3] that the assertions
(4.35) and (4.36) imply

r € lug, vl = ®(r,2) = Bk) V(r,z) € K\Ay. (4.37)

Note, that formulas (4.35) and (4.36) in our proof correspond to the formulas (3.38)
and (3.39) from [19]. Further, the role of the rectangle P from [19, Step 4 of the proof
of Theorem 3.3] is played in our proof by the rectangle [uy, vi] %X [z1, z2].

STEP 5. By construction, for each r € [r1, 2]\ V the whole segment {r} x [z1, z2]
is contained in K. On this step we shall prove that ®(x) is constant along each of
these segments, i.e.,

Vr elr,r\V 38@F) ®(r,z) =B(r) Y, z) € P\Ay. (4.38)

Indeed, if r is an endpoint of an adjoining interval, i.e., if r = ug orr = v, then (4.38)
unmedlately follows from (4.37). Further, by Step 2 there exists a set E Clri.rm 1AN4
such that $H!([r], rn\(V U E)) = 0 and the assertion (4.38) is true for any r € E.
But for any r € [r1, 2]\ V there exists a sequence of points r;, — r, u = 3,4, ...,
such that each r, is an endpoint of some adjoining interval (ug, vk) or r, € E,
i.e., the assertion (4.38) is true for each r;,. Finally, the assertion (4.38) follows for
r =limy,_, o ry, from the continuity properties of ®(-) [see Theorem 4.3 (ii)—(iv)].
STEP 6. Define the target function f : [ry,72] — R as follows: f(r) = B(k)
for r € (ug, vx) (see Step 4) and f(r) = B(r) for r € [r1, r2]\V (see Step 5). By
construction [see (4.37) and (4.38)] we have the identity (4.28). Also by construction,

f(r) = const on each adjoining interval (uy, vg). (4.39)

Take an arbitrary zg € (z1, z2) such that the segment [rq, 2] x {z9} does not contain
points from Ay and ®(-, zo) in an absolutely continuous function, i.e., ®(-, z9) €
WU1([r1, 2]). Then by construction, ®(r, zg) = f(r) for each r € [r1,r2]\V, in
particular, f(r) coincides with an absolute continuous function on the set [r1, 2]\ V.
The last fact together with (4.39) implies the absolute continuity of f(-) on the whole
interval [, r2]. The Lemma is proved completely. m]

Proof of Theorem 4.2 Suppose the conditions (E) are fulfilled and K C Py is a com-
pact connected set, ¥|x¢ = const. Take the set Ay from Theorem 4.3. Let P be a
rectangle P := {(r, z) : r € [r1, 2], z € [z1, 22]}, r1 > O, such that K C P, and

Proj, K = [r1, r2]. (4.40)

We may assume without loss of generality that K is a connected component of the set
{x € P :y¥(x) = yo}, where yp € R. Apply Lemma 4.5 to this situation, and take the
corresponding function f (r). Then the targetidentity (4.18) is equivalent to the identity
f(r) = const. We prove this fact getting a contradiction. Suppose the last identity is
false. Consider the nonempty compact set R = {r¢ € [r1, 2] : f(r) # const in any
neighborhood of ro}. By assumption, R # @, thus f(R) = f([r1, r2]) is an interval of
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positive length!2. Since f is an absolute continuous function, it has Luzin N-property,
1.e., it maps sets of measure zero into the sets of measure zero. In particular, the measure
of R must be positive, moreover, there exists a set of positive measure R’ C R such
that f(r) # O for each r € R’. So, by Lemma 4.1 there exists ro € R’ such that
L,yNAy =90,

|p(ro, 2)| + |v(ro, 2)| — 0 as|z] — oo,

and

f(ro) #0. (4.41)

Take a sequence of rectangles P, = [r1,r2] x [2]', z3'] such that z}' — —oo,
75 — +oo. Let K, be a connected component of the level set {x € Py, : ¥ (x) = yo}
containing K. From (4.40) it follows that

Proj, K, = [r1, r2]. (4.42)

Apply Lemma4.5to K,,,, P, and take the corresponding function f;, (). By construc-
tion [see, e.g., (4.40), (4.42)] functions f,, do not depend on m, i.e., f(r) = f;,(r) for
eachr € [r1, m]andforallm = 1, 2, .... Then by the second assertion of Lemma 4.5,
the whole segment {r} x [", z3']is contained in K, for eachm, and ®(rg, z) = f(ro)
forall z € [z}, z5']. Passing to a limit as m — oo, we get ®(rg, 2) = f(ro) # 0 for
all z € R. The last identity contradicts convergence (4.10). The Theorem is proved. O

Fore > Oand R > Odenote by S, g thesetSe. g = {(r,2) € P+ :r > ¢, 2472 =
R?}.
Lemma 4.6 For any ¢ > 0 there exists a sequence p i > 0, pj = +00, such that

Sg,pj N Ay =0 and
sup [®(x)] —> 0 asj — oo. 4.43)

XeSg,pj

Proof Fix ¢ > 0. From the inclusion V& e L3/2(R3) it follows that there exists a
sequence p; — oo such that Ss,pj N Ay = ¢ and

1
/ IVO)[?ds' < — asj— oo.

Lj
Se.nj

By Holder inequality,

2/3
/ VD (x)|dH' < (/ |Vd>|3/2d3§1) (o) < (pl)l/{

J
Se.n; Se.0

12 Notice that the set R itself may have empty interior, for example, if f is a Cantor staircase type function,
i.e., if f is constant on each interval /;, and the union of these intervals is everywhere dense set, then R
coincides with corresponding Cantor set and has empty interior.

@ Springer



752 M. Korobkov et al.

consequently,
diam qD(SE,p_,.) — 0 asj— oo,

that in virtue of Lemma 4.1 implies the assertion of Lemma 4.6. O
One of the main results of this section is the following.

Theorem 4.4 Assume that conditions (E) are satisfied. Let K be a sequence of
continuums with the following properties: Kj C D\O; Y¥|x; = const, and
lim oo inf ek, r =0, lim;_, SUP (- yek; > 0. Then ®(K;) — Oas j — oc.
Here we denote by ® (K ;) the corresponding constant c¢; € R such that ®(x) = c;
forall x € Kj\Ay (see Theorem 4.2).

Proof Let the assumptions of the Theorem be fulfilled. We shall use the Bernoulli
law and the fact that the axis O, is “almost” a streamline. More precisely, O; is a
singularity line for v, v, p, but it can be accurately approximated by usual streamline
(on which ® = const). Recall that the functions v, p, ®, ¥ are extended to the whole
half-plane P4 (see (4.8), (4.9), (4.16), (4.13)), and the assertion of the Bernoulli Law
(Theorem 4.2) is true for these extended functions.

By Lemma 4.1, there exists a constant ro > 0 such that the straight line L, satisfies
the assertion of Lemma 4.3 and

LiyNAy =@, p@o,z)—0, [v(ro,2)| = 0 as |z| — oo,
v(ro, ) € L°(R), v(ro,-) € D'2(R) C C(R),

4.44
p(ro, ) € DI32(R) C C(R), (a9

ro < lim sup r.
Jj—oo (r,2)eK;

In particular, the function ® (rg, -) is continuous on R. In virtue of the last inequality,
we can assume without loss of generality that

K;NL,#% VjeN. (4.45)
Suppose that the assertion of Theorem 4.4 is false, i.e.,
®(Kj) = px #0 as j — oo. (4.46)
Then by (4.441) there exists a constant C; > 0 such that

sup lz| < C1, (4.47)
J€EN, (r0,2)€K;

consequently,
K;in{(ro,2):z€[-C1,C1]} #0 VjeN. (4.48)
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Take a sequence of numbers z; € (Cy, 00) with z; < z;41 — 400 asi — oo.
Since, by estimate (4.12),

Z

1
\v/ 6
//| 1/f(FS,Z)| drdz < oo,
r
0

721’

we conclude that there exists a sequence of numbers r;;z — 04 such that

% .
VY (rik, 2)] 1
5 <o
Tik Tik

_Zi
that is,

Zi
/ IV (rix, 2)10dz < il = 0 ask — oo.
_zi
In particular, by Holder inequality

Zi
1
/ IV (rix, z)|dz < 7

_Zi

for sufficiently large k. This implies the existence of sequences r; = rix, € (0, o)
with the following properties

ri >riy1 — 0 asi — oo, (4.49)

Zi
/ VY (ri,z)|dz — 0 asi — oo. (4.50)

—Zi

Further, by the same estimate (4.12) and similar arguments, there exists a sequence
zi € [Zi — 1, Z;] such that

ro o

/IVW(K zi)ldr + / VY (r, —zi)ldr — 0 asi — oo. (4.51)

ri ri

Thus,

Zi ro ro
/|V1ﬁ(ri,z)|dz+f|vw(r, z,-)|dr+/|Vw(r, —zi)|dr = 0 (4.52)

—7i
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as i — oo. Let P; be the rectangle P; = [r;, ro] X [—zi, zi]. Denote by A;, B; the
points A; = (rg, —z;) € L,y N0 P;, B; = (ro, z;) € Ly, N dP;. Denote by [A;, B;] =
{(ro0, 2) : z € [—zi, zi]} the closed segment and by ]A;, B;[= [A;, Bi]\{A;, B;} the
corresponding open one. Put 7; = (3 P;)\ ]A;, B;[. By construction [see (4.52)]

diam ¢ (T;) — 0 asi — oo. (4.53)
Take R, > /rg +C f such that
Sro.R. NKj =0 VjeN. (4.54)

The existence of such R, follows from Lemma4.6 and (4.46). Indeed, Lemma 4.6 gives
us sup [P (S, g, )| — O for some Ry — 00, and (4.46) means that ®(K;) — ps # 0.

For x € P; denote by K. the connected component of the level set {y € P; :
¥(y) = ¥(x)} containing x. Put F; = {z € [—z;, z;] : Kéro’z) N T; # @}. Then for
each i € N there exists an index j (i) > i such that

Vj=j@) {(r0.2) € Kj:ze F}#0. (4.55)

Indeed, the connected set K ; intersects L,, and L,, for sufficiently large j, moreover,
by (4.47) K; N Ly, C {ro} x [—C1,C1] C [A;, B;] C P;. From the last assertions
and (4.54), by obvious topological reasons, we derive the existence of a connected set
K ; C K N P; which intersect both lines L, and L,,. This means validity of (4.55).

Now take a point z;( i € Fi such that (rg, z; ( [)) € K ;. Since the sequence of points
z;(i) is bounded [see (4.47)], we may assume without loss of generality that

le(i) — Zx asi — 00.

Then (K j;)) — ¥ (ro, 2+) asi — oo.Denote &, = ¥ (r9, z4+). Since by construction
K @) NT; # ¥ and the convergence (4.53) holds, we have

sup [ (x) —&] — 0 asi — oo.
xeT;

By construction we have also the following properties of sets F;.
(I~) F; is acompact set, £z; € F;.
Indeed, the set F; C [z;, zolis closed because of the following reason: if F; > z,, —

z, then there exists a subsequence z,,, such that the components K (iro -, ) converge with
KL

respect to the Hausdorff distance!3 to some set K. Of course, K 3 (ro, z) is a compact

13 The Hausdorff distance d i between two compact sets A, B C R” is defined as follows: dy (A, B) =
max(supaeA dist(a, B), supy g dist(b, A)) (see, e.g., § 7.3.11in [8]). By Blaschke selection theorem [ibid],
for any uniformly bounded sequence of compact sets A; C R”" there exists a subsequence A,'j which
converges to some compact set Ag with respect to the Hausdorff distance. Of course, if all A; are compact
connected sets, then the limit set A is also connected.

@ Springer



The existence theorem for the steady Navier—Stokes... 755

connected set, ¥ | g = const, and K NT; # @ (since by construction K iro ) NT; # 0).

Therefore, K C K éro, 2) (see the definition of the sets K )’;), hence z € F;.
Put U; =] —z;, zi[ \F;. For z € U; let («;(z), Bi(z)) be the maximal open interval
from U; containing z. Of course, «; (z), Bi (z) € F;. Thenexttwo properties are evident.
(ITI~) U;is anopen set, U; C Uj1.
(IL.) sup | (x) — &«| = sup [ (ro, 2) —&«] — 0 asi — oo.

xeT; z€F;

(IV~) Vz € U; 3 a compact connected set K C P; such that (rg, @ (2)) € K,
(ro, Bi (z)) € K and vy |x = const.

Indeed, if the components K Ero, i (2)* K Ero, B(2) do not coincide, then, by results
of [22], there exists a compact connected set K’ C P;, |’ = const, which separates
them, i.e., points (rg, i (z)), (ro, Bi(z)) lie in the different connected components of
the set P;\K'. Then, by topological obviousness, K’ N T; # @ and K’ N {(rp,z) : z €
(«i (2), Bi(z))} # @.Butthe last formulas contradict the condition («; (z), B; (2))NF; =
¢ and the definition of F;. Thus the property (IV~) is proved.

The property (IV~) together with the Bernoulli Law (Theorem 4.2) imply the
following identity:

(V~) Vz e Ui @(ro, ai(z)) = P(ro, Bi(2)).

Put U = | J; U;, F = R\U. Then we have

(VI.) Fisaclosedset, z, € F, U is an open set.

For z € U put a(z) = lim;, @;(2), f(z) = lim;_, Bi(z). Notice that the
limits exist since the functions «; (z), B; (z) are monotone in virtue of (IL-). Moreover,
if z < z4, then B(z) is finite because of inequalities B;(z) < z.. Analogously, if
U > 7 > zy, then a(2) € [z, 2). By construction, («¢(z), 8(z)) C U, and, if «(z) or
B(z) is finite, then it belongs to F.

From (III~), (V~) and continuity of ¢ and ®(ry, -) we have

(VIL.) Yz € F ¥ (ro, 2) = &

(VIII.) Vz € U if both values «(z) and B(z) are finite, then ®(rp, x(z)) =
@ (ro, (2))-

Then Lemma 4.4 yields

Vze F ®(rg,2) = ®(ro, 24), (4.56)
and from (4.46), (4.56) and the choice of (rg, z+) we deduce that
Vze F ®(rg,z) = p«. 4.57)

Now to finish the proof of the Theorem, i.e., to receive a desired contradiction, we
need to deduce the identity
px=0 (4.58)

[it will contradict the assumption (4.46)]. For this purpose, consider two possible cases.
(i) Suppose that F' is an unbounded set. Then by (4.44) limps,;—+o0 P (19, 2) =0,
and the target equality (4.58) follows from (4.57).
(i1) Suppose that F is bounded. Then there exists z € U, z < zx, such that «(z) =
—00. By definition, ¢;(z) — —o0 asi — o0o. By (4.44), lim;_, ®(rg, @i (2)) = 0.
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On the other hand, by (V~) we have
lim @ (rp, o (2)) = lim @ (ro, Bi(2)) = P(ro, B(2)) = P«
11— 00 1—> 00

(the last two equalities follow from (4.57) and from the finiteness of 8(z) € F N
(—00, zx]). Thus, the equality (4.58) is proved, but it contradicts the assumption (4.46).

The obtained contradiction finishes the proof of the Theorem. O
Corollary 4.1 Assume that conditions (E) are satisfied. Then ®|r; = 0 whenever
iNo, #49,ie,

ﬁ] ::ﬁM/ =O,

where pj are the constants from Theorem 4.1.

5 Obtaining a contradiction

From now on we assume that assumptions (E-NS) (see Lemma 3.1) are satisfied.
Our goal is to prove that they lead to a contradiction. This implies the validity of
Theorem 1.1.

First, we introduce the main idea of the proof (which is taken from [20]) in a
heuristic way. It is well known that every &, = py + % lug|? satisfies the linear elliptic
equation

1 1
A®, =} + " div(®puy) — V_kfk g, (5.1)

where w; = curlu; and wi(x) = |wr(x)|. If £ = 0, then by Hopf’s maximum
principle, in a subdomain Q' € Q with C2—smooth boundary 92’ the maximum of
&y is attained at the boundary 92/, and if x, € 9L’ is a maximum point, then the
normal derivative of @y, at x, is strictly positive. It is not sufficient to apply this property
directly. Instead we will use some “integral analogs” that lead to a contradiction by
using the Coarea formula (see Lemmas 5.7-7.1). For sufficiently large k we construct
aset £ C 2 (see the Proof of Lemma 5.9) consisting of level sets of ®; such that E
separates the boundary components I"; where ® # 0 from the boundary components
I'; where ® = 0 and from infinity. On the one hand, the area of each of these level sets
is bounded from below (since they separate the boundary components), and by the
Coarea formula this implies the estimate from below for [ E |V O] (see the Proof of
Lemma 5.9). On the other hand, elliptic equation (5.1) for @y, the convergence f; — 0,
and boundary conditions (3.103) allow us to estimate f E |V<I>k|2 from above (see
Lemma 5.7), and this asymptotically contradicts the previous estimate. (We use also
isoperimetric inequality, see the Proof of Lemma 5.9, and some elementary Lemmas
from real analysis, see “Appendix”).
Recall that by assumptions (SO)

TiNO,#0, j=1,...,M,

rino,=9%, j=M+1,...,N. (5-2)
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Consider the constants ﬁj from Theorem 4.1 (see also Corollary 4.1). We need the
following fact.

Lemma 5.1 The identity
N
—v= Z p;F; (5.3)

J=M'+1

holds.

Proof We calculate the integral [(v - V)v - Adx in the equality (3.14) by using the
Q

Euler equation (3.81). In virtue of assumptions (E),
IlPll3) + IVPILs2 @) < o0, 54
and by Theorem 4.1 and Corollary 4.1 we have
p®Ir; =0, j=1,....M', pX)Ir,=p;, j=M+1,...,N.

From the inclusions (5.4) it is easy to deduce

sup / IpI2dS < oco. (5.5)

meN
[x|=m

Indeed, for balls B,, = B(0, m) we have the uniform estimates

2 1
/ |p|2 dx < ( / |p|3 dx); . (me:as(Bm\%B,n))3 < Cim, (5.6)

Bu\} By B\ 3By
1 2
3 3 3/2 3
[pVpldx < pl°dS ) - IVpl7’=dS) <Cy. (5.7)
Bu\} By B\ % By B\ 3By

Denote o] = minRe[%m’m] fSR Ip|?dS, or = MaX g L] fSR |p|*dS — o1. Then

o1 =

S

f Ip|*dx < 2C. (5.8)

B\ 3 B
Analogously, since
/
2 2 2
Ip1=dS =%/ P dS+2 | pVp-nds, (5.9
Sr R Sk Sk
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by (5.6)—(5.7) we have

4
o<t / pPdx+2 / PV pldx < 4C, +2Cs. (5.10)
m

B\ % B B\ % B

Because of inequality [ |p |>dS < o1 + 02, we have proved the required uniform

|x|=m
boundedness of these integrals.
Hence
1 1
2.0\’ 2.0\’
/ |p||A|dS§< / [P dS) ( / |A| dS> — 0 asm — oo.
|x|=m |x|=m |x|=m

Multiplying equation (3.81) by A, integrating by parts in 2, = {x € Q : |x| < m}
and passing to a limit as m — 0o, we obtain

Jv-V)V-Adx=—[Vp-Adx=— lim [ div(pA)dx
S-z Q m—0Q

m

N
=— Y pjFj— lim [ pA-ndS
P I m—oo L, (5.11)
N —~
=- > ;¥
Jj=M'+1
The required equality (5.3) follows from the last identity and (3.14). O
If pyry1 =+~ = pn =0, we get [(v-V)v-Adx = 0. However, this contradicts
Q

the equality (5.3). Thus, there is p; # 0 for some j € (M’ +1,..., N}.
Further we consider separately three possible cases.

(a) The maximum of & is attained at infinity, i.e., it is zero:

0 =esssup @(x). (5.12)

xeQ

(b) The maximum of @ is attained on a boundary component which does not intersect
the symmetry axis:

0<py= max  p; = esssup P (x), (5.13)
j=M'+1,..N " xeQ

(¢) The maximum of & is not zero and it is not attained!* on 92

max  p;j <esssup P(x) > 0. (5.14)
j=M'+1,...N eQ

14 The case ess supycq @ (x) = +o0 is not excluded.
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5.1 The case esssup,. .o ®(x) = 0.

Let us consider case (5.12). By Corollary 4.1,

pL=---= py =esssup ®(x) =0. (5.15)
xeQ
Since the identity pyr41 = --- = py = 0 is impossible, we have that p; < 0 for

some j € {M' + 1,..., N}. Change (if necessary) the numbering of the boundary
components I'pr1q, ..., I'y so that

Po=Pl=--=pu=0 M>M, (5.16)
pi<0, j=M+1,...,N. (5.17)

Recall that in our notation Py = {(0, x2, x3) : x2 > 0, x3 € R}, D= QN Py. Of
course, on P, the coordinates x;, x3 coincides with coordinates r, z, and O; = Oy,
is a symmetry axis of Q. For aset A C R> put A:=AnN Py.

We receive a contradiction following the arguments of [19,20]. Take the positive
constant 8§, = —sup;_pyy .y P(I'j). Our first goal is to separate the boundary
components where ® < 0 from infinity and from the singularity axis O, by level
sets of ® compactly supported in D. More precisely, for any t € (0,5,) and j =
M +1,..., N we construct a continuum A () € Py with the following properties:

(i) The set T’ j lies in a bounded connected component of the open set P1\A();
(i) ¥la;¢) = const, (A;(1)) = —1;
(iii) (monotonicity) If0 < #; < #» < §,, then A (#) lies in the unbounded connected
component of the set P1\ A (#2) (in other words, the set A ;(#2) U r j lies in the
bounded connected component of the set P\ A (f1), see Fig. 1).

For this construction, we shall use the results of Sect. 2.4. To do it, we have to
consider the restrictions of the stream function ¥ to suitable compact subdomains of
Py.

Fix j e {M+1,..., N} Take r; > 0 such that Lrj N T'; # ¥ and the conditions
(4.44) are satisfied with r; instead of ry. In particular,

L, NAy =0, ®(rj,-) e C[R), and P(rj,z) > 0asz— oo. (5.18)
Take monotone sequences of positive numbers &; — 0+, p; — 400 such that

g < inf r and S, NAy=0¥ VieN, (5.19)

(r,z)el’;

1lim sup |®(S;; )| =0, (5.20)
1—> 00

where S , = {(r,2) € Py :r > &, V/r? + z2 = p} (the existence of such sequences
follow from Lemma 4.6).
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N
0, W, (t,t,t)
A, (t
B , ()
S (t51,50),
1—*I D, = —t,=D>— f72<—t2<—t<—tl<f7]=0
= >

Fig. 1 The surface S (t1,1p,t) forthecaseof M =1, N =2

By Remark 2.2, we can apply Kronrod’s results to the stream function Vlp, e

where De, = {(r,2) € Py : 1 > &, ~r2+z2 < p}. Notice that I'; C Dy, .
Accordingly, TIZ means the corresponding Kronrod tree for the restriction |@£_ b

For any element C € Tv"j with C\Ay # @ we can define the value ®(C) as
®(C) = ®(x), where x € C\Ay. This definition is correct because of the Bernoulli
Law. (In particular, ®(C) is well defined if diam C > 0.)

Take x; = (rj, z;) € S, p;- Denote by By, and B;. the elements of Téf withx; € By,

and " i C B; Consider the arc [Bj., B,]C TRZ. Recall that, by definition, a connected
component C of a level set of W@g, N belongs to the arc [B;, By, 1iff C = By, or
C = B; or C separates By, from B;. in Dy, 4, i.e., if By, and B;. lie in different

connected components of Z_?gl.,p[. \C. In particular, since By, N Ly, * 0+ B;. N Ly,
we have '
CNLy; #¥ VCe [B%, By;1. (5.21)

Therefore, in view of equality
L,NAy=90 (5.22)

the value ®(C) is well defined for all C € [B;, B,,]. Moreover, we have

Lemma 5.2 The restriction ®|pi p | is a continuous function.
]

Proof The assertion follows immediately15 from the assumptions (5.21)-(5.22), from
the continuity of ® (7}, -), and from the definition of convergence in T"b (see Sect. 2.4).
O

15 See also the proof of Lemma 3.5 in [20].
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Define the natural order!® on the arc [B, B,,]. Namely, we say, that A < C for
some different elements A, C € [Bj., By, ]iff C closer to By, than A, i.e., if the sets

By, and C lie in the same connected component of the set Dy, ,, \ A.
Put

K, = min{C € [B;-, By1: CN 3Dy 4 # 0}

The next assertion is an analog of Lemma 4.6 from [20].

Lemma 5.3 @(Kgl.)'—> 0 asi — oo. In particular, |®(K,;)| < |'ﬁj| = o)),
and, consequently, B} < Ky, for sufficiently large i.

Proof By definition, K., N 0Dy, o, # ¥. By construction, 0D, . C S¢; p U L,
If Ke; N Se; o # ¥, then the smallness of ®(K,;) follows immediately from the
assumption (5.20). Now let

K¢, N L, # 0. (5.23)

Recall that, by (5.21), we have also
Ke MLy # ?. (5.24)

Now the smallness of ® (K, ) follows from Theorem 4.4. O

In view of above Lemma we may assume without loss of generality that

|®(Ke)| < |pjl =|®(;)| and B;- < K¢, VieN. (5.25)
By construction, '
CNAD, ,, =¥ YC € [B:, Ky,). (5.26)
In particular, ‘
B} NODg; o =¥ Vi e N. (5.27)

Therefore, really B; does not depend on i, so we have

B;‘. =B; VieN (5.28)
for some continuum B;. Also, by equality

K,

. =sup{C € [Bj, By,]: CN Dy, ,, =0}
and by inclusions Dy, ,;, € De,,, 5, We have

(B}, Ke;) C [Bj, Ke,,,) VieN, (5.29)

16 Recall, that by Lemma 2.4, the set [B"', By, ] is homeomorphic to the segment of a real line, i.e. it is an

arc. So we could define a natural order on this arc and take maxima, minima etc.—as for usual segment.
There two symmetric possibilities to define a usual linear order on the arc; here by our choice B’j < By;.
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where, as usual, [B;, K;) = [B;, K, ]\{K¢,;}. Denote

[Bj.00) = | JIB). Ke)).

ieN

The set[ B}, 0o) inherits the order and the topology from the arcs [ B}, K, ). Obviously,
[B;, o0) is homeomorphic to the ray [0, c0) C R.

By construction, we have the following properties of the set [B;, 00).

(1) each element C € [Bj, 00) is a continuum, C € P, and the set fj lies in
a bounded connected component of the open set Py \C for C # B;.

(#2) ¥|c = const for all C € [Bj, 00).

(x3) (monotonicity) If C’,C” € [Bj,00) and C' < C”, then C” lies in the
unbounded connected component of the set Py \C’; i.e., the set C' U B; lies in the
bounded connected component of the set P4 \C”.

(#4) (continuity) If C,, — Cp € [B}, 00), then sup,<c,, dist(x, Co) — 0 and
@ (Cp) — P(Cp) as m — oo. In particular, ®|(p; ) is a continuous function.

(*5) (range of values) ®(C) < 0 forevery C € [B}, 00). Moreover, if [B}, 00) 3
C,, — ooasm — oo, then ®(C,,) - 0asm — oo.

In the last property we use the following natural definition: for a sequence C,, €
[B}, 00) we say that C;; — oo as m — oo if for any i € N there exists M (i) such
that Cy, ¢ [Bj, K;) forallm > M ().

We say that a set Z C [B}, 0o) has T-measure zero if 9 {w(C): Ce Z)=0.

Lemma 5.4 Forevery j=M+1,...,N, T-almostall C € [B}, o0) are Cl-curves
homeomorphic to the circle and C N Ay = ). Moreover, there exists a subsequence ®y,
such that ®y,|c converges to ®|c uniformly &y |c = ®|c on T-almost all C €
[Bj, 00).

Below we assume (without loss of generality) that the subsequence @y, coincides
with the whole sequence ®y.

Proof The first assertion of the lemma follows from Theorem 2.1 (iii) and (5.26). The
validity of the second one for T-almost all C € [B;, co) was proved in [17, Lemma
3.3]. O

Below we will call regular the cycles C which satisfy the assertion of Lemma 5.4.
Since diam C > 0 for every C € [B}, 00), by [20, Lemma 3.6] we obtain that the
function ®[(p;,o0) has the following analog of Luzin’s N-property.

Lemma 5.5 Forevery j=M+1,...,N,if Z C [B}, o0) has T-measure zero, then
H'{@C):Ccezp=o.

Note that Lemma 5.5 is not tautological: in definition of T-zero measure we have
stream function ¥, but Lemma 5.5 says about another function, total head pressure ®. It
looks like Luzin N-property: ¥ (E) has zero measure implies ® (E) has zero measure.

From the last two assertions we get
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Corollary 5.1 Forevery j = M +1, ..., N and for almostallt € (0, |p;|) we have
(C € [Bj,00) and ®(C) = —t) = C is a regular cycle.

Below we will say that a value ¢ € (0, §,) is regular if it satisfies the assertion of
Corollary 5.1. Denote by .7 the set of all regular values. Then the set (0, §,)\.7 has
Zero measure.

Forr € (0,8p)and j € {M +1,..., N} denote

Aj(t) =max{C € [Bj, 00) : ®(C) = —t}.

By construction, the function A (¢) is nonincreasing and satisfies the properties (i)—
(iii) from the beginning of this subsection. Moreover, by definition of regular values
we have the following additional property:

(iv)Ifr € 7, then A;(¢) is a regular cycle.'”

For t € .7 denote by V() the unbounded connected component of the open set
D\(U?’:MHAj (t)). Since A j, (¢) can not separate A j, (1) from inﬁnity18 for Aj (1) #
Aj, (1), we have

DNAV(E) = Ay () U--- U An(2).

By construction, the sequence of domains V (¢) is increasing, i.e., V(¢1) C V(t,) for
11 < tp. Hence, the sequence of sets (D) N (3 V (¢)) is nondecreasing:

@D)Nav() S (D) NIV () ifn <. (5.30)

Every set (0D)NaV (¢)\ O; consists of several components f‘; with/ < M (since cycles
U;V:MH A (t) separate infinity from I'ps 41, . . ., I'y, but not necessary from other I'7).
Since there are only finitely many components I';, using monotonicity property (5.30)
we conclude that for sufficiently small ¢ the set (D) N (dV (¢)) is independent of 7. So
we may assume, without loss of generality, that (3D) N (dV (r))\O, =T"1U---UT'kx

fort € 7, where M’ < K < M. Therefore,
AVANO, =T 1 U---UTx UAy (DU---UAN(), 1€T. (5.31)

Let ¢, € 7 and 1] < 1. The next geometrical objects plays an important role
in the estimates below: for t € (¢1, o) we define the level set Si(z,11,1) C {x €
D : &p(x) = —t} separating cycles U?’:MHAJ'(H) from UjY:MHAj(tz) as follows.
Namely, take arbitrary ¢/, t”” € 7 suchthatt; <t < t” < t;. From Properties (ii),(iv)

17 Some of these cycles A (t) could coincide, i.e., equalities of type A (1) = Aj, (¢) are possible (if
Kronrod arcs [B 1> 09) and [B 2+ 00) have nontrivial intersection), but this a priori possibility has no
influence on our arguments.

13 Indeed, if Aj, (1) lies in a bounded component of D\A j, (1), then by construction A, () € [Bj,, c0)
and Aj, (1) > A j (1) with respect to the above defined order on [B j»» 00), but it contradicts the definition
ofA_i1 (t) = max{C € [Bj,,00) : P(C) = —t}.
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we have the uniform convergence d>k|Aj(t1) = -1y, <I>k|A/.(,2) = —t as k — oo for
every j = M + 1,..., N. Thus there exists ko, = ko (1, t2, ', t”") € N such that for
all k > k,

q)k|A.,-(t|) > —t, q)k|A./(t2) < -t YVi=M+1,...,N. (5.32)
In particular,

Vi e[t t"1Vk > ko Prla;a) > —t, Pilajm) < —t,
(5.33)
Vi=M+1,...,N.

Fork > ko, j = M +1,...,N,and ¢ € [, "] denote by W/ (11, 12; 1) the
connected component of the open set {x € V(tg)\V(tl) : ®x(x) > —t} such that
W/ (t1,12;1) D Aj(t)) (see Fig. 1) and put

N

ACHSHE Y Wit i), St nit) = @OWiln, 0:0) 0 VRV ().
J=M+1

Clearly, ®; = —f on S (#1, 12; t). By construction (see Fig. 1),
Wi (t1, ;1) = Si(t1, s ) U App 1 (1) U - - - U A (7). (5.34)

(Note that Wi (t1, to; 1)) and Sk (#1, t2; t) are well defined for all r € [¢/, "] and k >
ko = ko(t1, 12,8, 1))

Since by (E-NS) each ®; belongs to Wli’CZ(D), by the Morse—Sard theorem for
Sobolev functions (see Theorem 2.1) we have that for almost all 7 € [¢/, "] the level
set Sk (11, t2; t) consists of finitely many C 1 -cycles and &y is differentiable (in classical
sense) at every point x € Si(t1, tp; ) with V®; (x) # 0. The values ¢ € [¢’, t”"] having
the above property will be called k-regular.

Recall that for aset A C P we denote by A the set in R? obtained by rotation of A
around O;-axis. By construction, for every regular value t € [¢’, 1] the set Sk @, "0
is a finite union of smooth surfaces (tori), and

/ V&, -ndS = — / |Vdy|dS < 0, (5.35)

Se(t.30) IGRAD)

where n is the unit outward normal vector to 9 Wk (t1, 5 1).

Forh > 0denote I'y, = {x € Q : dist(x,[{U---UTg) =h)}, 2, ={x € Q:
dist(x,'{ U---UTg) < h)}. Since the distance function dist(x, d€2) is Cl-regular
and the norm of its gradient is equal to one in the neighborhood of 92, there is a
constant 8y > 0 such that for every & < & the set 'y, is a union of K C'-smooth
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surfaces homeomorphic to balls or torus, and
H*(Tp) < co Vh € (0, 5], (5.36)

where the constant ¢y = 35’)2(1" 1 U-.-UTg) is independent of /.
By direct calculations, (4.1) implies

Vb=vxw inQ, (5.37)

where w = curlyv, i.e.,

dvg Jdv, Jdv, vg = dvg
w—(wr»wﬁywz)—( BZ’ aZ ar’ r + ar )~

Set w(x) = |w(x)|. Since ® # const on V(t), (5.37) implies f\7(t) w*dx > 0 for
every t € 7. Hence, from the weak convergence @y — @ in L*(2) (recall that
wy = curlug, wi(x) = |k (x)]) it follows

Lemma 5.6 Foranyt € 7 there exist constants &, > 0 and k; € N such that for all

k > k;
1 .
Aj(t)@EBk, j=M+1,...,N,
1
Lj€5B, j=1....N,
and
f widx > g. (5.38)
V(1)NBy

Here B, = {x e R?: |x| < Ry} are the balls where the solutions uy € wh2(QnN By)
are defined.

Now we are ready to prove the key estimate.

Lemma 5.7 For any t1,t,t',t" € T witht; < t' < " < 1ty there exists k, =
ki (11, 2, 1, t") such that for every k > ky and for almost all t € [t,t"] the inequality

/ VO dS < Fi, (5.39)
Sk(t1,1230)
holds with the constant F independent of t, 11, 1,1, 1" and k.
Proof Fix 11,1, t',t" € T witht; <t < t” < r,. Below we always assume that

k > ko(t1, 0o, t', ") [see (5.32)—(5.33)], in particular, the set S (71, t2; t) is well defined
forall t € [, t”]. We assume also that Ry > 2 and k > k;, (see Lemma 5.6).
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The main idea of the proof of (5.39) is quite simple: we will integrate the equation
1 1

Adp = wp + — div(Prug) — —f - wg (5.40)
Vk Vi

over the suitable domain 2 (1) with 92, () D §k (1, tp; t) such that the corresponding
boundary integrals

‘ f Vo - ndS’ (5.41)
(02O )\ (t1.02:0)

1

Vk

Opuy - ndS’ (5.42)
(02 )\Se(t1.12:1)

are negligible. We split the construction of the domain 2 (#) into several steps.
STEP 1. We claim that for any ¢ > 0 the estimate

/CDde

Sr

= <e (5.43)

holds for sufficiently large R uniformly with respect to k. Indeed, the weak convergence
oy — din Wll’3/2 ®) implies

oc

/ cpdS‘ (5.44)

SRy SRy

1 1

for any fixed R, > Ry. Take R, > Ry sufficiently large such that

/dDdS

SRe

1

R2

&

£ (5.45)
< = .
2

(this inequality holds for sufficiently large R, because of the inclusion ® € L3(2) N
D3/2(Q), see the proof of (5.5)). Take arbitrary R € [R, Ri]. Then R < 2R, for
some [ € N. We have

1 1 1
F/QDde—F'/d)de‘=‘ / WX'VCDkdx

&
Sr SRe |x|€[Re.R]

1
Z / W}C'V@kd.x
x|

m=0| |e[2m R, 2m+1 R,]
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B[ (] k)

IXI€[2”‘Rs 2R, ] |x|€[2™ Re, 2" +1 R ]
1
<C 2mR —, 5.46
SR <o 59

where the constants C, C’ do not depend on [ and k [here we have used the esti-
mate (3.12)]. Consequently, if we take a sufficiently large R, then

1
‘R2/¢de——f¢de

SR SR

<_

for all k € N and R > R,. Now the required estimate (5.43) follows from the last
inequality and formulas (5.45), (5.44) (with R, = R;).
STEP 2. By direct calculations, (3.10) implies

2
v
V&, = —vpcurl o +ug X wi + fr = —vp curl 0 + 0 X wp + —'; curl b.
v

By the Stokes theorem, for any C'-smooth closed surface S € Q and g € W>%(Q)
we have

/curlg-ndS = 0.
S

So, in particular,
deDk -ndS = /(uk X i) -ndS. (5.47)
S

Since by construction for every x € Sg, = {y € R3 : |y| = Ry} there holds the
equality

N
N OF
w0 = KA = —y =t X (5.48)
v dry x|
we see that
/ V&, -ndS =0. (5.49)

SRy

Indeed, by (5.48) the vector uy (x) is parallel to x for every x € Sg,, consequently,
@i (x) x wg(x) is perpendicular to x for x € Sg,, and by virtue of (5.47) we
obtain (5.49).
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Furthermore, using (5.48) we get

Vk

C
/CbkukmdS’:F /fbde‘. (5.50)
k

Ry SR](

Thus applying (5.43) for sufficiently large k we have

Vk

< e&. (5.51)

/ Oruy -ndS

SRy

STEP 3. Denote ' = 'y U - - - U I'k. Recall that by the pressure normalization
condition,
®|r, =0. (5.52)

Our purpose on this step is as follows: for arbitrary ¢ > 0 and for sufficiently large k
to prove the estimates

‘fvcbkmdS‘:‘/(ukxwk)-ndS
o To
1
—‘/@kukds
Vk

To

Recall that in our notation u; = VTkA + wi, where wi € H(Q2), [Willu) = 1,
and A is a solenoidal extension of a from Lemma 2.1. In particular, we have

<, (5.53)

<e. (5.54)

w(x) = XA(x) Vx e . (5.55)
v
To establish (5.54), we use the uniform boundedness
I PllL3 s + IV PkllL32(0,) = €, (5.56)

[recall that 25 = {x € Q : dist(x,9) < h} and the positive parameter 5y was
discussed before formula (5.36)]. From (5.56) and the weak convergence ®; — & in
W1'3/2(5250) we easily have

®;, —> @ inLY(Ty) Vq €ll,2). (5.57)
Thus by virtue of (5.52),
/|<I>k|dS—>0 ask — oo. (5.58)
To
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Since
IAllL>@) < CllAlly22q) < 00, (5.59)

by identity (5.55) we have
1
/@kude' =v /@kAdS
N

Vk
0 Lo

< C/|d>k|dS 0, (5.60)
k— 00
To

that implies the required estimate (5.54) for sufficiently large k.
To prove (5.53), we need also the uniform estimate

ek llw2372g;) < €, (5.61)

where C is independent of & (this inequality follows from the construction [see (3.10)]
by well-known estimates [1,38,39] for the solutions to the Stokes system, see also
formula (2.12) of the present paper). Thus by Sobolev imbedding theorems

e Vagll i,y < C VA €10, 80] Vk €N, (5.62)

where C > 0 is independent of k, & (recall that ) = {x € Q : dist(x, ['g) < h},
'y = {x € Q : dist(x, 'g) = h}). Moreover, by elementary calculations, (5.61)
implies the uniform Holder continuity of the function [0, 8¢] > & — [|vy Vu|| LITy)»
i.e., there exists a constant o > 0 (independent of k) such that

f|ukVuk|dS—/ykauk|ds

Fh, rh//

1
<ol|h'=h"|3 Vh',h" €[0,8] Vk €N. (5.63)

From the last property and from the uniform boundedness of the Dirichlet integral

Va2 @) = 2, (5.64)
one can easily deduce that
sup /|kauk|dS — 0 ask — oo, (5.65)
hel0,80]
Ty
in particular,
/|kauk| dS —- 0 ask — oo. (5.66)
To

Then from the identity (5.55) and the estimate (5.59) we have

‘/(ukxwk)-ndS‘zv—kf(Axwk)-ndS §C[|kauk|dS—>O as k — 0o,
Vv
Iy o o

(5.67)
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Fig. 2 The domain  (¢) for
thecase M = K =1, N =2,
I'p=TIq

Sk(tl’tZ’l)

Hence the required estimate (5.53) is proved.

STEP 4. Take arbitrary ¢ > 0 and fix it (the precise value of ¢ will be specified
below). Now, for r € .7 N [t’, '] and sufficiently large k (in particular, such that the
claims of previous Steps are fulfilled) denote by €2 (,.1,:) the bounded open set in
R3 such that 0825, (11, 12:1) = §k (t1, tp; t) (recall that for A C P4 we denote by A the
set in R obtained by rotation of A around O.-axis). Then consider the domain (see
Fig. 2)

Qi) = QN B\Qs(11,1:0) - (5.68)

Here By = {x € R3 : |x| < Ry} are the balls where the solutions uy € W2(Q N By)
are defined.

By construction (see Fig. 2), 90Q(¢) = §k (t1, 12; 1) U Sg, U I'g. Integrating the
equation

1 1
AD, = + " div(®puy) — Efk g (5.69)

over the domain 2 (t), we have

1
/ Vo -ndS + / Vcbk-ndS:/w,de——/fk-ukdx
Vi

Set,230) Sr,UTo () ()
1 1
+— / Qpui -ndS + — / drui -ndS
Vi Vk
Sk(t1,1230) Sr,UTo
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1 _ 1

= / wpdx — — f fi -wdx —tF + — / dpuy -ndS,  (5.70)
Vk Vi

Q) () Sk, UTo

where F = %(.7-'1@1 + - - -4 Fu) (here we use the identity & = —f on Ek(tl, 1;1)).
In view of (5.35), (5.49), (5.51) and (5.53)—(5.54) we can estimate

1

/ VO dS <tF +3e+— [ £ udx — / wp dx (5.71)
Vk

Se(r.12:1) () Q(t)

. - .. 1
with F = |F|. By definition, EllkaLa/s(Q) = 5—’§||f||L6/s(Q) — 0 as k — oo. There-
fore, using the uniform estimate ||uy|| L6(Qy) = const, we have

1
— / fk-ukdx‘ <e
Vk

Qi (1)

for sufficiently large k. Then (5.71) yields

f VO dS < tF + 4e — f wp dx. (5.72)
Se(t1.m:0) ()

By construction, () = [V(tl) U We(ty, to; n]N B > V(t1) N By (recall that
the sets V(¢1) and Wi (1, t2; t) were defined previously, see text after Corollary 5.1).
Choosing ¢ sufficiently small so that 4 < &; [see (5.38)] and a sufficiently large k,
we deduce from (5.38) that

4e — /a),%dx§48— / widx < 0.
Qi (1) V()N B

Estimate (5.39) is proved. O
We need the following technical fact from the one-dimensional real analysis.

Lemma 5.8 Let f : . — R be a positive decreasing function defined on a measur-
able set . C (0, §) with meas[(0, §)\] = 0. Then

[f ()13 (12 — 11)
sup = 00
n.ney (2 +1)(f () — f(t2))

(5.73)

The proof of this fact is elementary, see “Appendix”.

Below we will use the key estimate (5.39) to prove some geometrical relations that
contradict Lemma 5.8.

Fort € denote~by U (t) the union of bounded connected components (tori) of
the set R3\(U§VZM+1 Aj (t)). By construction, U () € U(ty) fort; < 1.
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Lemma 5.9 Foranyt),ty € 7 witht| < tp the estimate

n+n
n—n

meas U(tz)z <C [meas U (11) — meas U (12) ] (5.74)

holds with the constant C independent of t1, t2.

Proof Fix 11,1 € 7 with1; < tp. Take apairt’,t” € 7 suchthatt; <t <1’ <.
For k > k. (21,12, 1", t") (see Lemma 5.7) put

Ev= | St m:0.

te[t’ 1]

By the Coarea formula (see, e.g, [27]), for any integrable function g : Ex — R the
equality

/g|V<I>k|dx=/ / g(x) d$H*(x) dt (5.75)

Ek ' S(t1,0:0)

holds. In particular, taking g = |V ®y| and using (5.39), we obtain

l//

! VO dx = [ s 50 IV PRI) 452 ) e

(5.76)
f Ftrdt = (;”)2 (t"h?).

Now, taking g = 1 in (5.75) and using the Holder inequality we have

"

[5Gt ar = [ 1v0nax

v Ei (5.77)

’ 3 1 F
< (/ V| dx) (meas(Ey))? < \/E((t”)2 — (')%) meas(Ey).
Ey

By construction (see property (iii) in the beginning of Sect. 5.1), each of the sets A ; (#1)
and A (#;) is a smooth cycle surrounding the component r jforj=M+1,...,N,
moreover, the cycle A (#) lies in the unbounded connected component of the open
set P4 \A(r2). Furthermore, for almost all r € [¢/, 1"] the set Sk (11, 12; 1) is a finite
union of smooth cycles in P, and Si(t1, t2; t) separates A;(t;) from A;(z2) for all
j=M+1,...,N.In particulglr, the set U(t,) is contained in the union of bounded
connected components of R3\ Sk (t1, 12; 1). Then by the isoperimetric inequality (see,

~ 2
e.g., [11]), ﬁz(Sk(tl, 1; t)) > C, (meas U(tz))3 for t € [t/,t"]. Therefore, (5.77)
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implies
4
(meas U(12))* (¢ — ')* < C((¢")* — (1)) meas(Ex). (5.78)

Qn the other hand, by definition, Si(t1,%;¢) C V(2)\V(#1). Consequently,
Sk (11, t2; 1) C U(11)\U (1) for all ¢ € [, t”], hence from (5.78) we get

" /

(meas U(tz))% <C — meas(U(ll)\U(tg))
P (579)
= Ct” — [meas U (1) — meas U (12)].

The last estimate is valid for every pairt”, ¢’ € (¢, ). Taking alimitast” — 1, ' —
11, we obtain the required estimate (5.74). O

The last estimate leads us to the main result of this subsection.

Lemma 5.10 Assume that Q@ C R3 is an exterior axially symmetric domain of type
(1.2) with C2-smooth boundary 092, and £ € Wl2(Q), a € W¥22(HQ) are axially
symmetric. Then assumptions (E-NS) and (5.12) lead to a contradiction.

Proof By construction, U(t;) D U(rp) for 11,6 € 7, t1 < t;. Thus the just
obtained estimate (5.74) contradicts Lemma 5.8. This contradiction finishes the Proof
of Lemma 5.10. |

5.2 The case 0 < py = esssup, g P (x).

Suppose now that (5.13) holds, i.e., the maximum of & is attained on the boundary
component 'y which does not intersect the symmetry axis. Then the proof can be
reduced to the case with a bounded domain, which was considered in [20]. Let us
describe some details of this reduction.

Repeating the arguments from the first part of the previous Sect. 5.1, we can con-
struct a C!-smooth cycle Ay C D such that ¥ |4, = const, 0 < ®(Ay) < Dy
and I'y = Py N 'y lies in the bounded connected component of the set Py\Ay.
Denote this component by Dj,. The cycle Ay separates I'y from infinity and from the
singularity line O,. Thus, in order to obtain a contradiction, it is enough to concentrate
our attention on the bounded domain D N D.

Namely, let

DyNl'j=0, j=1,...M; -1,
Dy>TLj, j=M,....,N

(the case M| = N is not excluded). Making a renumeration (if necessary), we may
assume without loss of generality that

OT)) <Py, j=Mi, ..., M,
®(T)=py, j=Mr+1,...,N
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(the case My = M —1,i.e., when ® attains maximum value at every boundary compo-
nent inside the domain Dy, is not excluded). Apply Kronrod results from Sect. 2.4 to the
restriction | p, of the stream function v to the domain Dy, (this is possible because of
Remark 2.2). Let Ty, denote the corresponding Kronrod tree for this restriction. Denote
by By the element of Ty, with By D Ay. Similarly, denote by B, j = My, ..., N,
the elements of Ty, with B; D I';. Adding a constant to the pressure p(x), we can
assume from this moment that

®(By) = P(Ay) <0,
OB =0[T;) <0 j=M,..., M,
®(Bj) =d(;)=0 j=My+1,....N.

Now in order to receive the required contradiction, one need to consider the behavior
of ® on the Kronrod arcs [B}, By] and to repeat word by word the corresponding
arguments of Subsection 4.2.2 in [20] starting from Lemma4.7. The only modifications
are as follows: now our sets By and By, , ..., By, play the role of the sets Cy and
Cm'+1, - - -, Cy from [20, Subsection 4.2.2] respectively. Also, the domain Dy, N D
from the present case plays the role of the domain D,, from [20, Subsection 4.2.2].

5.3 The case max_1,... .y P; < esssup, g ®(x) > 0.

Suppose that (5.14) holds, i.e., the maximum of @ is not zero and it is not attained on
0€2 (the case ess sup, . P (x) = 400 is not excluded). Again, we reduce the situation
to the case of a bounded domain considered in [20].

We start from the following simple fact.

Lemma 5.11 Under assumptions (5.14) there exists a compact connected set F C D
such that diam F > 0, {/|r = const, and

0< ®(F max p;.
(F) > j:l,...,ij

The proof of this Lemma is quite similar to the proof of [20, Lemma 3.10] which was
done for the case of bounded plane domain. But since the present situation has some
specific differences, for reader’s convenience we reproduce the proof with the corre-
sponding modifications. Denote 0 = max;—1, . N ﬁj. By the assumptions, ®(x) < o
for every x € P N dD\ Ay and there is a set of a positive plane measure £ C D\ Ay
such that ®(x) > o at each x € E. In virtue of Theorem 4.3 (iii), there exists a
straight-line segment I = [xq, yo] C DN Py withINAy =0@,x0 € 0D, yo € E,
such that ®|; is a continuous function. By construction, ®(x¢) < o, ®(y9) > o + o
with some 8y > 0. Take a subinterval I} = [x1, yo] C D such that ®(x;) = o + %50
and ®(x) > o + %80 for each x € [x1, yo]. Then by Bernoulli’s Law (see The-
orem 4.2) iy # const on I;. Take a closed rectangle Q C D such that I} C Q.
By Theorem 2.1 (iii) applied to ¥/|p we can take x € I such that the preimage
{y € O : ¥(y) = ¥(x)} consists of a finite union of C'-curves. Denote by F
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the curve containing x. Then by construction ®(F) > o + %80, F C Q C Dand
diam F > 0. O

Fix a compact set F from Lemma 5.11. Using the arguments from the first part of
Sect. 5.1, we can construct a Cl-smooth cycle Ar C D such that ¥|4, = const,
0 < ®(AF) < ®(F) and F lies in the bounded connected component of the
set P\ AF, denote this component by D;, [in this procedure the set F plays the
role of the set I ;j from the beginning of Sect. 5.1, where the cycles A (#) were con-
structed with properties (i)—(iii)]. As before, Ar separates F from infinity and from
the singularity line O, so, to extract a contradiction, it is enough to consider only
the bounded domain D, N D.

Namely, let

DbﬁFjZQ, j=1,...M; —1,
Dy>Tl;, j=Mi,....,N

(the case M| = N + 1,1i.e.,, when D, N D = (J, is not excluded). Apply the Kronrod
results from Sect. 2.4 to the restriction v/ | p, of the stream function v to the domain D.
Let Ty denote the corresponding Kronrod tree for this restriction. Denote by Bo, B
the element of Ty, with By D Ap, Bf D F. Similarly, denote by B;, j = My, ..., N,
the elements of Ty, with B; D r j- Adding a constant to the pressure p(x), we can
assume from this moment that

@ (Bo) = P(Ar) <0,
®(Bj)=d([T;)) <0 j=M,...,N,
®(Bp) = ®(F) = 0.

Now in order to receive the required contradiction, one need to consider the behavior of
® on the Kronrod arcs [ B, Br] and to repeat almost word by word the corresponding
arguments of Subsection 3.3.2 in [20] after Lemma 3.10. The only modifications are as
follows: now our sets Bo, By, ..., By, and Br play the role of the sets By, ..., By
and F from [20, Subsection 3.3.2] respectively. Also, the domain D; N D from the
present case plays the role of the domain 2 from [20, Subsection 3.3.2], and on the
final stage we have to integrate identity (5.40) of the present paper over the three-
dimensional domains 2;;(¢) with 02, (t) = S;r(¢). O
We can summarize the results of Sects. 5.2-5.3 in the following statement.

Lemma 5.12 Assume that Q@ C R> is an exterior axially symmetric domain of
type (1.2) with C2-smooth boundary 02 and f € wl2(Q), a € W3/2’2(8§2) are
axially symmetric. Let (E-NS) be fulfilled. Then each assumptions (5.13), (5.14) lead
to a contradiction.

Proof of Theorem 1.1 Let the hypotheses of Theorem 1.1 be satisfied. Suppose that its
assertion fails. Then, by Lemma 3.1, there exist v, p and a sequence (ug, py) satisfying
(E-NS), and by Lemmas 5.10, 5.12 these assumptions lead to a contradiction. m|
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Remark 5.1 Let in Lemma 3.1 the data f and a be axially symmetric with no swirl.
If the corresponding assertion of Theorem 1.1 fails, then that conditions (E-NS) are
satisfied with uy axially symmetric with no swirl as well (see Theorem 3.1). But since
we have proved that assumptions (E-NS) lead to a contradiction in the more general
case (with possible swirl), we get also the validity of second assertions of Theorem 1.1.

6 The case uy # 0

In the Proof of Theorem 1.1 we have assumed that the assigned value of the velocity
at infinity is zero: ug = 0. If ug # 0, we can use the same arguments with some
modifications. First, we need some additional facts on Euler equations.

6.1 Some identities for solutions to the Euler system

Let the conditions (E) be fulfilled, i.e., axially symmetric functions (v, p) satisfy
the Euler equations (3.8) and

veLS®Y), pel’®Y,
Vve L2R?), VpelL?®RY), V’pelL'®
(these properties were discussed in Sect. 4).
Fora C'-cycle S C P, (i.e., S is a curve homeomorphic to the circle) denote by
Qg the bounded domain in R3 such that Qg = S, where, recall, S means the surface

obtained by rotation of the curve S around the symmetry axis.

Lemma 6.1 Ifconditions (E) are satisfied, then for any C'-cycle S C P, with|s =

const we have
/ v-9d;vdx = 0.

Qs
Proof By Bernoulli Law (see Theorem 4.2) we have ® = const on S, therefore,
/ 9, Pdx = /[azp+v.azv]dx =0.
Qs Qs
Thus, to finish the proof of the Lemma, we need to check the equality
/azp dx =0. 6.1
Qs

Denote by Dgs the open bounded domain in the half-plane P such that 3Ds = S.
Of course, 25 = Dgs. Then the required assertion (6.1) could be rewritten in the
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following form

/ ro,p drdz = — / r[v,a,vZ + vzazvz] drdz =0, (6.2)
Ds Ds
where we have used the Euler equation (4.1;) for 9, p. Since the gradient of the stream

function v satisfies Vi = (—rv,, rv,), we could rewrite (6.2), using the Coarea
formula, in the following equivalent form

/dt / Vo, - lds—/dt / 0, (6.3)

~1(HNDs -1(HNDy

1
where 1 = VU ——(rv,, rv;) is the tangent vector to the streamline 1~ L(#). The last
equality in (6.3) is evident because almost all level lines of ¥ in Dg are C!-curves
homeomorphic to the circle [see the Morse—Sard Theorem 2.1 (iii)]. The Lemma is

proved. O
We need also the following simple technical fact.

Lemma 6.2 Ifu = (ug, u,, u.) is C'-smooth axially-symmetric vector field in 2 with
divu = 0, then for any Lipschitz curve S C Py N Q such that S is a compact closed
Lipschitz surface the identity

/n -0, udS =0
S
holds.

Proof There are two possibilities: S is homeomorphic to the circle, or S is homeo-
morphic to the straight segments with endpoints on symmetry axis. Consider the last
case (the first case could be done analogously). By identity divu = 0, we have

ro;u; = —o,(ruy).
Then by direct calculation we have

/n-azudszfrn'azuds = /r(—dz,dr)~3zll

3 S S

B (ru,) A(ruy) _ _9Cruy) - O(rur)

—[[— . dz + 2z dr} —/|: 3z dz o dr}
S S

= /d(rur) =0.

S

The Lemma is proved. O
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6.2 The existence theorem

Let the hypotheses of Theorem 1.1 be satisfied. Suppose that its assertion fails. Then,
as in the first part of Sect. 3, we obtain the sequence of solutions (g, px) to prob-
lems (3.10) with 6y = w; + %(A + up), where A = a —ug on 92, A = o for
sufficiently large |x|, Wil g (@) = 1, and vy — 0 as k — oo. Take uy = wy + ”TkA
and note that uy is a solution to the Navier—Stokes system

—vAw + (e V)we + Vpp = fie +fc in Qi
divay =0 in Qp, (6.4)

U =a; on 0y,
. U2, Vi
with Qpr = QN By ={x € Q: |x| < R}, fr = U—’if, a, = TkA,and
~ \)k
fi = —— (o - V)ug = vgad uy,
v

where « € R is a constant. Since by Holder inequality ||f]|3/2(q,) < ||f||L2(QR)\/§,

and, consequently, ||f; + f'k [| L32(Qp) = CvR , we conclude that Corollary 2.1 implies
the uniform estimate

IV picll 32, < CVR forall R € [Ro, Ryl (6.5)

L.e., the estimate (3.12) holds. The another needed estimate ||uk|[z6(q,,) < C follows

from the Sobolev Imbedding Theorem. So, for the total head pressure &; = pi+ % [uy |2
we have
IVl 32, < CVR forall R € [Ro, Ryl (6.6)

By the same reasons as before,

1,3/2
ocC

v:/(v-V)v~Adx, (6.8)
Q

w = vin WoAQ), p— pin WL P9, 6.7)

where the limit functions (v, p) satisfy the Euler equation with zero boundary condi-
tions, i.e., condition (E) is fulfilled. Our goal is to receive a contradiction.

We need to discuss only the case (5.12), since other cases (5.13)—(5.14) are reduced
to the consideration of bounded domains (see Sects. 5.2-5.3) and zero or nonzero
condition at infinity has no influence on the proof.

The arguments in Sect. 5 up to the 4th Step of the Proof of Lemma 5.7 could be
repeated almost word by word. But the 4th Step of the Proof of Lemma 5.7 needs
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some modifications. Recall that the main idea there was to use the identity

f V&, -ndS = f V&, -ndS + / V&, -ndS

I (1) Sk(rn,130) SrYTo
(6.9)
= f Adpdx.
Qp (1)
Since now
Vo, = —vicurl wp +u; x o + £ + f'k, (6.10)
1 1 1~
ADy = wf + — div(dpug) — —fy -w — —F; -y, (6.11)
Vi Vi Vi

we need to prove the smallness of the following integrals generated by the additional
term f:

/ fi -nds, (6.12)
SRkUF()
1 ~
— fr ‘updx =« / uy - d;urdx. (6.13)
Vk
Qi (1) Qe (1)

The difficulty is that the term f'k = vrad,uy in the right-hand side of (6.4) is not “small
enough” (it is of order O (vg) only, not of order 0(1),%) as ). However, this term has
very good symmetry properties, and by Lemma 6.2 we immediately obtain that the
integral (6.12) is negligible.

Corollary 6.1 The identity

/ fi ndS=0

SRkU Iy

holds.

Let us estimate the integral which is in formula (6.13). We need to use the limit
solution of the Euler equations.
Fort € .7 denote S(t) = Uj\]: 1 Aj(0) (recall that the set 7 and the Cl-cycles
A (1) were defined in the beginning of Sect. 5). Denote by €25(;) the bounded open
set in R3 such that 9Q2s() = S(t). Further, put Q/S(z) = QN Qg(). Convergence (6.7)
implies, in particular, that
u, — vin LL (Q) foranygq € [1,6). (6.14)

loc

Therefore, by Lemma 6.1 we obtain immediately
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Lemma 6.3 Foranyt € 7 the convergence

f u; - d,udx — 0

/
QS(/)

holds.

For t € 7 denote u(t) = meas Q’S(t). By construction, the function () is strictly
decreasing, therefore it is continuous on .7 except for at most countable set. Removing
the discontinuity points from .7, we could assume without loss of generality that the
function u : .7 — (0, +00) is continuous. By constructions of Sect. 5, it is easy to
see, thatif 11, 71, ¢, 70, b € T andt) <71 <! < T) < by, then

Si(t1, t2;t) = Sk(t1, 723 t) and Q&(Q) - Qg‘k(t],tz;t) C Qi?(rl) (6.15)

for sufficiently large k. Using these facts, the continuity of w(¢), the convergence (6.14)
and Lemma 6.3, we obtain

Lemma 6.4 Foranyt),t,tp € T witht| <t < tp the convergence

/ u - d,udx — 0
/
QSk(tl,tzJ)

holds as k — oo.

Moreover, since the function w(¢) is uniformly continuous on each compact subset
of 7, we have by the same reasons that

Lemma 6.5 Forany e > 0andty,t; € 7 witht; < tp the convergence

meas{r € (11, 1) : ‘ / w - O dx| > €)= 0

/
QSk (t1,12,1)

holds as k — oo.

On the other hand, by constructions of Sect. 5 [see, in particular, (5.68)],
Qr(t) = Qbk\QiS'k(tl,tz,t)’ where Qpr = Q2N By (6.16)
and
el 250, — 0

as k — oo [see (6.43)]. Therefore, for any #1, ¢, € .7 witht; < t < t; we have

/uk -dudx — 0
Qpk
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as k — oo. This fact together with (6.16) and Lemma 6.5 implies the required asser-
tion:

Lemma 6.6 Foranye > 0andty,t; € 7 witht) < tp the convergence

/ uy - d;urdx

Qi (1)

meas{t € (11, 1) : >e}—0
holds as k — oo.

Thus, the smallness of the second additional term (6.13) is established.
Now repeating the arguments of Step 4 of the Proof of Lemma 5.7, we obtain its
assertion with the following modification

Lemma 6.7 There exists a constant F > 0 such that for any t1,to € . witht) < iy
the convergence
meas{s € (11, 1) : / |Vdi|dS > Fr}— 0
Sk(r1,030)

holds as k — oo.

Itis easy to see that Lemma 6.7 allow us to obtain the assertion of Lemma 5.9 (with-
out any changes) with almost the same proof. We need only to define the corresponding
set Ey as

Ex = | Sc.m:0),
te I

where
Fi={reld,i": / VO | dS < Fi),
IGR)
and to use the fact that, by Lemma 6.7, meas([t’, t”]\,%) — 0 as k — oo. There-

fore, Lemma 6.7 together with Lemma 5.8 give us the required contradiction. This
contradiction finishes the proof of the Existence Theorem for the case ug # 0.

7 Appendix: Lemma from real analysis

We need the following elementary fact.

Lemma 7.1 Let f : (0, 8] — R be a positive decreasing function. Then

[FO15
ess sup

= 7.1
re,5] tIf @] > D
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Proof Recall that by the Lebesgue theorem, the derivative f/(z) exists almost every-
where. Suppose that the assertion (7.1) fails. Then, taking into account that f/(z) < 0,
we have c

- f/(t)[f(t)]_% > " for almost all ¢ € (0, §], (7.2)
with some positive constant C independent of 7. Put g(t) = [f (t)]_%. Then g(¢) is
positive increasing function on (0, §]. By the Lebesgue theorem,

19}

g(i2) — g(t) = / ¢ di (73)

n

for any pair #1, 1, € (0, 8] with #; < f,. On the other hand, (7.2) implies
, C
g @) > 3 for almost all ¢ € (0, §]. (7.4)

The estimates (7.3)—(7.4) contradict the boundedness of g: 0 < g(¢) < g(6) for all
t € (0, §]. This contradiction finishes the proof. O

Proof of Lemma 5.8 We can extend the function f by one-sided continuity rule to the
whole interval (0, §] and to apply Lemma 7.1. O
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