
ÔÅÄÅÐÀËÜÍÎÅ ÀÃÅÍÒÑÒÂÎ ÏÎ ÎÁÐÀÇÎÂÀÍÈÞ
ÍÎÂÎÑÈÁÈÐÑÊÈÉ ÃÎÑÓÄÀÐÑÒÂÅÍÍÛÉ

ÓÍÈÂÅÐÑÈÒÅÒ

Å. Ã. Îáðàçîâñêèé

ÊÂÀÍÒÎÂÀß ÌÅÕÀÍÈÊÀ-I
äëÿ ñòóäåíòîâ

Êèòàéñêî-Ðîññèéñêîãî
Èíñòèòóòà

Ó÷åáíîå ïîñîáèå

Íîâîñèáèðñê
2018



ÓÄÊ 530.145

ÁÁÊ Â318

Î...
Îáðàçîâñêèé Å. Ã. Êâàíòîâàÿ ìåõàíèêà-I äëÿ ñòóäåíòîâ

Êèòàéñêî-Ðîññèéñêîãî Èíñòèòóòà: Ó÷åá. ïîñîáèå/ Íîâîñèá.
ãîñ. óí-ò. ; Íîâîñèáèðñê, 2018. 189 ñ.

ISBN

Â îñíîâó èçäàíèÿ ïîëîæåíû ìàòåðèàëû êóðñà ëåêöèé, êî-
òîðûé ÷èòàåòñÿ ñòóäåíòàì-áàêàëàâðàì Êèòàéñêî-Ðîññèéñêîãî
Èíñòèòóòà â Íîâîñèáèðñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå.
Ïðåäíàçíà÷åíî äëÿ ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ. Ìî-
æåò áûòü ïîëåçíî òàêæå ïðåïîäàâàòåëÿì ïðè ïîäãîòîâêå çà-
äà÷ äëÿ êîíòðîëÿ çíàíèé ñòóäåíòîâ â òå÷åíèå ñåìåñòðà è íà
ýêçàìåíàõ.

Ðåöåíçåíò
êàíä. ôèç.-ìàò. íàóê, ïðîô. À. È. Âàëèøåâ

c⃝ Íîâîñèáèðñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò, 2018

c⃝ Îáðàçîâñêèé Å. Ã. 2018

ISBN



3

Îãëàâëåíèå

Ïðåäèñëîâèå 7

I Êîíñïåêò ëåêöèé 8

1. Ââåäåíèå. Ïðîèñõîæäåíèå îñíîâíûõ êâàíòîâûõ

ïîíÿòèé. 8

1.1. Âîëíîâûå ñâîéñòâà ñâåòà . . . . . . . . . . . . . 8
1.2. Êîðïóñêóëÿðíûå ñâîéñòâà ñâåòà . . . . . . . . . 10
1.3. Âîëíîâûå ñâîéñòâà ÷àñòèö . . . . . . . . . . . . 16
1.4. Äèñêðåòíîñòü àòîìíûõ ñïåêòðîâ . . . . . . . . . 18
1.5. Èçëó÷åíèå ÷åðíîãî òåëà . . . . . . . . . . . . . . 20

2. Ëåêöèÿ. Ïðèíöèï íåîïðåäåëåííîñòè. 21

2.1. Ñîîòíîøåíèå íåîïðåäåëåííîñòåé Ãåéçåíáåðãà . 21
2.2. ßùèê ñ íåïðîíèöàåìûìè ñòåíêàìè . . . . . . . 22
2.3. Ãàðìîíè÷åñêèé îñöèëëÿòîð . . . . . . . . . . . . 22
2.4. ×àñòèöà â ïîëå òÿæåñòè. . . . . . . . . . . . . . 22
2.5. Àòîì âîäîðîäà . . . . . . . . . . . . . . . . . . . 24

3. Ëåêöèÿ. Îäíîìåðíîå óðàâíåíèå Øðåäèíãåðà. 25

3.1. ßùèê ñ íåïðîíèöàåìûìè ñòåíêàìè . . . . . . . 26
3.2. δ-ïîòåíöèàë . . . . . . . . . . . . . . . . . . . . . 30
3.3. Äîêàçàòåëüñòâî ñîîòíîøåíèÿ íåîïðåäåëåííîñòåé 31

4. Ëåêöèÿ. Ôîðìàëèçì êâàíòîâîé ìåõàíèêè 33

4.1. Îñíîâíûå ïîëîæåíèÿ êâàíòîâîé ìåõàíèêè . . . 33
4.2. Òåîðåìà âèðèàëà . . . . . . . . . . . . . . . . . . 35
4.3. Òåîðåìà Ïàóëè. . . . . . . . . . . . . . . . . . . . 37

5. Ëåêöèÿ. Ãàðìîíè÷åñêèé îñöèëëÿòîð. 40

5.1. Îñíîâíîå ñîñòîÿíèå . . . . . . . . . . . . . . . . 40



4 Îãëàâëåíèå

5.2. Îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ . . . . . . 42

6. Ëåêöèÿ. Âàðèàöèîííûé ìåòîä. 45

6.1. ßùèê ñ íåïðîíèöàåìûìè ñòåíêàìè . . . . . . . 47
6.2. ×àñòèöà â ïîëå òÿæåñòè . . . . . . . . . . . . . . 47

7. Ëåêöèÿ. Îäíîìåðíîå ðàññåÿíèå. 50

7.1. Ðàññåÿíèå íà áàðüåðå . . . . . . . . . . . . . . . 50
7.2. Ðàññåÿíèå íà áàðüåðå êîíå÷íîé øèðèíû . . . . 53
7.3. Ðàññåÿíèå íà δ-ïîòåíöèàëå. . . . . . . . . . . . . 55

8. Ëåêöèÿ. Êâàçèêëàññè÷åñêîå ïðèáëèæåíèå. 56

8.1. Ïðàâèëà êâàíòîâàíèÿ Áîðà-Çîììåðôåëüäà . . . 56
8.2. Ïðîíèöàåìîñòü áàðüåðà . . . . . . . . . . . . . . 60

9. Ëåêöèÿ. Ïåðèîäè÷åñêèé ïîòåíöèàë. Òåîðåìà

Áëîõà. 62

9.1. Òåîðåìà Áëîõà . . . . . . . . . . . . . . . . . . . 62
9.2. Çîííàÿ ñòðóêòóðà óðîâíåé ýíåðãèè . . . . . . . 62

10.Ëåêöèÿ. Ìîìåíò èìïóëüñà. 66

10.1. Ïðåîáðàçîâàíèå âîëíîâîé ôóíêöèè ïðè ïîâî-
ðîòàõ . . . . . . . . . . . . . . . . . . . . . . . . 66

10.2. Êîììóòàöèîííûå ñîîòíîøåíèÿ äëÿ êîìïîíåíò
ìîìåíòà èìïóëüñà . . . . . . . . . . . . . . . . . 69

11.Ëåêöèÿ. Ñïèí. 72

11.1. Ìàòðèöû Ïàóëè . . . . . . . . . . . . . . . . . . 73
11.2. Ïðåöåññèÿ ñïèíà â ìàãíèòíîì ïîëå . . . . . . . 78
11.3. Ìàãíèòíûé ðåçîíàíñ . . . . . . . . . . . . . . . 80

12.Ëåêöèÿ. Ðàçëè÷íûå ïðåäñòàâëåíèÿ óðàâíåíèé

äâèæåíèÿ. 85

12.1. Ïðåäñòàâëåíèå Øðåäèíãåðà . . . . . . . . . . . 85



5

12.2. Ïðåäñòàâëåíèå Ãåéçåíáåðãà . . . . . . . . . . . . 86
12.3. Ïðåäñòàâëåíèå Äèðàêà . . . . . . . . . . . . . . 89

13.Ëåêöèÿ. Äâèæåíèå â öåíòðàëüíîì ïîòåíöèàëå. 92

13.1. Ìîìåíò èìïóëüñà â ñôåðè÷åñêèõ êîîðäèíàòàõ . 93
13.2. Óðàâíåíèå Øðåäèíãåðà äëÿ ðàäèàëüíîé ÷àñòè

âîëíîâîé ôóíêöèè . . . . . . . . . . . . . . . . . 100
13.3. Ïðèëîæåíèå: äðóãîé âûâîä âèäà îïåðàòîðà ìî-

ìåíòà èìïóëüñà . . . . . . . . . . . . . . . . . . . 104

14.Ëåêöèÿ. Àòîì âîäîðîäà. 106

14.1. Ñôåðè÷åñêè ñèììåòðè÷íûå ðåøåíèÿ . . . . . . 107
14.2. Ðåøåíèÿ ñ ïðîèçâîëüíûì îðáèòàëüíûì ìîìåí-

òîì èìïóëüñà . . . . . . . . . . . . . . . . . . . . 110

II Çàäà÷è äëÿ ñåìèíàðîâ 118

15.Ïðîèñõîæäåíèå îñíîâíûõ êâàíòîâûõ ïîíÿòèé.118

16.Ñîîòíîøåíèå íåîïðåäåëåííîñòåé. 122

17.Îäíîìåðíîå óðàâíåíèå Øðåäèíãåðà. 123

18.Ôîðìàëèçì êâàíòîâîé ìåõàíèêè 128

19.Ãàðìîíè÷åñêèé îñöèëëÿòîð. 133

20.Âàðèàöèîííûé ìåòîä. 138

21.Îäíîìåðíîå ðàññåÿíèå. 142

22.Êâàçèêëàññè÷åñêîå ïðèáëèæåíèå. 145

23.Ïåðèîäè÷åñêèé ïîòåíöèàë. Òåîðåìà Áëîõà. 147



6 Îãëàâëåíèå

24.Ìîìåíò èìïóëüñà. 151

25.Ñïèí. 154

26.Ïðåäñòàâëåíèÿ Ãåéçåíáåðãà è Äèðàêà 160

27.Àòîì âîäîðîäà. 167

28.Äâèæåíèå â öåíòðàëüíîì ïîòåíöèàëå. 172

29.Ñïðàâî÷íûå ìàòåðèàëû 179

29.1. Ðàçìåðíîñòü ôèçè÷åñêèõ âåëè÷èí. . . . . . . . . 179
29.2. Ôèçè÷åñêèå ïîñòîÿííûå. . . . . . . . . . . . . . 179
29.3. Èíòåãðàëû. . . . . . . . . . . . . . . . . . . . . . 180
29.4. Äåëüòà-ôóíêöèÿ Äèðàêà. . . . . . . . . . . . . . 180
29.5. Ãàðìîíè÷åñêèé îñöèëëÿòîð . . . . . . . . . . . . 181
29.6. Ñïèí. Ìàòðèöû Ïàóëè . . . . . . . . . . . . . . 181
29.7. Ìîìåíò èìïóëüñà. . . . . . . . . . . . . . . . . . 182
29.8. Àòîì âîäîðîäà. . . . . . . . . . . . . . . . . . . . 183

30.Ñëîâàðü òåðìèíîâ 185

31.Ñïèñîê ëèòåðàòóðû 188



7

Ïðåäèñëîâèå

Íàñòîÿùåå ïîñîáèå íàïèñàíî íà îñíîâå ëåêöèé (è ñî-
ïðîâîæäàþùèõ èõ ñåìèíàðñêèõ çàíÿòèé), ÷èòàåìûõ â òå÷å-
íèå ðÿäà ëåò íà ôèçè÷åñêîì ôàêóëüòåòå ÍÃÓ äëÿ ñòóäåíòîâ-
áàêàëàâðîâ â ðàìêàõ ðåàëèçàöèè ñîâìåñòíîãî îáðàçîâàòåëü-
íîãî ïðîöåññà â Êèòàéñêî-Ðîññèéñêîì èíñòèòóòå (ÊÐÈ). Â
ïðåäëàãàåìîì ó÷åáíîì ïîñîáèè ïðåäñòàâëåí ìàòåðèàë ïåð-
âîé ÷àñòè êóðñà �êâàíòîâàÿ ìåõàíèêà�, àäàïòèðîâàííûé äëÿ
êèòàéñêèõ ñòóäåíòîâ. Äîñòàòî÷íî ïîäðîáíî è ñ ïðèâëå÷åíèåì
íàãëÿäíîãî ãðàôè÷åñêîãî ìàòåðèàëà ïðåäñòàâëåíû îñíîâíûå
ðàçäåëû êóðñà: ïðîèñõîæäåíèå îñíîâíûõ ïîíÿòèé êâàíòîâîé
ìåõàíèêè, óðàâíåíèå Øðåäèíãåðà äëÿ îäíîìåðíîãî äâèæå-
íèÿ, ìîìåíò èìïóëüñà, ñïèí, äâèæåíèå â öåíòðàëüíîì ïî-
òåíöèàëå, àòîì âîäîðîäà. Äëÿ êàæäîãî ðàçäåëà ïðèâåäåíû
ïðèìåðû ïîäðîáíîãî ðåøåíèÿ òèïîâûõ çàäà÷, ðàçâèâàþùèõ
íàâûêè îáðàùåíèÿ ñ êâàíòîâûìè ïîíÿòèÿìè.

Èñïîëüçóåìûå â ÍÃÓ ïîñîáèÿ ïî êâàíòîâîé ìåõàíèêå ñëèø-
êîì ñëîæíû äëÿ êèòàéñêèõ ñòóäåíòîâ íå òîëüêî èç-çà ÿçûêî-
âîãî áàðüåðà, íî è íåäîñòàòî÷íîé ïîäãîòîâêè ïî îáùåé ôèçè-
êå è ìàòåìàòèêå, òîãäà êàê äàííîå ó÷åáíîå ïîñîáèå ïî óðîâíþ
ñëîæíîñòè èçëàãàåìîãî ìàòåðèàëà è ôîðìå åãî ïîäà÷è (ïî-
äðîáíûå âû÷èñëåíèÿ è íàãëÿäíàÿ ãðàôèêà) îðèåíòèðîâàíî
íà ñòóäåíòîâ ÊÐÈ.



8 1. Ââåäåíèå. Ïðîèñõîæäåíèå îñíîâíûõ êâàíòîâûõ ïîíÿòèé.

×àñòü I

Êîíñïåêò ëåêöèé

1. Ââåäåíèå. Ïðîèñõîæäåíèå îñíîâíûõ êâàí-

òîâûõ ïîíÿòèé.

Êâàíòîâàÿ ìåõàíèêà âîçíèêëà äëÿ îïèñàíèÿ àòîìíûõ ÿâ-
ëåíèé. Õàðàêòåðíûå ìàñøòàáû äëèí ∼ 10−5 − 10−8 ñì, ýíåð-
ãèè ∼ 1 ýÂ = 1.6 · 10−12 ýðã. Ýêñïåðèìåíòàëüíî îáíàðóæåíî,
÷òî è ñâåò è ÷àñòèöû îáëàäàþò êàê âîëíîâûìè, òàê è êîð-
ïóñêóëÿðíûìè ñâîéñòâàìè (â íåêîòîðûõ ýêñïåðèìåíòàõ ñâåò
êàê áû ñîñòîèò èç ÷àñòèö, â íåêîòîðûõ ýêñïåðèìåíòàõ ÷àñòè-
öû âåäóò ñåáÿ êàê âîëíû). Ýòî ïðîòèâîðå÷èò êëàññè÷åñêîé
ìåõàíèêå.
1.1. Âîëíîâûå ñâîéñòâà ñâåòà

Ðèñ. 1. È. Íüþòîí

Íüþòîí ñ÷èòàë, ÷òî ñâåò
ñîñòîèò èç êîðïóñêóë, îñíîâû-
âàÿñü íà ïðÿìîëèíåéíîñòè ðàñ-
ïðîñòðàíåíèÿ ëó÷åé ñâåòà è
óñïåõå ãåîìåòðè÷åñêîé îïòèêè.
Îäíàêî ýòà ãèïîòåçà íå ìî-
æåò îáúÿñíèòü ÿâëåíèå èíòåð-
ôåðåíöèè ñâåòà.
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Ðèñ. 2. Ò. Þíã

Ò. Þíã îáúÿñíèë èíòåðôå-
ðåíöèþ ñâåòà íà îñíîâå âîëíîâî-
ãî ïðåñòàâëåíèÿ è ââåë ïðèíöèï
ñóïåðïîçèöèè âîëí. Ðàññìîòðèì
îïûò ïî èíòåðôåðåíöèè ñâåòà îò
èñòî÷íèêà íà äâóõ ùåëÿõ, ðàñ-
ñòîÿíèå ìåæäó ùåëÿìè d, ðèñ. 3.
Ýêðàí ðàñïîëîæåí íà ðàññòîÿíèè
L ≫ d. Àïëèòóäà íà ðàññòîÿíèè
x îò öåíòðà ýêðàíà åñòü ñóììà
àìïëèòóä âîëí, ïðîøåäøèõ ÷åðåç
ïåðâóþ è âòîðóþ ùåëè (ïðèíöèï
ñóïåðïîçèöèè)

A = A1e
ikl1 + A2e

ikl2 = A1e
ikl1

(
1 +

A2

A1

eik∆l
)
, (1)

∆l ≈ dx/L. Èíòåíñèâíîñòü ñâåòà

I = |A|2 = |A1|2
∣∣∣1 + A2

A1

eik∆l
∣∣∣2. (2)

Åñëè àìïëèòóäû îäèíàêîâû äëÿ äâóõ ùåëåé, òî èíòåíñèâ-
íîñòü ïåðèîäè÷åñêè êîëåáëåòñÿ îò íóëÿ äî ìàêñèìàëüíîãî
çíà÷åíèÿ. Îäíàêî, äàæå åñëè A2 = 0.1 · A1 òî îòíîøåíèå

Imax/Imin = (1 + 0.1)2/(1− 0.1)2 ≈ 1.5. (3)
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Ðèñ. 3. Èíòåðôåðåíöèÿ íà äâóõ ùåëÿõ. Àìïëèòóäû âîëí îò ïåðâîé è âòî-
ðîé ùåëè îäèíàêîâû, (ñëåâà), Àìïëèòóäû âîëí îò âòîðîé ùåëè â äåñÿòü ðàç
ìåíüøå ïåðâîé, (ñïðàâà)

1.2. Êîðïóñêóëÿðíûå ñâîéñòâà ñâåòà

Ðèñ. 4. À. Ýéíøòåéí

Ôîòîýôôåêò ñîñòîèò â èñïóñ-
êàíèè ýëåêòðîíîâ ïðè îáëó÷å-
íèè ñâåòîì ïîâåðõíîñòè ìåòàë-
ëà, ðèñ. 5. À. Ýéíøòåéí îáúÿñ-
íèë ñâîéñòâà ôîòîýôôåêòà (íà-
ëè÷èå �êðàñíîé� ãðàíèöû è íåçà-
âèñèìîñòü ýíåðãèè èñïóñêàåìûõ
ýëåêòðîíîâ îò èíòåíñèâíîñòè ñâå-
òà ) èñïîëüçóÿ ãèïîòåçó î òîì, ÷òî
ñâåò ñîñòîèò èç êâàíòîâ (ôîòî-
íîâ) è îäèí ýëåêòðîí âûáèâàåòñÿ
îäíèì ôîòîíîì, èìåþùèì ýíåð-
ãèþ ~ω. Òîãäà èç çàêîíà ñîõðàíå-
íèÿ ýíåðãèè ñëåäóåò, ÷òî êèíåòè-
÷åñêàÿ ýíåðãèÿ ýëåêòðîíîâ ðàâíà
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mv2

2
= ~ω − A, (4)

A � ðàáîòà âûõîäà (ìèíèìàëüíàÿ ýíåðãèÿ, íåîáõîäèìàÿ äëÿ
âûáèâàíèÿ ýëåêòðîíà èç ìåòàëëà). Íàïðèìåð, äëÿ ìåòàëëà
êàëèÿ (Ê) ðàáîòà âûõîäà A = 2.3 ýÂ. Íàéäåì ñêîðîñòü ýëåê-
òðîíîâ, êîòîðûå âûëåòàþò ïðè îáëó÷åíèè êàëèÿ ñâåòîì ñ
äëèíîé âîëíû λ1 = 300 · 10−9ì è λ2 = 600 · 10−9ì.

~ω =
~2πc
λ

=
6.62 · 10−273 · 1010

3 · 10−5
= 6.62 · 10−12ýðã,

v =

√
2(~ω − A)

m
=

√
2(6.62− 2.3 · 1.6)10−12

0.9 · 10−27
≈ 8 · 107 ñì

c
(5)

Äëÿ λ2 = 600 · 10−9ì ýíåðãèÿ ôîòîíîâ ~ω = 3.3 · 10−12 ýðã
ìåíüøå ðàáîòû âûõîäà A = 3.7 · 10−12 ýðã è ôîòîýôôåêò íå
íàáëþäàåòñÿ.

Ðèñ. 5. Ñõåìà ýêñïåðèìåíòà ïî íàáëþäåíèþ ôîòîýôôåêòà.

Ñõåìà ýêñïåðèìåíòà ïî íàáëþäåíèþ ôîòîýôôåêòà ïîêàçà-
íà íà ðèñ. 5. Ôîòîíû ( −→ ) ñ îïðåäåëåííîé ÷àñòîòîé ïàäàþò
íà êàòîä (Ñ) è âûáèâàþò ýëåêòðîíû (e−), êîòîðûå ñîáèðàþò-
ñÿ íà àíîäå (À). Åñëè ðàçíîñòü ïîòåíöèàëîâ àíîäà è êàòîäà V
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îòðèöàòåëüíà è ïðåâûøàåò êèíåòè÷åñêóþ ýíåðãèþ ýëåêòðîíà
(â ýÂ), òî òîê I èñ÷åçàåò.

Ðèñ. 6. À. Êîìïòîí

À. Êîìïòîí îáíàðóæèë èç-
ìåíåíèå äëèíû âîëíû ðàññåÿííî-
ãî èçëó÷åíèÿ â ýêñïåðèìåíòàõ ïî
ðàññåÿíèþ ðåíòãåíîâñêîãî èçëó-
÷åíèÿ âåùåñòâîì

∆λ =
2π~
mc

(1− cos θ), (6)

ãäå m � ìàññà ýëåêòðîíà (ðåíòãå-
íîâñêîå èçëó÷åíèå ðàññåèâàåòñÿ â
îñíîâíîì ýëåêòðîíàìè), θ � óãîë
ðàññåÿíèÿ ðåíòãåíîâñêîãî èçëó÷å-
íèÿ. Âîëíîâàÿ òåîðèÿ ñâåòà íå ìî-
æåò îáúÿñíèòü ýòî ÿâëåíèå, òîãäà
êàê ãèïîòåçà î êâàíòàõ ñâåòà (èñ-
ïîëüçóÿ çàêîíû ñîõðàíåíèÿ ýíåðãèè è èìïóëüñà) ïðåäñêà-
çûâàåò èìåííî òàêîé ðåçóëüòàò. Â ýêñïåðèìåíòàõ Êîìïòîíà
ýíåðãèÿ ôîòîíîâ Eγ ≈ 20 ÊýÂ ≪ mc2 = 511 ÊýÂ � ýíåðãèè
ïîêîÿ ýëåêòðîíà, ïîýòîìó ìîæíî ïîëüçîâàòüñÿ íåðåëÿòèâèñò-
ñêîé ìåõàíèêîé. Ðàññìîòðèì ðàññåÿíèå ôîòîíà ñ èìïóëüñîì
q⃗ íà ïîêîÿùåìñÿ ýëåêòðîíå. Ïðè ðàññåÿíèè ôîòîíà íà óãîë
θ åãî èìïóëüñ ñòàíåò q⃗1, à ýëåêòðîí ïðèîáðåòåò èìïóëüñ p⃗.
Çàïèøåì çàêîí ñîõðàíåíèÿ èìïóëüñà

q⃗ = q⃗1 + p⃗. (7)

Îòêóäà
p2 = q2 + q21 − 2qq1 cos θ. (8)

Ïîäñòàâëÿÿ ýòî âûðàæåíèå â çàêîí ñîõðàíåíèÿ ýíåðãèè

qc = q1c+
p2

2m
, (9)
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ïîëó÷èì êâàäðàòíîå óðàâíåíèå

q21 − 2q1(q cos θ −mc) + q2 − 2mcq = 0. (10)

Ðåøåíèå ýòîãî óðàâíåíèÿ çàïèøåì â âèäå

q1 = q cos θ−mc+mc
√
1 +

2q(1− cos θ)

mc
+
q2(cos θ2 − 1)

m2c2
. (11)

Ïåðåä êîðíåì âçÿò çíàê '+', ÷òîáû ïðè q = 0 áûëî q1 = 0.
Âåëè÷èíà q/mc≪ 1, è ðàñêëàäûâàÿ ïîäêîðåííîå âûðàæåíèå
ñ òî÷íîñòüþ äî ÷ëåíîâ (q/mc)2, ïîëó÷èì

q1 ≈ q − q2(1− cos θ)

mc
. (12)

Òîãäà èçìåíåíèå äëèíû âîëíû

λ1 − λ = 2π~
(

1

q1
− 1

q

)
≈ 2π~(1− cos θ)

mc
, (13)

÷òî ñîâïàäàåò ñ ôîðìóëîé Êîìïòîíà. Ìàêñèìàëüíîå èçìå-
íåíèå ýíåðãèè ôîòîíîâ ïðîèñõîäèò ïðè ðàññåÿíèè íà óãîë
θ = 180o è â îïûòàõ Êîìïòîíà ñîñòàâëÿëî

qc− q1c ≈
(qc)2(1− cos θ)

mc2
=

(20 ÊýÂ)2 · 2
511 ÊýÂ

≈ 1.6 ÊýÂ. (14)

Åñëè ôîòîí èìååò ýíåðãèþ, ñðàâíèìóþ ñ ýíåðãèåé ïîêîÿ
ýëåêòðîíà, òî íåîáõîäèìî èñïîëüçîâàòü ðåëÿòèâèñòñêîå ñî-
îòíîøåíèå ìåæäó ýíåðãèåé ýëåêòðîíà è åãî èìïóëüñîì

E =
√
p2c2 +m2c4. (15)

Çàêîí ñîõðàíåíèÿ èìïóëüñà:

q⃗ = q⃗1 + p⃗, (16)

îòêóäà íàõîäèì

p2c2 = c2(q2 + q21 − 2qq1 cos θ). (17)
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Çàêîí ñîõðàíåíèÿ ýíåðãèè:

qc+mc2 = q1c+
√
p2c2 +m2c4, (18)

îòêóäà

p2c2 = c2(q−q1+mc)2−m2c4 = c2(q2+q21−2qq1+2mc(q−q1)).
(19)

Ïðèðàâíèâàÿ ýòè äâà âûðàæåíèÿ, èìååì

mc(q − q1)− qq1 = −qq1 cos θ, (20)

Â èòîãå ïîëó÷àåì ôîðìóëó äëÿ ýíåðãèè ôîòîíà, ðàññåÿííîãî
ïîä óãëîì θ íà ïîêîÿùåìñÿ ýëåêòðîíå

q1c =
qcmc2

mc2 + qc(1− cos θ)
. (21)

Â ïðåäåëå qc≪ mc2 èìååì çíàêîìóþ ôîðìóëó

qc− q1c ≈
q2c2(1− cos θ)

mc2
. (22)

Ýíåðãèÿ, ïåðåäàííàÿ ýëåêòðîíó ðàâíà

(q − q1)c =
qc

1 +mc2/qc(1− cos θ)
. (23)

Ðèñ. 7. Çàâèñèìîñòü ýíåðãèè ðàññåÿííîãî ôî-
òîíà îò óãëà ðàññåÿíèÿ θ.

Íà ðèñ. 7 ïîêàçàíà çà-
âèñèìîñòü ýíåðãèè ðàñ-
ñåÿííîãî ôîòîíà îò óã-
ëà ðàññåÿíèÿ θ â ïîëÿð-
íûõ êîîðäèíàòàõ äëÿ
íåñêîëüêèõ çíà÷åíèé ýíåð-
ãèè íà÷àëüíîãî ôîòîíà
E/mc2=0.1; 0.5; 1.0; 2.0.

Â êà÷åñòâå ïðèìåðà
ðàññìîòðèì ðåãèñòðàöèþ
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ãàììà-êâàíòîâ ïîëóïðîâîäíèêîâûì äåòåêòîðîì. Íå âñå
ãàììà-êâàíòû ïîãëîùàþòñÿ äåòåêòîðîì, ÷àñòü èç íèõ ðàññå-
èâàåòñÿ íà ýëåêòðîíàõ è âûëåòàþò èç äåòåêòîðà. Â ðåçóëüòà-
òå îáðàçóåòñÿ íåïðåðûâíûé ñïåêòð, ïðèâåäåííûé íà ðèñ. 8.
Ìàêñèìàëüíî âîçìîæíàÿ ýíåðãèþ, ïåðåäàííàÿ ýëåêòðîíó â
äåòåêòîðå ïðè îäíîêðàòíîì ðàññåÿíèè ôîòîíà, ðàâíà

(q − q1)c =
qc

1 +mc2/2qc
. (24)

Åñëè âûëåòåâøèé èç äåòåêòîðà ôîòîí ðàññåÿëñÿ ïîä óãëîì
60o, òî îí îñòàâèë â äåòåêòîðå íåáîëüøóþ ÷àñòü ñâîåé ýíåð-
ãèè (ñòðåëêà â ñïåêòðå íà ëåâîé ÷àñòè ðèñóíêà).

Ðèñ. 8. Ðàññåÿíèå ôîòîíà íà óãîë 60o, (ñëåâà), Ðàññåÿíèå ôîòîíà íà óãîë 150o,
(ñïðàâà)

Ïðè ðàññåÿíèè ôîòîíà íà óãîë áëèçêèé ê 180o, â äåòåêòî-
ðå îñòàåòñÿ ïî÷òè ìàêñèìàëüíî âîçìîæíàÿ ïðè îäíîêðàòíîì
ðàññåÿíèè ÷àñòü ýíåðãèè (ñòðåëêà â ñïåêòðå íà ïðàâîé ÷àñòè
ðèñóíêà)
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1.3. Âîëíîâûå ñâîéñòâà ÷àñòèö

Ðèñ. 9. Ë. äå Áðîéëü

Ë. äå Áðîéëü ïðåäïîëîæèë, ÷òî ÷à-
ñòèöû ìàòåðèè, íàïðèìåð ýëåêòðî-
íû, îáëàäàþò âîëíîâûìè ñâîéñòâà-
ìè: ÷àñòèöå ñ èìïóëüñîì p è ýíåðãè-
åé E ñîîòâåòñòâóåò âîëíà ñ ÷àñòîòîé
ω è äëèíîé (âîëíû) λ

λ =
2π~
p
, ω =

E

~
. (25)

Äýâèññîí è Äæåðìåð ïîäòâåðäèëè

Ðèñ. 10. Äýâèññîí è Äæåðìåð, (ñëåâà), è ñõåìà èõ ýêñïåðèìåíòàëüíîé óñòà-
íîâêè , (ñïðàâà)

âîëíîâûå ñâîéñòâà ýëåêòðîíîâ, íàáëþäàÿ èõ äèôðàêöèþ íà
êðèñòàëëå íèêåëÿ, ðèñ. 10.

Ðàññìîòðèì äèôðàêöèþ íà êðèñòàëëå, ðèñ. 11. Óãëû ïàäå-
íèÿ è îòðàæåíèÿ îäèíàêîâû è ðàâíû θ. Àìïëèòóäà ðàññåÿíèÿ
îò ïåðâîãî àòîìíîãî ñëîÿ

A1 = A0e
2ikl1 , (26)
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îò âòîðîãî àòîìíîãî ñëîÿ

A2 = A0e
2ikl2 = A0e

2ik(l1+d sin θ), (27)

îò òðåòüåãî àòîìíîãî ñëîÿ

A3 = A0e
2ikl3 = A0e

2ik(l1+2d sin θ), (28)

è òàê äàëåå. Ñóììàðíàÿ àìïëèòóäà åñòü

At = A0e
2ikl1

(
1 + e2ikd sin θ + e4ikd sin θ + ...

)
(29)

Óñëîâèå ìàêñèìóìà

2kd sin θ = 2πn, n = 1, 2, 3, ... (30)

Ðèñ. 11. Äèôðàêöèÿ íà êðèñòàëëå, (ñëåâà). Çàâèñèìîñòü èíòåíñèâíîñòè îò
óãëà ïàäåíèÿ θ, (ñïðàâà)

Ýòî óñëîâèå ìîæíî ïåðåïèñàòü â âèäå

2d sin θ = nλ, n = 1, 2, 3, ... (31)

Íàïðèìåð, åñëè ïðè ðàññåÿíèè ðåíòãåíîâñêîãî èçëó÷åíèÿ ñ
ýíåðãèåé 10 ÊýÂ ïåðâûé ìàêñèìóì ( n = 1 ) íàáëþäàåòñÿ
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äëÿ óãëà θ = 30o, ìîæíî íàéòè ðàññòîÿíèå ìåæäó àòîìíûìè
ïëîñêîñòÿìè:

d =
λ

2 sin θ
=

2π~c
2~ω sin θ

=

=
6.6 · 10−27 ýðã · ñåê · 3 · 1010 ñì/ñåê

10 · 103 ýÂ · 1.6 · 10−12 ýðã/ýÂ
=1.3 · 10−8 ñì. (32)

1.4. Äèñêðåòíîñòü àòîìíûõ ñïåêòðîâ

Ðèñ. 12. Í. Áîð.

Í. Áîð îáúÿñíèë ïðîèñõîæäå-
íèå äèñêðåòíûõ àòîìíûõ ñïåêòðîâ
íà îñíîâå ïîñòóëàòîâ:

� ýëåêòðîíû âðàùàþòñÿ âîêðóã ÿä-
ðà òîëüêî ïî îðáèòàì, äëÿ êîòîðûõ
âûïîëíÿåòñÿ óñëîâèå

Ln = mvnrn = n~, (33)

ãäå Ln � îðáèòàëüíûé ìîìåíò èì-
ïóëüñà, n � öåëîå (�êâàíòîâîå�) ÷èñ-
ëî;

� àòîì ìîæåò èçëó÷àòü òîëüêî
ïðè ïåðåõîäå ýëåêòðîíà ñ îäíîé îð-
áèòû íà äðóãóþ

~ω = Ei − Ef . (34)

Íàéäåì ýíåðãèè äèñêðåòíîãî ñïåêòðà àòîìà âîäîðîäà, ñêîðî-
ñòè äâèæåíèÿ ýëåêòðîíà è ðàäèóñû îðáèò. Êóëîíîâñêàÿ ñèëà
ïðèòÿæåíèÿ ýëåêòðîíà ê ïðîòîíó e2/r2 ðàâíà öåíòðîñòðåìè-
òåëüíîé ñèëå mv2/r:

e2

r2n
=
mv2n
rn

, → vn =
e2

mvnrn
=

e2

n~
=
e2

~c
c

n
=
αc

n
, (35)
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ãäå ìû èñïîëüçîâàëè ïîñòóëàò Áîðà mvnrn = n~. Áåçðàçìåð-
íàÿ âåëè÷èíà

α ≡ e2

~c
≈ 1

137
(36)

íàçûâàåòñÿ ïîñòîÿííîé òîíêîé ñòðóêòóðû. Ðàäèóñ îðáèòû
ðàâåí

rn =
n~
mvn

=
n2~2

me2
= n2 ~

mc

~c
e2

= n2λc
α

= n2 · 0.53 · 10−8ñì, (37)

ãäå ââåäåíà êîìïòîíîâñêàÿ äëèíà âîëíû ýëåêòðîíà

λc =
~
mc

≈ 3.9 · 10−11ñì. (38)

Ýíåðãèÿ ýëåêòðîíà åñòü

En =
mv2n
2

− e2

rn
= − e2

2rn
= − me4

2n2~2
= −mc

2α2

2n2
= −13.6 ýÂ

n2
.

(39)
Í. Áîð ïðåäëîæèë ïðèíöèï ñîîòâåòñòâèÿ: ÷àñòîòà ôîòîíà,
èçëó÷åííîãî ïðè ïåðåõîäå ñ îäíîé îðáèòû ñ áîëüøèì êâàí-
òîâûì ÷èñëîì n íà ñîñåäíþþ îðáèòó äîëæíà ñîâïàäàòü ñ
êëàññè÷åñêîé ÷àñòîòîé îáðàùåíèÿ ýëåêòðîíà ïî ýòîé îðáèòå.
×àñòîòà èñïóñêàåìîãî ôîòîíà

ω(n)→n−1 =
En − En−1

~
= −me

4

2~3

(
1

(n)2
− 1

(n− 1)2

)
≈ me4

n3~3
.

(40)
Êëàññè÷åñêàÿ ÷àñòîòà îáðàùåíèÿ ýëåêòðîíà ïî îðáèòå

ωe =
2π

Tn
=
vn
rn

=
e2

n~
me2

n2~2
=
me4

n3~3
. (41)
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1.5. Èçëó÷åíèå ÷åðíîãî òåëà

Ðèñ. 13. Äæ. Äæèíñ.

Âïåðâûå ãèïîòåçà êâàíòîâ ñâå-
òà ïîÿâèëàñü ïðè ðàññìîòðåíèè èç-
ëó÷åíèÿ ÷åðíîãî òåëà (òåëà, ïîë-
íîñòüþ ïîãëîùàþùåãî ïàäàþùåå íà
íåãî èçëó÷åíèå). Íà îñíîâå êëàññè÷å-
ñêîé òåîðèè Äæ. Äæèíñ âûâåë ôîð-
ìóëó äëÿ ñïåêòðà èçëó÷åíèÿ ÷åðíî-
ãî òåëà (ìîäåëü � ìåòàëëè÷åñêàÿ ïî-
ëîñòü ïðè òåìïåðàòóðå T ñ íåáîëü-
øèì îòâåðñòèåì). Ïëîòíîñòü ýíåðãèè
èçëó÷åíèÿ íà ÷àñòîòå ω åñòü ïðîèçâå-
äåíèå ñðåäíåé ýíåðãèè îäíîé ñòåïåíè ñâîáîäû íà ÷èñëî ñòå-
ïåíåé ñâîáîäû

U = T
ω2

π2c3
, (42)

êîòîðàÿ ïðåäñêàçûâàåò ðàñõîäèìîñòü ïðè âûñîêèõ ÷àñòîòàõ
� �óëüòðàôèîëåòîâàÿ êàòîñòðîôà�.

Ðèñ. 14. Ì. Ïëàíê.

Ì. Ïëàíê îáúÿñíèë ñïåêòð
èçëó÷åíèÿ ÷åðíîãî òåëà, ïðåäïî-
ëîæèâ ÷òî ñòåíêè ïîëîñòè ìîãóò
èçëó÷àòü ñâåò òîëüêî ïîðöèÿìè �
êâàíòàìè. Òîãäà ïëîòíîñòü ýíåðãèè
èçëó÷åíèÿ íà ÷àñòîòå ω åñòü

U =
~ω

exp(~ω/T )− 1

ω2

π2c3
, (43)

÷òî õîðîøî ñîãëàñóåòñÿ ñ ýêñïåðè-
ìåíòîì. Ïîäðîáíî ìû ðàññìîòðèì
ýòîò âîïðîñ âî âòîðîé ÷àñòè êóðñà.
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2. Ëåêöèÿ. Ïðèíöèï íåîïðåäåëåííîñòè.

2.1. Ñîîòíîøåíèå íåîïðåäåëåííîñòåé Ãåéçåíáåðãà

Â êâàíòîâîé ìåõàíèêå èçìåðåíèå îäíèõ âåëè÷èí (íàïðè-
ìåð êîîðäèíàòû ÷àñòèöû) ïðèâîäèò ê îãðàíè÷åíèþ íà âîç-
ìîæíîñòü îäíîâðåìåííîãî èçìåðåíèÿ äðóãèõ âåëè÷èí (â äàí-
íîì ñëó÷àå èìïóëüñà ÷àñòèöû). Ýòî ñâÿçàíî ñ âîëíîâûìè
ñâîéñòâàìè. Åñëè ìû ðàññìàòðèâàåì âîëíó ñ îïðåäåëåííûì
çíà÷åíèåì âîëíîâîãî âåêòîðà, òî îíà îáëàäàåò áåñêîíå÷íîé
ïðîòÿæåííîñòüþ. Åñëè ìû âîçüìåì âîëíîâîé ïàêåò âèäà

ψ(x) = Ae−x
2/2l2eik0x, (44)

èìåþùèé øèðèíó ∼ l, òî îí ñîñòîèò â îñíîâíîì èç íàáîðà
ìîíîõðîìàòè÷åñêèõ âîëí ñ âîëíîâûìè âåêòîðàìè â ïðåäåëàõ
îò k0 − 1/l äî k0 + 1/l. Òàêèì îáðàçîì ∆x ·∆k & 1.

×åì óæå ðàñïðåäåëåíèå â êîîðäèíàòíîì ïðîñòðàíñòâå, òåì
øèðå â ïðîñòðàíñòâå âîëíîâûõ âåêòîðîâ, è íàîáîðîò, ðèñ. 15.

Ðèñ. 15. ×åì óæå ðàñïðåäåëåíèå â êîîðäèíàòíîì ïðîñòðàíñòâå, òåì øèðå â
ïðîñòðàíñòâå âîëíîâûõ âåêòîðîâ, è íàîáîðîò.
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Ðèñ. 16. Â. Ãåéçåíáåðã

Åñëè ïåðåïèñàòü ïðèâåäåííîå âûøå
íåðàâåíñòâî â âèäå

∆x ·∆p & ~, (45)

òî ïîëó÷èòñÿ ñîîòíîøåíèå íåîïðåäåëåí-
íîñòåé Ãåéçåíáåðãà. Ýòî ñîîòíîøåíèå
ìîæíî èñïîëüçîâàòü äëÿ îöåíîê ýíåðãèé
îñíîâíîãî ñîñòîÿíèÿ ÷àñòèö â ðàçëè÷íûõ
ïîòåíöèàëàõ.

2.2. ßùèê ñ íåïðîíèöàåìûìè ñòåíêàìè

Ðàññòîÿíèå ìåæäó ñòåíêàìè îáîçíà÷èì L. Íåîïðåäåëåííîñòü
êîîðäèíàòû ðàâíà∆x ∼ L, òîãäà íåîïðåäåëåííîñòü èìïóëüñà
∆p & ~/L, îòñþäà íàõîäèì ìèíèìàëüíîå çíà÷åíèå ýíåðãèè

Emin ∼ p2

m
& ~2

mL2
. (46)

2.3. Ãàðìîíè÷åñêèé îñöèëëÿòîð

Ïîòåíöèàë ãàðìîíè÷åñêîãî îñöèëëÿòîðà ðàâåí U = mω2x2/2.
Íåîïðåäåëåííîñòü êîîðäèíàòû îáîçíà÷èì ∆x, òîãäà íåîïðå-
äåëåííîñòü èìïóëüñà ∆p & ~/∆x. Îòñþäà çíà÷åíèå ýíåðãèè
ðàâíî

E =
p2

2m
+
mω2x2

2
& ~2

2m(∆x)2
+
mω2(∆x)2

2
& ~ω. (47)

Çàâèñèìîñòü ýíåðãèè ãàðìîíè÷åñêîãî îñöèëëÿòîðà îò ∆x,
ðèñ. 17. Ïðè ìàëûõ ∆x áîëüøîé âêëàä îò êèíåòè÷åñêîé ýíåð-
ãèè, ïðè áîëüøèõ∆x îò ïîòåíöèàëüíîé,E0 ≡ ~ω, x0 ≡

√
~/mω.

2.4. ×àñòèöà â ïîëå òÿæåñòè.

Ðàññìîòðèì ÷àñòèöó â ïîëå òÿæåñòè íàä íåïðîíèöàåìûì ïî-
ëîì. Îáîçíà÷èì íåîïðåäåëåííîñòü âåðòèêàëüíîé êîîðäèíàòû
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∆z, òîãäà íåîïðåäåëåííîñòü âåðòèêàëüíîãî èìïóëüñà ∆p &
~/∆z. Çíà÷åíèå ïîëíîé ýíåðãèè ðàâíî

E =
p2

m
+mgz & ~2

m(∆z)2
+mg∆z. (48)

Ìèíèìóì ýòîãî âûðàæåíèÿ äîñòèãàåòñÿ ïðè

∆z0 ∼
(

~2

gm2

)1/3

, (49)

òàê ÷òî
Emin ∼

(
g2~2m

)1/3
. (50)

Çàâèñèìîñòü ýíåðãèè ÷àñòèöû â ïîëå òÿæåñòè îò ∆z, ðèñ. 18,

ñëåâà. E0 ≡ (g2~2m)
1/3
, z0 ≡

(
~2
gm2

)1/3
. Ïðè ìàëûõ ∆z áîëü-

Ðèñ. 17. Çàâèñèìîñòü ýíåðãèè ãàðìîíè÷åñêîãî îñöèëëÿòîðà îò ∆x.
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Ðèñ. 18. Çàâèñèìîñòü ýíåðãèè ÷àñòèöû â ïîëå òÿæåñòè îò ∆z. , (ñëåâà). Çàâè-
ñèìîñòü ýíåðãèè ýëåêòðîíà â êóëîíîâñêîì ïîëå îò ∆r (ñïðàâà)

øîé âêëàä îò êèíåòè÷åñêîé ýíåðãèè, ïðè áîëüøèõ ∆z � îò
ïîòåíöèàëüíîé.

2.5. Àòîì âîäîðîäà

Ïîòåíöèàëüíàÿ ýíåðãèÿ âçàèìîäåéñòâèÿ ýëåêòðîíà è ïðîòî-
íà U(r) = −e2/r. Íåîïðåäåëåííîñòü êîîðäèíàòû îáîçíà÷èì
∆r, òîãäà íåîïðåäåëåííîñòü èìïóëüñà ∆p & ~/∆r. Îòñþäà
çíà÷åíèå ýíåðãèè

E =
p2

2m
− e2

r
& ~2

2m(∆r)2
− e2

∆r
(51)

äîñòèãàåò ìèíèìóìà ïðè

∆r ∼ ~2

me2
, (52)

îòêóäà

Emin ∼ −me
4

~2
. (53)

Çàâèñèìîñòü ýíåðãèè ýëåêòðîíà â êóëîíîâñêîì ïîëå îò ∆r,
ðèñ. 18, ñïðàâà. E0 ≡ me4/~2, r0 ≡ ~2/me2.
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3. Ëåêöèÿ. Îäíîìåðíîå óðàâíåíèå Øðåäèí-

ãåðà.

Ðèñ. 19. Ý. Øðåäèíãåð

Óðàâíåíèå Øðåäèíãåðà
îáîáùàåò ãèïîòåçó äå Áðîéëÿ
î âîëíîâûõ ñâîéñòâàõ ñâîáîä-
íûõ ÷àñòèö íà ñëó÷àé êîãäà
îíè äâèæóòñÿ âî âíåøíåì ïî-
ëå U(x)

i~
∂

∂t
Ψ(x, t) = − ~2

2m

∂2

∂x2
Ψ(x, t)+

+U(x)Ψ(x, t). (54)

Âîëíîâàÿ ôóíêöèÿ Ψ(x, t)
íå èìååò ïðÿìîãî ôèçè÷å-
ñêîãî ñìûñëà, îäíàêî êâàä-
ðàò ìîäóëÿ âîëíîâîé ôóíê-
öèè, ñîãëàñíî Ì. Áîðíó, èìååò ñìûñë ïëîòíîñòè âåðîÿòíîñòè
íàéòè ÷àñòèöó âáëèçè òî÷êè x. Èìåííî |Ψ(x, t)|2∆x ïðîïîð-
öèîíàëüíà âåðîÿòíîñòè íàéòè ÷àñòèöó ñ êîîðäèíàòîé â èí-
òåðâàëå (x, x+∆x).

Ðèñ. 20. Ì. Áîðí

Âåðíåìñÿ ê ýêñïåðèìåíòó ñ
äâóìÿ ùåëÿìè. Åñëè èíòåí-
ñèâíîñòü èñòî÷íèêà ôîòîíîâ
èëè ýëåêòðîíîâ ìàëà, òî ÷à-
ñòèöû áóäóò ïðîõîäèòü ïî îä-
íîé. Íà ýêðàíå áóäóò ðåãè-
ñòðèðîâàòüñÿ îäèíî÷íûå ñî-
áûòèÿ, à èíòåðôåðåíöèîííàÿ
êàðòèíà âîçíèêàåò ïîñòåïåí-
íî.

Åñëè ÷àñòèöà èìååò îïðå-
äåëåííóþ ýíåðãèþ, òî âîëíî-
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âàÿ ôóíêöèÿ çàïèñûâàåòñÿ â âèäå Ψ(x, t) = exp(−iEt/~)ψ(x)
è óðàâíåíèå Øðåäèíãåðà ïðèíèìàåò âèä

Eψ(x) = − ~2

2m

d2

dx2
ψ(x) + U(x)ψ(x). (55)

Ïåðâûé ÷ëåí â ïðàâîé ÷àñòè åñòü îïåðàòîð êèíåòè÷åñêîé
ýíåðãèè. Â îòëè÷èè îò êëàññè÷åñêîé ìåõàíèêè, â êâàíòîâîé
ìåõàíèêå ôèçè÷åñêîé âåëè÷èíå, â äàííîì ñëó÷àå èìïóëüñó,
ñîîòâåòñòâóåò îïåðàòîð. Äëÿ èìïóëüñà îïåðàòîð èìååò âèä
p̂ = −i~d/dx. Ôèçè÷åñêèì ñëåäñòâèåì ÿâëÿåòñÿ òî, ÷òî íå âñå
ôèçè÷åñêèå âåëè÷èíû ìîãóò îäíîâðåìåííî èìåòü îïðåäåëåí-
íûå çíà÷åíèÿ, íàïðèìåð êîîðäèíàòà è èìïóëüñ.

Äåéñòâèå îïåðàòîðà êîîðäèíàòû íà âîëíîâóþ ôóíêöèþ
ñâîäèòñÿ ê óìíîæåíèþ êîîðäèíàòû íà âîëíîâóþ ôóíêöèþ

x̂ψ(x) = x · ψ(x). (56)

Àíàëîãè÷íî äåéñòâóåò îïåðàòîð ïîòåíöèàëüíîé ýíåðãèè

Û(x)ψ(x) = U(x) · ψ(x). (57)

Ìàòåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ Øðåäèíãåðà ñâîäèòñÿ
ê çàäà÷å íàõîæäåíèÿ ñîáñòâåííûõ ôóíêöèé ψ(x) îïåðàòîðà
Ãàìèëüòîíà

Ĥ ≡ − ~2

2m

d2

dx2
+ U(x) (58)

è ñîáñòâåííûõ çíà÷åíèé E:

Ĥψ(x) = Eψ(x). (59)

3.1. ßùèê ñ íåïðîíèöàåìûìè ñòåíêàìè

Ðàññìîòðèì â êà÷åñòâå ïåðâîãî ïðèìåðà çàäà÷ó î ÷àñòèöå â
îäíîìåðíîì ÿùèêå ñ íåïðîíèöàåìûìè ñòåíêàìè. Ïîòåíöèàë
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èìååò âèä

U(x) =

 ∞, x < 0
0, 0 6 x 6 L,
∞, x > L.

Ãðàíè÷íûå óñëîâèÿ

ψ(0) = ψ(L) = 0, (60)

âåðîÿòíîñòü íàéòè ÷àñòèöó çà ïðåäåëàìè ÿùèêà ðàâíà íóëþ.
Ðåøåíèå óðàâíåíèÿ Øðåäèíãåðà â îáëàñòè 0 6 x 6 L,

Eψ(x) = − ~2

2m

d2

dx2
ψ(x) (61)

ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé åñòü

ψn(x) = An sin(nπx/L), n = 1, 2, 3, ... (62)

Ýòè ôóíêöèè � ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ãàìèëüòîíà.
Ïîëó÷àåì óðîâíè ýíåðãèè (äèñêðåòíûé ñïåêòð ñîáñòâåííûõ
çíà÷åíèé)

En =
~2π2n2

2mL2
, n = 1, 2, 3, ... (63)

Ïîñòîÿííóþ âåëè÷èíó An íàõîäèì èç óñëîâèÿ íîðìèðîâêè

L∫
0

∣∣∣An sin(nπx/L)∣∣∣2dx= L∫
0

∣∣∣An∣∣∣21− cos(2πx/L)

2
dx=

∣∣∣An∣∣∣2L
2
=1.

(64)
Íîðìèðîâàííûå âîëíîâûå ôóíêöèè äëÿ ýòîé çàäà÷è ìîæíî
âûáðàòü âåùåñòâåííûìè

ψn(x) =

√
2

L
sin(nπx/L), n = 1, 2, 3, ... (65)

Ïîêàçàíû òðè ïåðâûõ óðîâíÿ ýíåðãèè è âîëíîâûå ôóíê-
öèè, ðèñ. 21
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Ðèñ. 21. Óðîâíè ýíåðãèè è âîëíîâûå ôóíêöèå.

Âîëíîâàÿ ôóíêöèÿ îñ-
íîâíîãî ñîñòîÿíèÿ íå ïå-
ðåñåêàåò îñü x âíóò-
ðè èíòåðâàëà, âîëíîâàÿ
ôóíêöèÿ ïåðâîãî âîç-
áóæäåííîãî ñîñòîÿíèÿ ïå-
ðåñåêàåò îäèí ðàç, âòî-
ðîãî âîçáóæäåííîãî ñî-
ñòîÿíèÿ � äâà ðàçà è
òàê äàëåå. Ýòî ÷àñòíûé
ñëó÷àé îñöèëëÿöèîííîé
òåîðåìû.

Êðîìå òîãî, âîëíîâûå
ôóíêöèè ñîñòîÿíèé ñ êâàíòîâûìè ÷èñëàìè n = 1, 3, 5, ... ÿâ-
ëÿþòñÿ ÷åòíûìè ôóíêöèÿìè îòíîñèòåëüíî òî÷êè x = L/2,
âîëíîâûå ôóíêöèè ñîñòîÿíèé ñ êâàíòîâûìè ÷èñëàìè n =
2, 4, 6, ... ÿâëÿþòñÿ íå÷åòíûìè ôóíêöèÿìè. Ýòî ñâÿçàíî ñ ÷åò-
íîñòüþ ïîòåíöèàëà îòíîñèòåëüíî òîé æå òî÷êè x = L/2.

Âîëíîâûå ôóíêöèè äëÿ ðàçíûõ çíà÷åíèé ýíåðãèè îðòîãî-
íàëüíû:

L∫
0

Am sin(mπx/L)An sin(nπx/L)dx=

=

L∫
0

1

4

(
eiπ(n−m)x/L+eiπ(m−n)x/L−eiπ(n+m)x/L−e−iπ(n+m)x/L

)
dx=

= AmAn
L

2
δnm = δnm, (66)

ãäå ñèìâîë Êðîíåêåðà

δmn =

[
1, n = m
0, n ̸= m.

Ôèçè÷åñêèé ñìûñë óñëîâèÿ îðòîãîíàëüíîñòè: åñëè ÷àñòèöà
íàõîäèòñÿ â ñîñòîÿíèè ñ îïðåäåëåííûì çíà÷åíèåì ýíåðãèè, òî
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âåðîÿòíîñòü íàéòè åå â ñîñòîÿíèè ñ äðóãèì çíà÷åíèåì ýíåð-
ãèè ðàâíà íóëþ. Ïðèâåäåíû ãðàôèêè ïðîèçâåäåíèÿ âîëíîâûõ
ôóíêöèé äëÿ ðàçíûõ ñîñòîÿíèé, ðèñ. 22. Âèäíî, ÷òî ïëîùàäü
(ñ ó÷åòîì çíàêà) ðàâíà íóëþ.

Ðèñ. 22. Îðòîãîíàëüíîñòü âîëíîâûõ ôóíêöèé.

Äëÿ áîëüøèõ çíà÷åíèé
êâàíòîâîãî ÷èñëà äâè-
æåíèå ÷àñòèöû äîëæíî
áûòü ïîõîæå íà êëàññè-
÷åñêîå. Íàïðèìåð, âåðî-
ÿòíîñòü íàéòè ÷àñòèöó
íå çàâèñèò îò êîîðäèíà-
òû. Âèäíî, ÷òî â îñíîâ-
íîì ñîñòîÿíèè n = 1 ýòî
íå òàê, à äëÿ n = 10 óæå
ïîõîæå íà êëàññèêó, ðèñ.
23.

Ðèñ. 23. Âåðîÿòíîñòü íàéòè ÷àñòèöó äëÿ n =
1, n = 10.

Ïðîâåðèì âûïîëíåíèå
ïðèíöèïà ñîîòâåòñòâèÿ
Áîðà

En − En−1

∣∣∣
n≫1

≈ ~2π2n

mL2
.

(67)
×àñòîòà äâèæåíèÿ êëàñ-
ñè÷åñêîé ÷àñòèöû

ωn =
2π

Tn
=

2πpn/m

2L
=

π
√
2mEn
mL

=
~π2n

mL2
. (68)

Äåéñòâèòåëüíî

En − En−1

∣∣∣
n≫1

≈ ~ωn. (69)



30 3. Ëåêöèÿ. Îäíîìåðíîå óðàâíåíèå Øðåäèíãåðà.

3.2. δ-ïîòåíöèàë

Ðèñ. 24. Ï. Äèðàê

Íàéäåì òåïåðü ýíåðãèþ è âîëíîâóþ
ôóíêöèþ ñâÿçàííîãî ñîñòîÿíèÿ E < 0
â ïîòåíöèàëå U(x) = −Gδ(x), ãäå δ(x)
� äåëüòà-ôóíêöèÿ Äèðàêà, ïîëó÷àþùà-
ÿñÿ íàïðèìåð êàê ïðåäåë î÷åíü óçêîé è
î÷åíü ãëóáîêîé ïîòåíöèàëüíîé ÿìû

U(x) =

[
−G

2ε
, −ε < x < ε

0, |x| > ε, ε→ 0.

Âîëíîâàÿ ôóíêöèÿ íåïðåðûâíà, îäíàêî
ïåðâàÿ ïðîèçâîäíàÿ èìååò ñêà÷îê â òî÷-
êå x = 0, ðèñ. 25:

− ~2

2m

+ε∫
−ε

d2ψ(x)

dx2
dx−G

+ε∫
−ε

δ(x)ψ(x)dx = E

+ε∫
−ε

ψ(x)dx, (70)

îòêóäà
dψ

dx

∣∣∣+ε
−ε

= −2mG

~2
ψ(0). (71)

Ðåøåíèå ñ îòðèöàòåëüíîé ýíåðãèåé (ñâÿçàííîå ñîñòîÿíèå) óðàâ-
íåíèÿ Øðåäèíãåðà

− ~2

2m

d2ψ

dx2
=−|E|ψ, |x|>ε (72)

åñòü

ψ(x)=Ae−κ|x|, κ=

√
2mE

~2
. (73)

Èç óñëîâèÿ íà ñêà÷îê ïåðâîé ïðîèçâîäíîé ïîëó÷àåì

−Aκe−κx
∣∣∣x=+ε

− Aκeκx
∣∣∣
x=−ε

= −2mG

~2
A, → κ =

mG

~2
. (74)
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Íîðìèðîâêà âîëíîâîé ôóíêöèè äàåò ñâÿçü

+∞∫
−∞

|ψ(x)|2dx = A22

+∞∫
0

e−2κxdx =
A2

κ
= 1, → A =

√
κ.

(75)
Îêîí÷àòåëüíî:

ψ(x) =
√
κe−κ|x|, κ =

mG

~2
, E = −mG

2

2~2
. (76)

3.3. Äîêàçàòåëüñòâî ñîîòíîøåíèÿ íåîïðåäåëåííîñòåé
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x

Ψ
(x
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Ψ(x)
U(x)=−G δ(x)

Ðèñ. 25. Âèä âîëíîâîé ôóíêöèè äëÿ δ-
ïîòåíöèàëà.

Ðàññìîòðèì íåîòðè-
öàòåëüíóþ âåëè÷èíó

I =

+∞∫
−∞

∣∣∣ψ(x)x+αdψ
dx

∣∣∣2dx,
(77)

ãäå α âåùåñòâåííîå. Îïå-
ðàòîð èìïóëüñà åñòü
−i~d/dx. Íåîïðåäåëåí-
íîñòè êîîðäèíàòû δx è
èìïóëüñà δp ñâÿçàíû ñ
îòêëîíåíèåì îò ñðåäíèõ
çíà÷åíèé, ïîýòîìó äëÿ
óïðîùåíèÿ ôîðìóë ñ÷è-

òàåì, ÷òî

x =

+∞∫
−∞

ψ∗(x)xψ(x)dx = 0, (78)

p = −i~
+∞∫

−∞

ψ∗(x)
d

dx
ψ(x)dx = 0. (79)
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Ïðåîáðàçóåì èíòåãðàë I

I =

+∞∫
−∞

(
ψ(x)x+ α

dψ

dx

)(
ψ∗(x)x+ α

dψ∗

dx

)
dx =

=

+∞∫
−∞

|ψ(x)|2x2dx+ α

+∞∫
−∞

x
d|ψ|2

dx
dx+ α2

+∞∫
−∞

∣∣∣dψ
dx

∣∣∣2dx. (80)

Ïåðâûé èíòåãðàë, ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå êîîðäè-
íàòû, ðàâåí δx2, âòîðîé èíòåãðàë áåðåì ïî ÷àñòÿì

α

+∞∫
−∞

x
d|ψ|2

dx
dx = α

|ψ|2x
∣∣∣+∞

−∞
−

+∞∫
−∞

|ψ|2dx

 = −α. (81)

Ïîñëåäíèé èíòåãðàë ïðîïîðöèîíàëåí ñðåäíåêâàäðàòè÷íîìó
îòêëîíåíèþ èìïóëüñà δp2/~2. Â èòîãå èìååì íåðàâåíñòâî

α2 δp
2

~2
− α+ δx2 > 0, (82)

êîòîðîå äîëæíî âûïîëíÿòüñÿ äëÿ ïðîèçâîëüíûõ α. Ïðåîáðà-
çóåì ê âèäó, ñîäåðæàùåìó ïîëíûé êâàäðàò

α2 δp
2

~2
− α+

~2

4δp2
− ~2

4δp2
+ δx2 =

=

α
√
δp2

~
− ~

2

√
δp2

2

− ~2

4δp2
+ δx2 > 0. (83)

Îòêóäà ïîëó÷àåì èñêîìîå íåðàâåíñòâî δp2 · δx2 > ~2/4.
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4.1. Îñíîâíûå ïîëîæåíèÿ êâàíòîâîé ìåõàíèêè

Ôîðìàëüíàÿ ñõåìà êâàíòîâî-ìåõàíè÷åñêîãî îïèñàíèÿ òà-
êîâà:

1. Ñîñòîÿíèå êâàíòîâîé ñèñòåìû ïîëíîñòüþ îïèñûâàåòñÿ
âîëíîâîé ôóíêöèåé Ψ(x, t).

Ôèçè÷åñêèé ñìûñë èìååò êâàäðàò ìîäóëÿ |Ψ(x, t)|2∆x � âå-
ðîÿòíîñòü íàéòè ÷àñòèöó â èíòåðâàëå ∆x âáëèçè êîîðäèíàòû
x.

2. Ôèçè÷åñêèì âåëè÷èíàì ñîïîñòàâëÿþòñÿ ýðìèòîâû îïå-
ðàòîðû. Ðåçóëüòàòàìè èçìåðåíèé áóäóò ñîáñòâåííûå çíà÷å-
íèÿ îïåðàòîðîâ.

Â êâàíòîâîé ìåõàíèêå ôèçè÷åñêèì âåëè÷èíàì ñòàâÿòñÿ â
ñîîòâåòñòâèå ýðìèòîâû îïåðàòîðû. Îïåðàòîð Â† íàçûâàåòñÿ
ýðìèòîâî ñîïðÿæåííûì îïåðàòîðó Â åñëè äëÿ ëþáûõ âîëíî-
âûõ ôóíêöèé ψ1, ψ2 âûïîëíÿåòñÿ ñîîòíîøåíèå∫

ψ∗
1Âψ2dx =

∫ (
Â†ψ1

)∗
ψ2dx. (84)

Îïåðàòîðû ôèçè÷åñêèõ âåëè÷èí äîëæíû áûòü ýðìèòîâû, Â† =
Â, ïîñêîëüêó ñîáñòâåííûå çíà÷åíèÿ ýðìèòîâûõ îïåðàòîðîâ
âåùåñòâåííû, êàê è ïîëîæåíî ôèçè÷åñêè èçìåðÿåìîé âåëè-
÷èíå. Äîêàçàòåëüñòâî. Ïóñòü ψa åñòü ñîáñòâåííàÿ ôóíêöèÿ
ýðìèòîâà îïåðàòîðà Â ñ ñîáñòâåííûì çíà÷åíèå λ, òî åñòü
Âψa = λψa. Òîãäà, ñ îäíîé ñòîðîíû∫

ψ∗
aÂψadx = λ

∫
ψ∗
aψadx = λ. (85)

Ñ äðóãîé ñòîðîíû, èñïîëüçóÿ ñâîéñòâî ýðìèòîâîñòè îïåðàòî-
ðà Â∫

ψ∗
aÂψadx =

∫ (
Âψa

)∗
ψadx = λ∗

∫
ψ∗
aψadx = λ∗ = λ. (86)
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Äîêàæåì, ÷òî îïåðàòîð èìïóëüñà ÿâëÿåòñÿ ýðìèòîâûì îïå-
ðàòîðîì. Èìååì∫

ψ∗
1

(
−i~ d

dx

)
ψ2dx = −i~ψ∗

1ψ2

∣∣∣+∞

−∞
+ i~

∫ (
dψ1

dx

)∗

ψ2dx =

=

∫ (
−i~dψ1

dx

)∗

ψ2dx. (87)

Òàêèì îáðàçîì p̂† = p̂. Ýðìèòîâ òàêæå ãàìèëüòîíèàí

Ĥ =
p̂2

2m
+ U(x) (88)

ñ âåùåñòâåííûì ïîòåíöèàëîì U .
Ïðè ýðìèòîâîì ñîïðÿæåíèè ïðîèçâåäåíèÿ îïåðàòîðîâ èç-

ìåíÿåòñÿ ïîðÿäîê èõ ðàñïîëîæåíèÿ:(
ÂB̂...Ŷ Ẑ

)†
= Ẑ†Ŷ †...B̂†Â†. (89)

Ââåäåì êðàòêèå è óäîáíûå îáîçíà÷åíèÿ äëÿ âîëíîâûõ ôóíê-
öèé

ψ1(x) → |ψ1⟩, ψ∗
2(x) → ⟨ψ1|. (90)

Òîãäà çàïèñü âûðàæåíèÿ∫
ψ∗
2(x)Âψ1(x)dx, (91)

íàçûâàåìîãî ìàòðè÷íûì ýëåìåíòîì îïåðàòîðà Â ìåæäó ñî-
ñòîÿíèÿìè 1, 2, â íîâûõ îáîçíà÷åíèÿõ âûãëÿäèò òàê

⟨ψ2|Â|ψ1⟩. (92)

Åùå îäíî ïîëåçíîå îáîçíà÷åíèå � êîììóòàòîð äâóõ îïåðà-
òîðîâ

[Â, B̂] ≡ ÂB̂ − B̂Â. (93)
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Â êâàíòîâîé ìåõàíèêå ýòà âåëè÷èíà â îáùåì ñëó÷àå íå ðàâíà
íóëþ. Íàïðèìåð âû÷èñëèì êîììóòàòîð îïåðàòîðîâ êîîðäè-
íàòû (äåéñòâèå îïåðàòîðà êîîðäèíàòû ñâîäèòñÿ ê óìíîæå-
íèþ íà êîîðäèíàòó) è èìïóëüñà. Äëÿ ýòîãî íàéäåì äåéñòâèå
êîììóòàòîðà íà ïðîèçâîëüíóþ ôóíêöèþ ψ(x)

[x, p̂]ψ(x) = −i~
(
x
dψ(x)

dx
− d(xψ(x))

dx

)
= i~ψ(x). (94)

Ñëåäîâàòåëüíî, â ñèëó ïðîèçâîëüíîñòè ôóíêöèè ψ(x),

[x, p̂] = i~. (95)

Ïðè âû÷èñëåíèè áîëåå ñëîæíûõ êîììóòàòîðîâ ïîëåçíî èñ-
ïîëüçîâàòü ñîîòíîøåíèå

[Â, B̂Ĉ] = [Â, B̂]Ĉ + B̂[Â, Ĉ]. (96)

Äîêàçàòåëüñòâî:

[Â, B̂Ĉ] = ÂB̂Ĉ − B̂ĈÂ = ÂB̂Ĉ − B̂ÂĈ + B̂ÂĈ − B̂ĈÂ =

= [Â, B̂]Ĉ + B̂[Â, Ĉ]. (97)

Àíàëîãè÷íî

[ÂB̂, Ĉ] = Â[B̂, Ĉ] + [Â, Ĉ]B̂. (98)

4.2. Òåîðåìà âèðèàëà

Òåîðåìà âèðèàëà äàåò ïîëåçíîå ñîîòíîøåíèå ìåæäó ñðåäíè-
ìè çíà÷åíèÿìè êèíåòè÷åñêîé è ïîòåíöèàëüíîé ýíåðãèè äëÿ
ñîñòîÿíèé ñ îïðåäåëåííûì çíà÷åíèåì ïîëíîé ýíåðãèè. Äëÿ
ýòîãî ðàññìîòðèì ñðåäíåå çíà÷åíèå êîììóòàòîðà

⟨ϕk|[Ĥ, xp̂]|ϕk⟩, (99)
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ãäå ãàìèëüòîíèàí

Ĥ =
p̂2

2m
+ U(x), Ĥ|ϕk⟩ = Ek|ϕk⟩. (100)

Ýòî ñðåäíåå ñ îäíîé ñòîðîíû ðàâíî íóëþ. Äåéñòâèòåëüíî äëÿ
ïðîèçâîëüíîãî îïåðàòîðà Â

⟨ϕk|[Ĥ, Â]|ϕk⟩ = ⟨ϕk|ĤÂ− ÂĤ|ϕk⟩ = (Ek − Ek)⟨ϕk|Â|ϕk⟩ = 0.
(101)

Ñ äðóãîé ñòîðîíû ðàñïèøåì êîììóòàòîð

[Ĥ, xp̂] = [Ĥ, x]p̂+ x[Ĥ, p̂] (102)

è âû÷èñëèì îáå ÷àñòè ïî îòäåëüíîñòè Èìååì äëÿ ïåðâîé ÷à-
ñòè

[Ĥ, x] =

[
p̂2

2m
+ U(x), x

]
=

p̂

2m
[p̂, x]+ [p̂, x]

p̂

2m
=

−i~p̂
m

. (103)

Çäåñü ó÷òåíî, ÷òî
[U(x), x] = 0. (104)

Äëÿ âòîðîé ÷àñòè

[Ĥ, p̂] =

[
p̂2

2m
+ U(x), p̂

]
= [U(x), p̂] = i~

dU

dx
. (105)

Çäåñü ó÷òåíî, ÷òî [
p̂2

2m
, p̂

]
= 0. (106)

Â èòîãå ïîëó÷àåì èñêîìîå ñîîòíîøåíèå

⟨ϕk|x
dU

dx
|ϕk⟩ = 2⟨ϕk|

p̂2

2m
|ϕk⟩ = 2T . (107)

ãäå T � ñðåäíåå çíà÷åíèå êèíåòè÷åñêîé ýíåðãèè. Åñëè ïîòåí-
öèàë èìååò ñòåïåííîé âèä U(x) = αxn, òî

⟨ϕk|x
dU

dx
|ϕk⟩ = nU = 2T . (108)
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Ýòî ñîîòíîøåíèå îáîáùàåòñÿ íà òðåõìåðíûé ñëó÷àé

⟨ϕk|x
∂U

∂x
+ y

∂U

∂y
+ z

∂U

∂z
|ϕk⟩ = ⟨ϕk|r⃗

∂U

∂r⃗
|ϕk⟩ =

= 2⟨ϕk|
p̂2x
2m

+
p̂2y
2m

+
p̂2z
2m

|ϕk⟩ = 2T . (109)

Åñëè ïîòåíöèàë èìååò ñòåïåííîé âèä U(r) = αrn, òî ïîëó÷à-
åòñÿ òàêîå æå ñîîòíîøåíèå

nU = 2T . (110)

Ïðèìåð 1: ãàðìîíè÷åñêèé îñöèëëÿòîð. Ãàìèëüòîíèàí èìååò
âèä

Ĥ =
p̂2

2m
+
mω2x2

2
. (111)

Ïîòåíöèàë êâàäðàòè÷íûì îáðàçîì çàâèñèò îò êîîðäèíàòû,
n = 2, òàê ÷òî

U = T = E/2. (112)

Ïðèìåð 2: àòîì âîäîðîäà. Ãàìèëüòîíèàí èìååò âèä

Ĥ =
p̂2

2m
− e2

r
. (113)

Ïîòåíöèàë îáðàòíî ïðîïîðöèîíàëåí ðàäèóñó, n = −1, òàê ÷òî

U = −2T = 2E. (114)

4.3. Òåîðåìà Ïàóëè.

Åùå îäèí ñïîñîá ïîëó÷åíèÿ ñîîòíîøåíèé ìåæäó ñðåäíèìè
çíà÷åíèÿìè ñîñòîèò â èñïîëüçîâàíèè ñîîòíîøåíèÿ

∂Ek
∂λ

= ⟨ϕk|
∂Ĥ

∂λ
|ϕk⟩+

(
∂

∂λ
⟨ϕk|

)
Ĥ|ϕk⟩+ ⟨ϕk|Ĥ

(
∂

∂λ
|ϕk⟩

)
,

(115)
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(λ íåêîòîðûé õàðàêòåðíûé ïàðàìåòð çàäà÷è, íàïðèìåð ìàñ-
ñà, ÷àñòîòà, ïîñòîÿííàÿ Ïëàíêà è ò.ä.) Èç óñëîâèÿ íîðìèðîâ-
êè ⟨ϕk|ϕk⟩ = 1 ñëåäóåò, ÷òî ñóììà äâóõ ïîñëåäíèõ ÷ëåíîâ
ðàâíà íóëþ. Äåéñòâèòåëüíî(

∂

∂λ
⟨ϕk|

)
Ĥ|ϕk⟩+ ⟨ϕk|Ĥ

(
∂

∂λ
|ϕk⟩

)
=

= Ek

[(
∂

∂λ
⟨ϕk|

)
|ϕk⟩+ ⟨ϕk|

(
∂

∂λ
|ϕk⟩

)]
= Ek

∂

∂λ
⟨ϕk|ϕk⟩ = 0.

(116)
Â èòîãå ïîëó÷àåì

∂Ek
∂λ

= ⟨ϕk|
∂Ĥ

∂λ
|ϕk⟩. (117)

Ïðèìåð: δ-ïîòåíöèàë. Ãàìèëüòîíèàí èìååò âèä

Ĥ =
p̂2

2m
−Gδ(x). (118)

Ìû íàøëè ýíåðãèþ ñâÿçàííîãî ñîñòîÿíèÿ

E = −mG
2

2~2
. (119)

×òîáû ïîëó÷èòü ñðåäíåå çíà÷åíèå ïîòåíöèàëüíîé ýíåðãèè,
âûáåðåì â êà÷åñòâå ïàðàìåòðà âåëè÷èíó G. Òîãäà

∂E

∂G
=−mG

~2
=⟨ϕ|∂Ĥ

∂λ
|ϕ⟩=−⟨ϕ|δ(x)|ϕ⟩ = U/G, → U=E/2.

(120)
×òîáû ïîëó÷èòü ñðåäíåå çíà÷åíèå êèíåòè÷åñêîé ýíåðãèè, âû-
áåðåì â êà÷åñòâå ïàðàìåòðà âåëè÷èíó m. Òîãäà

∂E

∂m
= −G2

2~2
= ⟨ϕ|∂Ĥ

∂m
|ϕ⟩ = −⟨ϕ| p̂

2

2m2
|ϕ⟩ = −T/m, →
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T = −E = −U. (121)

Ïîäâåäåì èòîã.

1. Ñîñòîÿíèå êâàíòîâîé ñèñòåìû ïîëíîñòüþ îïèñûâàåòñÿ
âîëíîâîé ôóíêöèåé Ψ(x, t).

Ôèçè÷åñêèé ñìûñë èìååò êâàäðàò ìîäóëÿ |Ψ(x, t)|2∆x � âå-
ðîÿòíîñòü íàéòè ÷àñòèöó â èíòåðâàëå ∆x âáëèçè êîîðäèíàòû
x.

2. Ôèçè÷åñêèì âåëè÷èíàì ñîïîñòàâëÿþòñÿ ýðìèòîâû îïå-
ðàòîðû. Ðåçóëüòàòàìè èçìåðåíèé áóäóò ñîáñòâåííûå çíà÷å-
íèÿ îïåðàòîðîâ.

3. Âîëíîâàÿ ôóíêöèÿ ïîä÷èíÿåòñÿ óðàâíåíèþ Øðåäèíãå-
ðà

i~
∂Ψ(x, t)

∂t
= ĤΨ(x, t), (122)

ãäå ãàìèëüòîíèàí (îïåðàòîð, ñîîòâåòñòâóþùèé ïîëíîé ýíåð-
ãèè)

Ĥ = − ~2

2m

∂2

∂x2
+ U(x), (123)

åñëè ÷àñòèöà íàõîäèòñÿ â ïîëå ñ ïîòåíöèàëîì U(x).
Åñëè ÷àñòèöà èìååò îïðåäåëåííîå çíà÷åíèå ýíåðãèè E, òî

âîëíîâàÿ ôóíêöèÿ èìååò âèä

Ψ(x, t) = e−iEt/~ψ(x) (124)

è ìû èìååì ñòàöèîíàðíîå óðàâíåíèå Øðåäèíãåðà

Ĥψ(x) = Eψ(x). (125)

Ñòàöèîíàðíîå îçíà÷àåò, ÷òî âåðîÿòíîñòü íå çàâèñèò îò âðå-
ìåíè, ïîñêîëüêó

|Ψ(x, t)|2 = |e−iEt/~ψ(x)|2 = |ψ(x)|2. (126)
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5. Ëåêöèÿ. Ãàðìîíè÷åñêèé îñöèëëÿòîð.

Ãàðìîíè÷åñêèé îñöèëëÿòîð ïðèáëèæåííî ìîäåëèðóåò êî-
ëåáàíèÿ àòîìîâ â ìîëåêóëå, ïðèãîäèòñÿ ïîçæå äëÿ êâàíòî-
âîãî îïèñàíèÿ ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ. Ïîòåíöèàëü-
íàÿ ýíåðãèÿ îòñ÷èòûâàåòñÿ îò ìèíèìàëüíîãî çíà÷åíèÿ, à x
� îòêëîíåíèå êîîðäèíàòû îò ðàâíîâåñíîãî çíà÷åíèÿ. Òàêæå
êàê â êëàññè÷åñêîé ìåõàíèêå çàïèñûâàåì ïîòåíöèàë â âèäå
U(x) = mω2x2/2, ãäå m � ìàññà ÷àñòèöû, ω � ÷àñòîòà êîëåáà-
íèÿ.

5.1. Îñíîâíîå ñîñòîÿíèå

Óðàâíåíèå Øðåäèíãåðà äëÿ ãàðìîíè÷åñêîãî îñöèëëÿòîðà

− ~2

2m

d2ψ

dx2
+
mωx2

2
ψ = Eψ (127)

ðåøàåòñÿ òî÷íî, îäíàêî ñíà÷àëà óãàäàåì êàêîé âèä äîëæíà
èìåòü âîëíîâàÿ ôóíêöèÿ îñíîâíîãî ñîñòîÿíèÿ è íàéäåì åãî
ýíåðãèþ. Ñîãëàñíî îñöèëëÿöèîííîé òåîðåìå âîëíîâàÿ ôóíê-
öèÿ îñíîâíîãî ñîñòîÿíèÿ íå èìååò íóëåé, à èç ñèììåòðèè ãà-
ìèëüòîíèàíà ñëåäóåò, ÷òî îíà äîëæíà áûòü ñèììåòðè÷íîé.
Èñïûòàåì â êà÷åñòâå ïðîáíîé ôóíêöèþ

ψ0(x) = A0 exp(−αx2). (128)

Ïîäñòàâëÿÿ â óðàâíåíèå Øðåäèíãåðà, ïîëó÷èì

− ~2

2m
A0e

−αx2 (4α2x2 − 2α
)
+
mωx2

2
A0e

−αx2 = E0A0e
−αx2 .

(129)
Ïðèðàâíèâàÿ ÷ëåíû ñ îäèíàêîâûìè ñòåïåíÿìè x, èìååì

2α2~2

m
=
mω

2
, α =

mω

2~
(130)
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E0 =
α~2

m
=

~ω
2
. (131)

Âîëíîâàÿ ôóíêöèÿ îñíîâíîãî ñîñòîÿíèÿ ïîêàçàíà íà ðèñ.26.

Ðèñ. 26. Óðîâíè ýíåðãèè è âîëíîâûå ôóíêöèè.

Íà ðèñ.27 ïîêàçàíû
êâàäðàòû ìîäóëåé âîë-
íîâûõ ôóíêöèé 4-õ íèæ-
íèõ óðîâíåé, îïðåäåëÿ-
þùèõ ïëîòíîñòü âåðî-
ÿòíîñòè íàéòè ÷àñòè-
öó âáëèçè òî÷êè ñ êî-
îðäèíàòîé x.

Óìíîæèì óðàâíåíèå
Øðåäèíãåðà ñëåâà íà ψ0

è ïðîèíòåãðèðóåì ïî x

− ~2

2m

+∞∫
−∞

ψ0
d2ψ0

dx2
dx+

mω

2

+∞∫
−∞

x2ψ2
0dx = E0

+∞∫
−∞

ψ2
0dx. (132)

Èíòåãðèðóÿ ïî ÷àñòÿì â ïåðâîì ÷ëåíå, ïîëó÷èì

− ~2

2m

+∞∫
−∞

ψ0
d2ψ0

dx2
dx =

~2

2m

+∞∫
−∞

(
dψ0

dx

)2

dx =
mω

2

+∞∫
−∞

x2ψ2
0dx.

(133)
Òàêèì îáðàçîì ñðåäíÿÿ êèíåòè÷åñêàÿ ýíåðãèÿ ðàâíà ñðåäíåé
ïîòåíöèàëüíîé ýíåðãèè è çíà÷èò

mω2

2
x2 =

~ω
4
, → x2 =

~
2mω

. (134)
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Ðèñ. 27. Êâàäðàòû ìîäóëåé âîëíîâûõ ôóíê-
öèé.

Àíàëîãè÷íî

m

2
p2=

~ω
4
, → p2=

~mω
2

.

(135)
Ó÷èòûâàÿ, ÷òî x = 0, p = 0 èìååì

∆x2 ·∆p2 = ~2

4
. (136)

5.2. Îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ

Òåïåðü ïîëó÷èì òî÷íîå ðåøåíèå. Ãàìèëüòîíèàí äëÿ ãàðìî-
íè÷åñêîãî îñöèëëÿòîðà

Ĥ = − ~2

2m

d2

dx2
+
mωx2

2
=

p̂2

2m
+
mωx2

2
(137)

óäîáíî ïðåäñòàâèòü â âèäå ïðîèçâåäåíèÿ äâóõ îïåðàòîðîâ âè-
äà

â = Ax+ iBp̂, â† = Ax− iBp̂, (138)

ãäå A,B � âåùåñòâåííûå ÷èñëîâûå êîýôôèöèåíòû, ñ ïðîñòåé-
øèì êîììóòàòîðîì [

â, â†
]
= 1. (139)

Ðàñïèñûâàÿ êîììóòàòîð[
â, â†

]
= ââ† − â†â = −iAB [x, p̂] + iAB [p̂, x] = 2~AB = 1,

(140)
ïîëó÷àåì îäíî ñîîòíîøåíèå AB = 1/2~. Âûðàçèì ãàìèëüòî-
íèàí ÷åðåç îïåðàòîðû â, â†. Èìååì

x =
â+ â†

2A
, p̂ =

â− â†

2iB
. (141)

Òîãäà

Ĥ =
p̂2

2m
+
mωx2

2
=
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=
(
ââ† + â†â−ââ−â†â†

) 1

8mB2
+
(
ââ+ â†â† + ââ† + â†â

) mω2

8A2
.

(142)
Ïîòðåáóåì, ÷òîáû èñ÷åçëè ÷ëåíû âèäà ââ, â†â†. Òîãäà

mω2

8A2
=

1

8mB2
, → B =

A

mω
. (143)

Ó÷èòûâàÿ ñîîòíîøåíèå 2~AB = 1, ïîëó÷èì

A =

√
mω

2~
, B =

√
1

2mω~
(144)

x =
â+ â†√

2

√
~
mω

, p̂ =
â− â†√

2i

√
~mω. (145)

Ãàìèëüòîíèàí ñòàíîâèòñÿ ðàâíûì

Ĥ = ~ω
(
â†â+

1

2

)
. (146)

Ïîñìîòðèì êàê äåéñòâóåò îïåðàòîð â íà ñîñòîÿíèå |ψ⟩ ñ îïðå-
äåëåííûì çíà÷åíèåì ýíåðãèè Ĥ|ψ⟩ = ε|ψ⟩. Èìååì[

Ĥ, â
]
= ~ω

[
â†â, â

]
= −~ωâ. (147)

Òîãäà

Ĥâ|ψ⟩ = â
(
Ĥ − ~ω

)
|ψ⟩ = (ε− ~ω) â|ψ⟩. (148)

Çíà÷èò îïåðàòîð â, äåéñòâóÿ íà ñîñòîÿíèå ñ îïðåäåëåííîé
ýíåðãèåé, äàåò íîâîå ñîñòîÿíèå ñ ýíåðãèåé ìåíüøåé íà âåëè-
÷èíó ~ω. Äåéñòâóÿ åùå ðàç îïåðàòîðîì â ìû åùå óìåíüøèì
ýíåðãèþ è òàê äî òåõ ïîð, ïîêà íå ïîëó÷èì îñíîâíîå ñîñòî-
ÿíèå ñ ìèíèìàëüíîé ýíåðãèåé. Äëÿ îñíîâíîãî ñîñòîÿíèÿ |ψ0⟩
äîëæíî âûïîëíÿòüñÿ óñëîâèå (èíà÷å ïîëó÷èëîñü áû ñîñòîÿ-
íèå ñ åùå ìåíüøåé ýíåðãèåé)

â|ψ0⟩ = 0. (149)
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Òîãäà (√
~

2mω

d

dx
+

√
mω

2~
x

)
ψ0(x) = 0. (150)

Íîðìèðîâàííîå ðåøåíèå ýòîãî óðàâíåíèÿ

ψ0(x) =
(mω
π~

)1/4
exp

(
−mωx

2

2~

)
. (151)

Ýíåðãèÿ îñíîâíîãî ñîñòîÿíèÿ åñòü ε0 = ~ω/2. Îïåðàòîð â†

äåéñòâóÿ íà ñîñòîÿíèå |ψ⟩ ñ îïðåäåëåííûì çíà÷åíèåì ýíåð-
ãèè, äàåò ñîñòîÿíèå ñ áîëüøåé ýíåðãèåé

Ĥâ†|ψ⟩ = â†
(
Ĥ + ~ω

)
|ψ⟩ = (ε+ ~ω) â†|ψ⟩. (152)

Òîãäà ïîñëåäîâàòåëüíî äåéñòâóÿ îïåðàòîðîì â† íà îñíîâíîå
ñîñòîÿíèå, ìîæíî ïîëó÷èòü âåñü íàáîð ñîñòîÿíèé è èõ ýíåð-
ãèè. Íàïðèìåð, äëÿ ïåðâîãî âîçáóæäåííîãî ñîñòîÿíèÿ

ψ1(x) ∝

(
−
√

~
2mω

d

dx
+

√
mω

2~
x

)
ψ0(x) ∝ x exp

(
−mωx

2

2~

)
.

(153)
Ýíåðãèÿ ïåðâîãî âîçáóæäåííîãî ñîñòîÿíèÿ ðàâíà ε1 = ~ω/2+
~ω, ýíåðãèÿ n−ãî âîçáóæäåííîãî ñîñòîÿíèÿ ðàâíà εn = ~ω(n+
1/2). Äåéñòâèå îïåðàòîðîâ â, â† íà ñîñòîÿíèÿ ñ îïðåäåëåííîé
ýíåðãèåé ãàðìîíè÷åñêîãî îñöèëëÿòîðà, ðèñ. 28.

Ðèñ. 28. Äåéñòâèå îïåðàòîðîâ â, â† íà ñîñòîÿ-
íèÿ ñ îïðåäåëåííîé ýíåðãèåé ãàðìîíè÷åñêîãî
îñöèëëÿòîðà .

Èñïîëüçîâàíèå îïåðàòî-
ðîâ â, â† çàìåòíî óïðî-
ùàåò âû÷èñëåíèå ñðåä-
íèõ çíà÷åíèé. Îáîçíà-
÷èì îñíîâíîå ñîñòîÿíèå
êàê |0⟩. n-îå ñîñòîÿíèå
ïîëó÷àåòñÿ êàê

|n⟩ =
(
â†
)n

√
n!

|0⟩, (154)
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à íîðìèðîâî÷íûé ìíîæèòåëü íàõîäèòñÿ, èñïîëüçóÿ êîììóòà-
öèîííûå ñîîòíîøåíèÿ, ââ† − â†â = 1, èç

⟨n|n⟩ = 1

n!
⟨0| (â)n

(
â†
)n |0⟩ = 1. (155)

Òîãäà
â†|n⟩ =

√
n+ 1|n+ 1⟩, â|n⟩ =

√
n|n− 1⟩. (156)

Âû÷èñëèì ∆x2 è ∆p2 äëÿ n−ãî ñîñòîÿíèÿ. Ñðåäíèå çíà÷åíèÿ
êîîðäèíàòû è èìïóëüñà ðàâíû íóëþ

⟨n|x|n⟩=
√

~
2mω

⟨n|â+ â†|n⟩=0, ⟨n|p̂|n⟩=
√
~mω⟨n| â− â†√

2i
|n⟩=0.

(157)
Ñðåäíèå çíà÷åíèÿ êâàäðàòîâ êîîðäèíàòû è èìïóëüñà ðàâíû

⟨n|x2|n⟩ = ~
2mω

⟨n|
(
â+ â†

)2 |n⟩ = ~
2mω

(2n+ 1), (158)

⟨n|p̂2|n⟩ = −~mω
2

⟨n|
(
â− â†

)2 |n⟩ = ~mω
2

(2n+ 1). (159)

Ñîîòíîøåíèå íåîïðåäåëåííîñòåé èìïóëüñà è êîîðäèíàòû
ïðèíèìàåò âèä

∆x2 ·∆p2 = ~2

4
(2n+ 1)2 > ~2

4
. (160)

6. Ëåêöèÿ. Âàðèàöèîííûé ìåòîä.

Áîëüøèíñòâî çàäà÷ êâàíòîâîé ìåõàíèêè íå èìåþò àíàëè-
òè÷åñêîãî ðåøåíèÿ è ïðèõîäèòñÿ èñïîëüçîâàòü ïðèáëèæåí-
íûå ìåòîäû. Ðàññìîòðèì ïðèìåíåíèå âàðèàöèîííîãî ìåòî-
äà äëÿ íàõîæäåíèÿ óðîâíåé ýíåðãèè. Ñîáñòâåííûå ôóíêöèè
ãàìèëüòîíèàíà (îïåðàòîðà ýíåðãèè) Ĥ îáëàäàþò ñâîéñòâîì
ïîëíîòû: ëþáàÿ ôóíêöèÿ ϕ ìîæåò áûòü ïðåäñòàâëåíà â âèäå
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ëèíåéíîé êîìáèíàöèè ñîáñòâåííûõ ôóíêöèé ψn ãàìèëüòîíè-
àíà, ñ ýíåðãèåé En

ϕ =
∑
n

anψn. (161)

Êâàäðàò ìîäóëÿ êîýôôèöèåíòà |an|2 îïðåäåëÿåò âåðîÿòíîñòü
ïîëó÷èòü çíà÷åíèå ýíåðãèè En, åñëè ñèñòåìà íàõîäèòñÿ â ñî-
ñòîÿíèè ϕ. Èç óñëîâèÿ íîðìèðîâêè âîëíîâîé ôóíêöèè ϕ ñëå-
äóåò ∫

ϕ(x)∗ϕ(x)dx =
∑
m,n

a∗man

∫
ψ(x)∗mψn(x)dx =

=
∑
m,n

a∗manEnδn,m =
∑
n

|an|2 = 1. (162)

Ñðåäíåå çíà÷åíèå ýíåðãèè â ñîñòîÿíèè ϕ ðàâíî

E =

∫
ϕ(x)∗Ĥϕ(x)dx =

∑
m,n

a∗man

∫
ψ(x)∗mĤψn(x)dx =

=
∑
m,n

a∗manEn

∫
ψ(x)∗mψn(x)dx =

∑
m,n

a∗manEnδn,m =

=
∑
n

|an|2En > E0, (163)

íå ìåíüøå ýíåðãèè îñíîâíîãî ñîñòîÿíèÿ. Ïîäáèðàÿ ïðîáíûå
ôóíêöèè, òàê ÷òîáû ñðåäíÿÿ ýíåðãèÿ áûëà êàê ìîæíî íèæå,
ìîæíî ïðèáëèæåííî îïðåäåëèòü ýíåðãèþ îñíîâíîãî ñîñòîÿ-
íèÿ. Â êà÷åñòâå ïðîáíûõ ôóíêöèè äëÿ îñíîâíîãî ñîñòîÿíèÿ
ñëåäóåò áðàòü ôóíêöèè íå ïåðåñåêàþùèå îñü x (îñöèëëÿöè-
îííàÿ òåîðåìà).
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6.1. ßùèê ñ íåïðîíèöàåìûìè ñòåíêàìè

Ðàññìîòðèì ïðèìåð: ÷àñòèöà â ÿùèêå ðàçìåðîì L. Â êà÷åñòâå
ïðîáíîé ôóíêöèè ðàññìîòðèì

ϕ(x) = Ax(L− x), (164)

êîòîðàÿ îáðàùàåòñÿ â íîëü òîëüêî íà ãðàíèöàõ èíòåðâàëà è
ñèììåòðè÷íà îòíîñèòåëüíî òî÷êè L/2. Êîíñòàíòà A íàõîäèò-
ñÿ èç óñëîâèÿ íîðìèðîâêè

L∫
0

A2x2(L− x)2dx = A2(L5/3− 2L5/4 + L5/5) = A2L5/30 = 1,

(165)
îòêóäà A =

√
30/L5. Ñðàâíåíèå âîëíîâûõ ôóíêöèé òî÷íîãî

ðåøåíèÿ (ñèíÿÿ êðèâàÿ) è âàðèàöèîííîãî ìåòîäà (çåëåíàÿ
êðèâàÿ) ïðèâåäåíî íà ðèñ.29.

Íàõîäèì ñðåäíþþ ýíåðãèþ

E = − ~2

2m
A2

L∫
0

x(L− x)
d2

dx2
x(L− x)dx =

= − ~2

2m
A2(−2)(L3/2− L3/3) =

5~2

mL2
. (166)

Òî÷íîå çíà÷åíèå ýíåðãèè îñíîâíîãî ñîñòîÿíèÿ

E0 = π2~2/(2mL2) ≈ 4.935~2

mL2
(167)

íèæå íàøåé îöåíêè âñåãî ëèøü íà ≈ 1%.

6.2. ×àñòèöà â ïîëå òÿæåñòè

Ïðèìåð ïîñëîæíåå: ÷àñòèöà â ïîëå òÿæåñòè íàä íåïðîíèöàå-
ìûì ïîëîì. Âîëíîâàÿ ôóíêöèÿ îñíîâíîãî ñîñòîÿíèÿ äîëæíà
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Ðèñ. 29. Ñðàâíåíèå âîëíîâûõ ôóíêöèé òî÷íîãî ðåøåíèÿ (ñèíÿÿ êðèâàÿ) è âàðè-
àöèîííîãî ìåòîäà (çåëåíàÿ êðèâàÿ).

óäîâëåòâîðÿòü ãðàíè÷íûì óñëîâèÿì

ψ(z = 0) = 0, ψ(z → ∞) → 0. (168)

Â êà÷åñòâå ïðîáíîé âîëíîâîé ôóíêöèè âûáåðåì

ψ(z) = Az exp(−αz), (169)

óäîâëåòâîðÿþùóþ ãðàíè÷íûì óñëîâèÿì. Âàðèàöèîííûé ïà-
ðàìåòð α âûáåðåì èç óñëîâèÿ ìèíèìóìà ñðåäíåé ýíåðãèè,
âåëè÷èíà A íàõîäèòñÿ èç óñëîâèÿ íîðìèðîâêè

+∞∫
0

A2z2 exp(−2αz)dz =
A2

4α3
. (170)
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Ñðåäíÿÿ êèíåòè÷åñêàÿ ýíåðãèÿ ðàâíà

T = − ~2

2m
A2

+∞∫
0

z exp(−αz) d
2

dz2
z exp(−αz)dz =

= − ~2

2m
A2

+∞∫
0

(α2z2 − 2αz) exp(−2αz)dz =
~2A2

8mα
. (171)

Ñðåäíÿÿ ïîòåíöèàëüíàÿ ýíåðãèÿ ðàâíà

U = A2

+∞∫
0

z exp(−αz)(mgz)z exp(−αz)dz =

=
A2mg

(2α)4

+∞∫
0

y3 exp(−y)dy =
3mgA2

8α4
. (172)

Ïîëíàÿ ýíåðãèÿ ðàâíà

E = T + U =
~2A2

8mα
+

3mgA2

8α4
=

~2α2

2m
+

3mg

2α
, (173)

ãäå èñïîëüçîâàëè çíà÷åíèå íîðìèðîâî÷íîé êîíñòàíòû A2 =
4α3. Ìèíèìèçèðóÿ ñðåäíþþ ýíåðãèþ ïî ïàðàìåòðó α

dE

dα
=

~2α
m

− 3mg

2α2
= 0 → αo =

(
3m2g

2~2

)1/3

. (174)

ïîëó÷àåì îöåíêó ýíåðãèè îñíîâíîãî ñîñòîÿíèÿ

Emin=
(
~2g2m

)1/3 [1
2

(
3

2

)2/3

+
3

2

(
2

3

)1/3
]
≈1.966

(
~2g2m

)1/3
.

(175)
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×èñëåííîå ðåøåíèå óðàâíåíèÿ Øðåäèíãåðà äàåò ýíåðãèè îñ-
íîâíîãî ñîñòîÿíèÿ E0 = 1.856 (~2g2m)

1/3. Îòíîñèòåëüíàÿ òî÷-
íîñòü∆E/E0 ≈ 0.06.Ìîæíî óëó÷øèòü îöåíêó ýíåðãèè îñíîâ-
íîãî ñîñòîÿíèÿ, èñïîëüçóÿ äðóãóþ ïðîáíóþ ôóíêöèþ. Íà-
ïðèìåð, ôóíêöèÿ

ψ(z) = Bz exp(−αz2) (176)

äàåò îöåíêó ýíåðãèè îñíîâíîãî ñîñòîÿíèÿ 1.861 (~2g2m)
1/3
.

Îòíîñèòåëüíàÿ òî÷íîñòü îöåíêè ýíåðãèè îñíîâíîãî ñîñòîÿ-
íèÿ âàðèàöèîííûì ìåòîäîì äëÿ ýòîé ïðîáíîé âîëíîâîé ôóíê-
öèè ñîñòàâëÿåò

∆E

E0

≈ 0.0027. (177)

7. Ëåêöèÿ. Îäíîìåðíîå ðàññåÿíèå.

Ðàññåÿíèå ÷àñòèö ÿâëÿåòñÿ îäíèì èç îñíîâíûõ ìåòîäîâ
èçó÷åíèÿ ñâîéñòâ ìîëåêóë, àòîìîâ, ÿäåð, ýëåìåíòàðíûõ ÷à-
ñòèö. Â îäíîìåðíîì ñëó÷àå íà èçó÷àåìûé îáúåêò íàïðàâëÿåò-
ñÿ ïîòîê ÷àñòèö è ðåãèñòðèðóþòñÿ ïðîøåäøèå è îòðàæåííûå
íàçàä ÷àñòèöû.

Âîëíîâàÿ ôóíêöèÿ íàëåòàþùèõ ÷àñòèö

ψ(x) = eikx, (178)

îòðàæåííûõ
ψr = Ae−ikx, (179)

ïðîøåäøèõ
ψd = Beik1x. (180)

7.1. Ðàññåÿíèå íà áàðüåðå

Ðàññìîòðèì ðàññåÿíèå ÷àñòèö ñ èìïóëüñîì p = ~k íà ïî-
òåíöèàëüíîì áàðüåðå U(x) = 0, x < 0, U(x) = U0, x > 0. Âîë-
íîâàÿ ôóíêöèÿ íàëåòàþùèõ ÷àñòèö ψ(x) = eikx.
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Ðèñ. 30. Âîëíîâûå ôóíêöèè íàëåòàþùèõ, îòðàæåííûõ îò áàðüåðà è ïðîøåä-
øèõ áàðüåð ÷àñòèö

Êîýôôèöèåíòû A è B íàõîäÿòñÿ èç óñëîâèÿ íåïðåðûâíî-
ñòè âîëíîâîé ôóíêöèè è åå ïåðâîé ïðîèçâîäíîé ïðè x = 0:

1 + A = B, ik(1− A) = ik1B, (181)

ãäå

k =

√
2m(E)

~2
, k1 =

√
2m(E − U0)

~2
. (182)

Ðåøàÿ ýòó ñèñòåìó óðàâíåíèé, ïîëó÷àåì

A =
k − k1
k + k1

, B =
2k

k + k1
. (183)

Âåðîÿòíîñòü íàéòè ÷àñòèöó â èíòåðâàëå ∆x åñòü |ψ(x, t)|2∆x.
Åñëè ýòà âåðîÿòíîñòü ìåíÿåòñÿ ñî âðåìåíåì, òî ÷àñòèöà ñ
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íåíóëåâîé âåðîÿòíîñòüþ ïîêèäàåò ýòîò èíòåðâàë � åñòü ïëîò-
íîñòü ïîòîêà âåðîÿòíîñòè (äàëåå ïðîñòî �ïëîòíîñòü ïîòîêà �).
Íàéäåì âûðàæåíèå äëÿ ïëîòíîñòè ïîòîêà èç óðàâíåíèÿØðå-
äèíãåðà

∂ψ

∂t
= i

~
2m

∂2ψ

∂x2
− i

~
U(x)ψ;

∂ψ∗

∂t
= −i ~

2m

∂2ψ

∂x2
+
i

~
U(x)ψ.

(184)
Óìíîæèì óðàâíåíèå äëÿ ψ ñëåâà íà ψ∗ è ïðèáàâèì óðàâíåíèå
äëÿ ψ∗ óìíîæåííîå ñëåâà íà ψ. Ïîëó÷àåì

∂ρ

∂t
≡ ∂(ψ∗ψ)

∂t
= − ∂

∂x

[
i~
2m

(
ψ
∂ψ∗

∂x
− ψ∗∂ψ

∂x

)]
≡ −∂j

∂x
, (185)

ãäå

j ≡ i~
2m

(
ψ
∂ψ∗

∂x
− ψ∗∂ψ

∂x

)
. (186)

Ïëîòíîñòü ïîòîêà äëÿ ïàäàþùåé âîëíû

j0 =
i~
2m

[
eikx(−ik)e−ikx − e−ikx(ik)eikx

]
= ~k/m, (187)

îòðàæåííîé
jr = −~k|A|2/m, (188)

ïðîøåäøåé
jt = ~k1|B|2/m. (189)

Êîýôôèöèåíò îòðàæåíèÿ

R =
∣∣∣jr
j0

∣∣∣ = ∣∣∣k − k1
k + k1

∣∣∣2. (190)

Êîýôôèöèåíò ïðîõîæäåíèÿ íàõîäèì èç óñëîâèÿ ñîõðàíåíèÿ
÷èñëà ÷àñòèö T = 1−R.

Åñëè âûñîòà áàðüåðà U0 > E � ýíåðãèè ïàäàþùèõ ÷àñòèö,
òî âåëè÷èíà k1 ñòàíîâèòñÿ ÷èñòî ìíèìîé, ïîýòîìó ïðè x > 0
âîëíîâàÿ ôóíêöèÿ çàòóõàåò.
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Ðèñ. 31. Âîëíîâûå ôóíêöèè íàëåòàþùèõ, îòðàæåííûõ îò áàðüåðà è ïðîøåä-
øèõ áàðüåð ÷àñòèö

Êîýôôèöèåíò îòðàæåíèÿ

R =
∣∣∣k − i|k1|
k + i|k1|

∣∣∣2 = k2 + |k1|2

k2 + |k1|2
= 1. (191)

Êîýôôèöèåíò ïðîõîæäåíèÿ T = 1−R = 0.

7.2. Ðàññåÿíèå íà áàðüåðå êîíå÷íîé øèðèíû

Ðàññìîòðèì ðàññåÿíèå íà ïîòåíöèàëå U(x) = U0, 0 6 x 6
a. Âîëíîâàÿ ôóíêöèÿ â îáëàñòè x 6 0 äàåòñÿ ñóììîé ïàäàþ-
ùåé è îòðàæåííîé âîëí

ψ1 = eikx + re−ikx, (192)

â îáëàñòè 0 < x < a

ψ2 = Aeik
′x +Be−ik

′x, (193)
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â îáëàñòè x > a åñòü ïðîøåäøàÿ âîëíà

ψ3 = deikx. (194)

Óñëîâèÿ íåïðåðûâíîñòè âîëíîâîé ôóíêöèè è åå ïåðâîé ïðî-
èçâîäíîé íà ãðàíèöå x = 0 äàþò äâà óðàâíåíèÿ

1 + r = A+B, ik(1− r) = ik′(A−B) → 1− r =
k′

k
(A−B).

(195)
Ñêëàäûâàÿ ýòè óðàâíåíèÿ, ïîëó÷èì

A =
2k +B(k′ − k)

k′ + k
. (196)

Óñëîâèÿ íåïðåðûâíîñòè âîëíîâîé ôóíêöèè è åå ïåðâîé ïðî-
èçâîäíîé íà äðóãîé ãðàíèöå x = a äàþò åùå äâà óðàâíåíèÿ

Aeik
′a+Be−ik

′a = deika, k′
(
Aeik

′a −Be−ik
′a
)
= kdeika. (197)

Èñêëþ÷àÿ d, ïîëó÷èì

Aeik
′a(k′ − k) = Be−ik

′a(k′ + k). (198)

Ïîäñòàâëÿÿ ïîëó÷åííîå âûøå âûðàæåíèå äëÿ A, íàõîäèì

B =
2k(k′ − k)eik

′a

(k + k′)2e−ik′a − (k′ − k)2eik′a
=

=
k(k′ − k)eik

′a

2kk′ cos(k′a)− i(k′2 + k2) sin(k′a)
. (199)

A =
k(k′ + k)e−ik

′a

2kk′ cos(k′a)− i(k′2 + k2) sin(k′a)
. (200)

Òåïåðü

deika = Aeik
′a +Be−ik

′a =
2kk′

2kk′ cos(k′a)− i(k′2 + k2) sin(k′a)
.

(201)
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Òàêèì îáðàçîì êîýôôèöèåíò ïðîõîæäåíèÿ ðàâåí

D =
∣∣∣deika∣∣∣2 = 4k2k′2

4k2k′2 cos2(k′a) + (k′2 + k2)2 sin2(k′a)
=

=
4k2k′2

4k2k′2 + (k′2 − k2)2 sin2(k′a)
. (202)

Ñëåäóåò îòìåòèòü, ÷òî åñëè k′a = nπ, òî åñòü íà øèðèíå áà-
ðüåðà óêëàäûâàåòñÿ öåëîå ÷èñëî ïîëóâîëí, òî êîýôôèöèåíò
ïðîõîæäåíèÿ ðàâåí 1, ñîîòâåòñòâåííî îòðàæåííûõ âîëí íåò.

7.3. Ðàññåÿíèå íà δ-ïîòåíöèàëå.

Åñëè âûñîòà áàðüåðà U0 óâåëè÷èâàåòñÿ, à øèðèíà a óìåíü-
øàåòñÿ, òàê ÷òî U0a ≡ G = Const, ïîòåíöèàë ìîæíî ïðåä-
ñòàâèòü â âèäå U(x) = Gδ(x). Âîëíîâàÿ ôóíêöèÿ â îáëàñòè
x < 0 äàåòñÿ ñóììîé ïàäàþùåé è îòðàæåííîé âîëí

ψ1 = eikx + re−ikx, (203)

â îáëàñòè x > 0 åñòü ïðîøåäøàÿ âîëíà

ψ2 = deikx. (204)

Óñëîâèÿ íåïðåðûâíîñòè âîëíîâîé ôóíêöèè íà ãðàíèöå x = 0
äàåò óðàâíåíèå

1 + r = d. (205)

Ïîñêîëüêó ïîòåíöèàë îáðàùàåòñÿ â òî÷êå x = 0 â áåñêî-
íå÷íîñòü, ïðîèçâîäíàÿ âîëíîâîé ôóíêöèè èñïûòûâàåò ñêà-
÷îê ïðè x = 0. Ïðîèíòåãðèðîâàâ óðàâíåíèå Øðåäèíãåðà ïî
îáëàñòè (−ε,+ε), ε→ 0

− ~2

2m

+ε∫
−ε

d2ψ(x)

dx2
dx+

+ε∫
−ε

Gδ(x)ψ(x)dx =

+ε∫
−ε

Eψ(x)dx, (206)
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ïîëó÷èì
dψ(x)

dx

∣∣∣
ε
− dψ(x)

dx

∣∣∣
−ε

=
2mG

~2
ψ(0), (207)

÷òî äàåò âòîðîå óðàâíåíèå

ikd− ik(1− r) =
2mG

~2
d. (208)

Â èòîãå íàõîäèì êîýôôèöèåíò ïðîõîæäåíèÿ áàðüåðà

D = |d|2 =
∣∣∣ 1

1− imG
k~2

∣∣∣2 = 1

1 + m2G2

k2~4
. (209)

8. Ëåêöèÿ. Êâàçèêëàññè÷åñêîå ïðèáëèæåíèå.

8.1. Ïðàâèëà êâàíòîâàíèÿ Áîðà-Çîììåðôåëüäà

Ïðè áîëüøèõ çíà÷åíèÿõ ýíåðãèÿõ ìîæíî èñïîëüçîâàòü
ïðèáëèæåííûé ìåòîä ðåøåíèÿ óðàâíåíèÿ Øðåäèíãåðà

− ~2

2m

d2ψ

dx2
+ U(x)ψ = Eψ. (210)

Ïåðåïèøåì ýòî óðàâíåíèå

d2ψ(x)

dx2
+ k2(x)ψ(x) = 0, (211)

ãäå

k(x) ≡
√

2m(E − U(x))

~
. (212)

Åñëè k2(x) > 0 (÷òî ñîîòâåòñòâóåò êëàññè÷åñêè ðàçðåøåííîé
îáëàñòè äâèæåíèÿ ÷àñòèöû), òî ðåøåíèå áóäåò îñöèëëèðó-
þùèì. Ñ äðóãîé ñòîðîíû, ñëè k2(x) < 0 (÷òî ñîîòâåòñòâóåò
êëàññè÷åñêè çàïðåùåííîé îáëàñòè äâèæåíèÿ ÷àñòèöû), òî ðå-
øåíèå áóäåò çàòóõàþùèì.
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Ðàññìîòðèì ñíà÷àëà îáëàñòü, â êîòîðîé k2(x) > 0. Áóäåì
èñêàòü ðåøåíèå â âèäå

ψ(x) = eiS(x). (213)

Ïîäñòàâëÿÿ â óðàâíåíèå Øðåäèíãåðà, ïîëó÷àåì

iS ′′ − (S ′)2 + k2 = 0. (214)

Ïðåíåáðåãàÿ â ïåðâîì ïðèáëèæåíèè ÷ëåíîì S ′′, èìååì

S ′(x) = ±k(x), → S(x) = ±
∫
k(x)dx. (215)

Â ñëåäóþùåì ïðèáëèæåíèè ïîëó÷àåì

S ′(x) = ±k(x) + f(x), → S ′′(x) = ±k′(x) + f ′(x), (216)

òàê ÷òî ïîëó÷àåì

±ik′ + if ′ − k2 ± 2kf − f 2 + k2 = 0. (217)

Ïðåíåáðåãàÿ ìàëûìè ÷ëåíàìè f ′, f 2, íàõîäèì

f =
ik′

2k
, S ′ = ±k + ik′

2k
. (218)

Îòêóäà

S = ±
∫
k(x)dx+

i

2
ln k. (219)

Âûáèðàÿ âîëíîâóþ ôóíêöèþ â âåùåñòâåííîì âèäå, ïîëó÷àåì

ψ(x) =
1√
k(x)

cos

(∫
k(x)dx+ δ

)
. (220)

Óñëîâèå ïðèìåíèìîñòè ñäåëàííûõ ïðèáëèæåíèé

|f | =
∣∣∣ k′
2k

∣∣∣≪ |k(x)|, (221)
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÷òî ýêâèâàëåíòíî ∣∣∣dλ
dx

∣∣∣≪ 1, (222)

òî åñòü èçìåíåíèå äëèíû âîëíû íà ðàññòîÿíèÿõ ïîðÿäêà äëè-
íû âîëíû äîëæíî áûòü ìàëî. Ýòî óñëîâèå çàâåäîìî íàðóøà-
åòñÿ âáëèçè êëàññè÷åñêèõ òî÷åê ïîâîðîòà, ãäå k(x) = 0.

Â êëàññè÷åñêè íåäîñòóïíîé äëÿ ÷àñòèöû îáëàñòè k2(x) < 0
ðåøåíèå áóäåò èìåòü âèä

ψ(x) =
1√
k(x)

exp

(
−
∫

|k(x)|dx
)
. (223)

Íåïîñðåäñòâåííî âáëèçè êëàññè÷åñêèõ òî÷åê ïîâîðîòà, ãäå
k(x) = 0, êâàçèêëàññè÷åñêîå ïðèáëèæåíèå íå ðàáîòàåò è áî-
ëåå àêêóðàòíîå ðàññìîòðåíèå äàåò òàêèå ïðàâèëà ñøèâêè:
âîëíîâàÿ ôóíêöèÿ èç îáëàñòè U(x) > E

ψ(x) =
1

2
√
k(x)

exp

(
−|
∫
k(x)dx|

)
(224)

ïåðåõîäèò â âîëíîâóþ ôóíêöèþ èç îáëàñòè U(x) < E

ψ(x) =
1√
k(x)

cos

(
|
∫
k(x)dx| − π/4

)
(225)

Ïðè ôèíèòíîì äâèæåíèè ñ êëàññè÷åñêèìè òî÷êàìè ïîâîðîòà
a, b èç óñëîâèÿ îäíîçíà÷íîñòè âîëíîâîé ôóíêöèè ïîëó÷àþòñÿ
ïðàâèëà êâàíòîâàíèÿ Áîðà-Çîììåðôåëüäà

√
2m

~

b∫
a

√
E − U(x)dx = π

(
n+

1

2

)
, n = 0, 1, 2, ... (226)

Â êà÷åñòâå ïðèìåðà èñïîëüçîâàíèÿ ïðàâèëà êâàíòîâàíèÿ Áîðà-
Çîììåðôåëüäà ðàññìîòðèì îïðåäåëåíèå óðîâíåé ýíåðãèè ÷à-
ñòèöû â ïîòåíöèàëå ãàðìîíè÷åñêîãî îñöèëëÿòîðà. Èìååì

k(x) =

√
2m

~

√
E − mω2x2

2
=
mω

~

√
x20 − x2, (227)
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Ðèñ. 32. Ñðàâíåíèå òî÷íîé âîëíîâîé ôóíê-
öèè Ψex ñ êâàçèêëàññè÷åñêèì ïðèáëèæåíèåì
Ψqcl.

ãäå êëàññè÷åñêèå òî÷êè
ïîâîðîòà ±x0 îïðåäåëÿ-
þòñÿ ýíåðãèåé

E =
mω2x20

2
. (228)

Íà ðèñ.32 ïðèâåäåíî ñðàâ-
íåíèå òî÷íîé âîëíîâîé
ôóíêöèè Ψex ñ êâà-
çèêëàññè÷åñêèì ïðèáëè-
æåíèåì Ψqcl â ïîòåíöè-
àëå ãàðìîíè÷åñêîãî îñ-
öèëëÿòîðà äëÿ óðîâíÿ
n = 25, ñ ýíåðãèåé E =

~ω(25 + 1/2). Âáëèçè êëàññè÷åñêèõ òî÷åê ïîâîðîòà ±x0 íà-
áëþäàåòñÿ çàìåòíîå îòêëîíåíèå êâàçèêëàññè÷åñêîé âîëíîâîé
ôóíêöèè îò òî÷íîãî çíà÷åíèÿ. Èíòåãðàë

mω

~

x0∫
−x0

√
x20 − x2dx = (229)

âû÷èñëÿåòñÿ ñ ïîìîùüþ çàìåíû

x = x0 sinu, −π
2
6 u 6 π

2
. (230)

Ïîëó÷àåì

mωx20
~

π/2∫
−π/2

cos2 udu =
πmωx20

2~
=
πE

~ω
, (231)

îòêóäà ñëåäóåò ðåçóëüòàò

E = ~ω
(
n+

1

2

)
, n = 0, 1, 2, ... , (232)

ñîâïàäàþùèé ñ òî÷íûì ðåøåíèåì.



60 8. Ëåêöèÿ. Êâàçèêëàññè÷åñêîå ïðèáëèæåíèå.

8.2. Ïðîíèöàåìîñòü áàðüåðà

Â íåêîòîðûõ çàäà÷àõ ïðîíèöàåìîñòü ïîòåíöèàëüíîãî áàðüå-
ðà î÷åíü ìàëà, òàê ÷òî äîñòàòî÷íî îãðàíè÷èòüñÿ âû÷èñëåíè-
åì òîëüêî ñ ýêñïîíåíöèàëüíîé òî÷íîñòüþ. Âîëíîâàÿ ôóíêöèÿ
ïðè ïðîõîæäåíèè áàðüåðà óìåíüøàåòñÿ â

exp

(
−
√
2m

~

∫ √
U(x)− Edx

)
(233)

ðàç, à êîýôôèöèåíò ïðîõîæäåíèÿ áàðüåðà òîãäà ðàâåí

D ≈ exp

−2
√
2m

~

x1∫
x0

√
U(x)− Edx

 , (234)

ãäå x0, x1 - ëåâàÿ è ïðàâàÿ ãðàíèöû êëàññè÷åñêè íåäîñòóïíîé
îáëàñòè áàðüåðà.

Âàæíûì ïðèìåðîì ÿâëÿåòñÿ α-ðàñïàä, â êîòîðîì ðàäèîàê-
òèâíîå ÿäðî èñïóñêàåò α-÷àñòèöó � ÿäðî àòîìà ãåëèÿ. ×òîáû
âûëåòåòü èç ÿäðà ñ ýíåðãèåé E α-÷àñòèöà äîëæíà ïðåîäîëåòü
âûñîêèé êóëîíîâñêèé áàðüåð

U(r) =
2Ze2

r
, (235)

ãäå Ze � çàðÿä ÿäðà, ðèñ.33.
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Ðèñ. 33. Òóííåëèðîâàíèå α-÷àñòèöû.

Ëåâàÿ ãðàíèöà r0 ≈
10−13cm îïðåäåëÿåòñÿ ðà-
äèóñîì äåéñòâèÿ ÿäåð-
íûõ ñèë, ïðàâàÿ ãðàíèöà
r1 îïðåäåëÿåòñÿ èç ñîîò-
íîøåíèÿ

E =
2Ze2

r1
. (236)



8.2. Ïðîíèöàåìîñòü áàðüåðà 61

Äëÿ ÿäåð U, Th è ýíåðãèè α-÷àñòèö E = 3− 5 ÌýÂ âûïîëíÿ-
åòñÿ óñëîâèå r0 ≪ r1. Èíòåãðàë

r1∫
r0

√
2Ze2

r
− 2Ze2

r1
dr (237)

âû÷èñëÿåòñÿ ñ ïîìîùüþ çàìåíû

r

r1
= sin2 u, (238)

êîòîðàÿ äëÿ r0 ≪ r1 ïðèâîäèò èíòåãðàë ê âèäó

√
2Ze2r1

π/2∫
0

2 cos2 udu =
π

2

√
2Ze2r1. (239)

Òîãäà êîýôôèöèåíò ïðîõîæäåíèÿ áàðüåðà ðàâåí

D ≈ exp

(
−2πZe2

√
2m

~
√
E

)
. (240)

Ïåðèîä ïîëóðàñïàäà T1/2 ðàäèîàêòèâíîãî ÿäðà îáðàòíî ïðî-
ïîðöèîíàëåí ïðîíèöàåìîñòè áàðüåðà, ïîýòîìó

lnT1/2 =
A√
E

+B, (241)

ãäå A,B � êîíñòàíòû. Ïîëó÷åííîå ñîîòíîøåíèå åñòü ýêñïåðè-
ìåíòàëüíî óñòàíîâëåííûé çàêîí Ãåéãåðà-Íåòîëëà.



62 9. Ëåêöèÿ. Ïåðèîäè÷åñêèé ïîòåíöèàë. Òåîðåìà Áëîõà.

9. Ëåêöèÿ. Ïåðèîäè÷åñêèé ïîòåíöèàë. Òåî-

ðåìà Áëîõà.

9.1. Òåîðåìà Áëîõà

Ðèñ. 34. Ô. Áëîõ

Ðàññìîòðèì îäíîìåðíóþ ìîäåëü
êðèñòàëëà â âèäå ïåðèîäè÷åñêè
ðàñïîëîæåííûõ àòîìîâ íà ðàññòî-
ÿíèè a äðóã îò äðóãà. Ñîçäàâàå-
ìûé èìè ïîòåíöèàë óäîâëåòâîðÿ-
åò óñëîâèþ

U(x+na) = U(x), n = ±1,±2,±3, ...
(242)

Ñòàöèîíàðíîå ðåøåíèå óðàâíå-
íèÿ Øðåäèíãåðà

Ĥ(x)ψ(x) = Eψ(x) (243)

â ñèëó ïåðèîäè÷íîñòè ïîòåíöèàëà äîëæíî óäîâëåòâîðÿòü
óñëîâèþ

Ĥ(x+ a)ψ(x+ a) = Eψ(x+ a) = Ĥ(x)ψ(x+ a). (244)

Îòêóäà ââèäó óñëîâèÿ íîðìèðîâêè

ψ(x+ a) = f(a)ψ(x) = eikaψ(x). (245)

Çíà÷èò ðåøåíèå óðàâíåíèÿ Øðåäèíãåðà èìååò âèä

ψ(x) = eikxu(x), u(x+ a) = u(x). (246)

ñ ïðîèçâîëüíûì âåùåñòâåííûì âîëíîâûì âåêòîðîì k è ïåðè-
îäè÷åñêîé ôóíêöèåé u(x). Ýòî óòâåðæäåíèå è ÿâëÿåòñÿ òåî-
ðåìîé Áëîõà.

9.2. Çîííàÿ ñòðóêòóðà óðîâíåé ýíåðãèè

Ðàñïîëîæåíèå àòîìîâ, ñîçäàþùèõ ïåðèîäè÷åñêèé ïîòåíöèàë
è âîçìîæíûé âèä âîëíîâîé ôóíêöèè.
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Ðèñ. 35. Ðàñïîëîæåíèå àòîìîâ, ñîçäàþùèõ
ïåðèîäè÷åñêèé ïîòåíöèàë è âîçìîæíûé âèä
âîëíîâîé ôóíêöèè.

Íàéäåì ïðèáëèæåííîå
ðåøåíèå óðàâíåíèÿØðå-
äèíãåðà äëÿ ïåðèîäè÷å-
ñêîãî ïîòåíöèàëà

U(x) = −G
∑

n=0,±1,±2,...

δ(x+na).

(247)
Äëÿ óïðîùåíèÿ áóäåì
ñ÷èòàòü, ÷òî âåëè÷èíà

κa =
mGa

~2
≫ 1. (248)

Ýòî óñëîâèå îçíà÷àåò, ÷òî âîëíîâàÿ ôóíêöèÿ î÷åíü áûñò-
ðî óáûâàåò ïðè óäàëåíèè îò òî÷êè ðàñïîëîæåíèÿ îäíîé èç
äåëüòà-ÿì è ïîýòîìó âëèÿíèå ñîñåäíèõ ÿì î÷åíü ìàëî. Â òà-
êîì ñëó÷àå ìîæíî èñêàòü ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ
Øðåäèíãåðà â âèäå

ψ(x) =
∑
n

Anϕn(x) =
∑
n

An
√
κe−κ|x−na|. (249)

Ïîäñòàâëÿÿ ýòî âûðàæåíèå â óðàâíåíèå Øðåäèíãåðà ïîëó-
÷èì

− ~2

2m

∑
n

An
d2ϕn(x)

dx2
−G
∑
l

δ(x+la)
∑
n

Anϕn(x) = E
∑
n

Anϕn(x).

(250)
Âûäåëèì â ëåâîé ÷àñòè ýòîãî óðàâíåíèÿ ÷ëåíû ñ îäèíàêîâû-
ìè ϕn

− ~2

2m

∑
n

An
d2ϕn(x)

dx2
−G

∑
n

δ(x+na)Anϕn(x) = E0

∑
n

Anϕn(x),

(251)
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ãäå E0 � ýíåðãèÿ â ïîòåíöèàëå îäèíî÷íîé ÿìû, òî åñòü êîãäà
ìîæíî ïîëíîñòüþ ïðåíåáðå÷ü âëèÿíèåì äðóãèõ ÿì. Òåïåðü
óðàâíåíèå ñòàíîâèòñÿ òàêèì

(E − E0)
∑
n

Anϕn(x) = −G
∑
l ̸=n

δ(x+ la)
∑
n

Anϕn(x). (252)

Óìíîæèì ýòî óðàâíåíèå íà ϕ0(x) è ïðîèíòåãðèðóåì. Èìååì

(E − E0)

(
A−1

∫
ϕ−1(x)ϕ0(x)dx+ A0 + A1

∫
ϕ1(x)ϕ0(x)dx

)
=

−G
(
A−1

∫
ϕ−1(x)ϕ0(x)δ(x+ a)dx+A1

∫
ϕ1(x)ϕ0(x)δ(x− a)dx

)
.

(253)
Â ïîñëåäíåé ñòðîêå íå âêëþ÷åíû ÷ëåíû âèäà

−GA0

(∫
ϕ2
0(x)δ(x+ a)dx+

∫
ϕ2
0(x)δ(x− a)dx

)
, (254)

ïîñêîëüêó îíè ìàëû ïî ñðàâíåíèþ ñ ó÷òåííûìè. Äåéñòâè-
òåëüíî, âû÷èñëèì ñíà÷àëà èíòåãðàë
+∞∫

−∞

ϕ1(x)ϕ0(x)δ(x− a)dx =

+∞∫
−∞

κe−κ|x|eκ|x−a|δ(x− a)dx = κe−κa.

(255)
Ìû íå âêëþ÷èëè èíòåãðàëû âèäà

+∞∫
−∞

ϕ2
0(x)δ(x− a)dx =

+∞∫
−∞

κe−2κ|x|δ(x− a)dx = κe−2κa, (256)

ïîñêîëüêó îíè ñîäåðæàò äîïîëíèòåëüíûå ìíîæèòåëè e−κa≪
1. Àíàëîãè÷íî, ìîæíî ïðåíåáðå÷ü èíòåãðàëàìè ïåðåêðûòèÿ

+∞∫
−∞

ϕ0(x)ϕ1(x− a)dx =

+∞∫
−∞

κe−κ|x|e−κ|x−a|dx. (257)
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Îñíîâíîé âêëàä äàåò îáëàñòü èíòåãðèðîâàíèÿ 0 < x < a

a∫
0

κe−κxe−κ(a−x)dx = κae−κa ≪ 1, (258)

òîãäà êàê äëÿ îáëàñòè x > a

+∞∫
a

κe−κxe−κ(x−a)dx = e−κa/2 (259)

âêëàä åùå ìåíüøå. Â èòîãå èìååì óðàâíåíèå

(E − E0)A0 = −Gκe−κa (A−1 + A1) . (260)

Âñïîìèíàÿ òåîðåìó Áëîõà, ïîäñòàâëÿåì An = eiqa, ïîëó÷àÿ

(E − E0) = −2Gκe−κa cos(qa). (261)

Òàêèì îáðàçîì ÷àñòèöà èìååò íåïðåðûâíûé ñïåêòð âîç-
ìîæíûõ çíà÷åíèé ýíåðãèè â èíòåðâàëå (çîíå)

E0 − 2Gκe−κa < E < E0 + 2Gκe−κa. (262)

Ïðè ìàëûõ çíà÷åíèÿõ âîëíîâîãî âåêòîðà qa≪ 1 ïîëó÷àåì

E = E0 − 2Gκe−κa +Gκe−κaq2a2 = Emin +
~2q2

2meff

, (263)

òî åñòü ÷àñòèöà äâèæåòñÿ â ïåðèîäè÷åñêîì ïîòåíöèàëå êàê
ñâîáîäíàÿ ñ ýôôåêòèâíîé ìàññîé

meff =
~2eκa

2Gκa2
=

meκa

2(κa)2
≫ m. (264)

Ýíåðãèÿ ÷àñòèöû â ïåðèîäè÷åñêîì ïîòåíöèàëå êàê ôóíêöèÿ
âîëíîâîãî âåêòîðà q ïîêàçàíà íà ðèñ. 36. Òî÷íîå ðåøåíèå �
ñèíÿÿ êðèâàÿ, ïðèáëèæåíèå ñâîáîäíûõ ÷àñòèö ñ ýôôåêòèâ-
íîé ìàññîé � çåëåíàÿ êðèâàÿ.
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Ðèñ. 36. Ýíåðãèÿ ÷àñòèöû â ïåðèîäè÷åñêîì ïîòåíöèàëå êàê ôóíêöèÿ âîëíî-
âîãî âåêòîðà q, (ñëåâà), Âèä âîëíîâîé ôóíêöèè ïðè qa = 0.6, (ñïðàâà)

10. Ëåêöèÿ. Ìîìåíò èìïóëüñà.

Ñâîéñòâà ìîìåíòà èìïóëüñà â êâàíòîâîé ìåõàíèêå âîçíè-
êàþò åñòåñòâåííûì îáðàçîì èç ïîâåäåíèÿ âîëíîâîé ôóíêöèè
ïðè ïîâîðîòàõ ñèñòåìû êîîðäèíàò.

10.1. Ïðåîáðàçîâàíèå âîëíîâîé ôóíêöèè ïðè ïîâî-

ðîòàõ

Ðàññìîòðèì ïðåîáðàçîâàíèå âîëíîâîé ôóíêöèè ïðè ïîâîðî-
òå ñèñòåìû êîîðäèíàò íà íåáîëüøîé óãîë δϕ âîêðóã îñè z.
Òî÷êà ñ êîîðäèíàòàìè x, y â ïîâåðíóòîé ñèñòåìå áóäåò èìåòü
êîîðäèíàòû

x′ = x cos(δϕ) + y sin(δϕ) ≈ x+ δϕ · y, (265)

y′ = −x sin(δϕ) + y cos(δϕ) ≈ y − δϕ · x. (266)

Ðàññìîòðèì ïîâîðîò ñèñòåìû êîîðäèíàò íà óãîë ϕ, ðèñ. 37.
Èç ðèñóíêà âèäíî, ÷òî

x′ = OA+ AB =
OC

cosϕ
+ PB tanϕ =

x

cosϕ
+ y′ tanϕ (267)
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Ðèñ. 37. Ïîâîðîò ñèñòåìû êîîðäèíàò íà óãîë ϕ.

y = PC = PA+ AC =
PB

cosϕ
+OC tanϕ =

y′

cosϕ
+ x tanϕ.

(268)
Èç ïîñëåäíåãî ñîîòíîøåíèÿ ñëåäóåò

y′ = y cosϕ− x sinϕ. (269)

Ïîäñòàâëÿÿ â ïðåäûäóùåå ñîîòíîøåíèå, ïîëó÷àåì

x′ = x cosϕ+ y sinϕ. (270)

Íîâàÿ âîëíîâàÿ ôóíêöèÿ ñ íîâûìè êîîðäèíàòàìè ψ′(x′, y′)
ðàâíà ñòàðîé âîëíîâîé ôóíêöèè ñî ñòàðûìè êîîðäèíàòàìè
ψ(x, y) ïîñêîëüêó îïèñûâàþò îäíó è òó æå ñèñòåìó ñ ðàçíûõ
òî÷åê çðåíèÿ. Íîâàÿ âîëíîâàÿ ôóíêöèÿ ñî ñòàðûìè êîîðäè-
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íàòàìè ψ′(x, y) ðàâíà ñòàðîé âîëíîâîé ôóíêöèè ñ êîîðäèíà-
òàìè

x′′ ≈ x− δϕ · y, y′′ ≈ y + δϕ · x. (271)

Ïîêàçàíà òî÷êà P1 äëÿ êîòîðîé ψ′(x, y) = ψ(x′′, y′′), ðèñ. 38.

Ðèñ. 38. Ïîêàçàíà òî÷êà P1 äëÿ êîòîðîé ψ′(x, y) = ψ(x′′, y′′).

Òî åñòü

ψ′(x, y, z) ≈ ψ(x− δϕ · y, y + δϕ · x, z) ≈

≈ ψ(x, y, z) + δϕ

(
−y∂ψ

∂x
+ x

∂ψ

∂y

)
=

=

(
1 + δϕ

i

~
L̂z

)
ψ(x, y, z) ≡ T̂ψ(x, y, z), (272)
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â ïîñëåäíåì ðàâåíñòâå ââåäåí îïåðàòîð z-êîìïîíåíòà ìîìåí-
òà èìïóëüñà

L̂z = [r⃗ × ⃗̂p]z = i~
(
y
∂ψ

∂x
− x

∂ψ

∂y

)
. (273)

Âåëè÷èíà

T̂ = 1 + δϕ
i

~
L̂z (274)

íàçûâàåòñÿ îïåðàòîðîì ïîâîðîòà âîêðóã îñè z.

10.2. Êîììóòàöèîííûå ñîîòíîøåíèÿ äëÿ êîìïîíåíò

ìîìåíòà èìïóëüñà

Ïîñêîëüêó ïðè òàêîì ïîâîðîòå èçìåíÿþòñÿ x è y êîìïîíåíòû
êîîðäèíàòû è èìïóëüñà, îïåðàòîð L̂z íå êîììóòèðóåò ñ ýòèìè
êîìïîíåíòàìè êîîðäèíàòû è èìïóëüñà

[L̂z, x] = [xp̂y − yp̂x, x] = i~y, [L̂z, y] = [xp̂y − yp̂x, y] = −i~x,
(275)

ãäå ìû èñïîëüçîâàëè ñîîòíîøåíèå

[Â · B̂, Ĉ] = Â[B̂, Ĉ] + [Â, Ĉ]B̂ (276)

è çíà÷åíèå êîììóòàòîðà

[rk, p̂l] = i~δkl. (277)

Àíàëîãè÷íî äëÿ êîìïîíåíò èìïóëüñà

[L̂z, p̂x]=[xp̂y−yp̂x, p̂x]= i~p̂y, [L̂z, p̂y]=[xp̂y−yp̂x, p̂y]=−i~p̂x,
(278)

è ìîìåíòà èìïóëüñà

[L̂z, L̂x] = [xp̂y−yp̂x, yp̂z−zp̂y] = [xp̂y, yp̂z]+ [yp̂x, zp̂y] = i~L̂y,
(279)

[L̂z, L̂y] = −i~L̂x. (280)
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Òàê êàê ïðè ïîâîðîòå âîêðóã îñè z äëÿ ëþáûõ âåêòîðîâ èõ
z-êîìïîíåíòû íå ìåíÿþòñÿ, òî

[L̂z, z] = 0, [L̂z, p̂z] = 0, [L̂z, L̂z] = 0, (281)

÷òî ëåãêî ïðîâåðèòü ïðÿìûì âû÷èñëåíèåì. Ïðè ïîâîðîòàõ
íå ìåíÿþòñÿ òàêæå ñêàëÿðíûå âåëè÷èíû. Íàïðèìåð,

[L̂z, ⃗̂r · ⃗̂p] = 0, (282)

Âîò ôîðìàëüíîå äîêàçàòåëüñòâî. Åñëè ïîâåðíóòü è ñèñòåìó
êîîðäèíàò è ñàìè âåêòîðû, òî ñðåäíèå çíà÷åíèÿ íå èçìåíÿòñÿ

⟨ψ′|⃗̂r′ · ⃗̂p′|ψ′⟩ = ⟨ψ|⃗̂r · ⃗̂p|ψ⟩. (283)

Ïîäñòàâëÿÿ çàêîí ïðåîáðàçîâàíèÿ âåêòîðîâ ñîñòîÿíèé

|ψ′⟩ =
(
1 + δϕ

i

~
L̂z

)
|ψ⟩, ⟨ψ′| = ⟨ψ|

(
1− δϕ

i

~
L̂z

)
(284)

è ó÷èòûâàÿ íåèçìåííîñòü ñêàëÿðíîãî ïðîèçâåäåíèÿ âåêòî-
ðîâ, ïîëó÷èì

⟨ψ′|⃗̂r′ · ⃗̂p′|ψ′⟩ = ⟨ψ|
(
1− δϕ

i

~
L̂z

)
⃗̂r · ⃗̂p

(
1 + δϕ

i

~
L̂z

)
|ψ⟩ =

= ⟨ψ|
(
⃗̂r · ⃗̂p+ δϕ

i

~
[⃗̂r · ⃗̂p, L̂z]

)
|ψ⟩ = ⟨ψ|⃗̂r · ⃗̂p|ψ⟩ (285)

îòêóäà ñëåäóåò
[L̂z, ⃗̂r · ⃗̂p] = 0, (286)

Òî÷íî òàêæå äîêàçûâàåòñÿ, ÷òî

[L̂z,
(
⃗̂
L
)2
] = 0, (287)

ãäå (
⃗̂
L
)2

= L̂2
x + L̂2

y + L̂2
z. (288)
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Ýòî ñîîòíîøåíèå óêàçûâàåò, ÷òî ñîáñòâåííîå ñîñòîÿíèå îïå-
ðàòîðà êâàäðàòà ìîìåíòà èìïóëüñà ÿâëÿåòñÿ òàêæå ñîáñòâåí-
íûì ñîñòîÿíèåì îïåðàòîðà îäíîé èç ïðîåêöèé ìîìåíòà èì-
ïóëüñà. Ïðèíÿòî âûáèðàòü L̂z.

Óäîáíî èñïîëüçîâàòü âåëè÷èíû

L̂+ = L̂x + iL̂y, L̂− = L̂x − iL̂y. (289)

Ïîëåçíûå êîììóòàöèîííûå ñîîòíîøåíèÿ

[L̂z, L̂+] = ~L̂+, [L̂z, L̂−] = −~L̂−. (290)

Îáîçíà÷èì ñîáñòâåííûé âåêòîð îïåðàòîðîâ L̂2, L̂z ÷åðåç |ν,m⟩
ñ ñîáñòâåííûì çíà÷åíèåì ~m äëÿ îïåðàòîðà L̂z. Òîãäà, èñ-
ïîëüçóÿ ïðèâåäåííûå âûøå êîììóòàöèîííûå ñîîòíîøåíèÿ ïî-
ëó÷àåì

L̂zL̂+|ν,m⟩ =
(
L̂+L̂z + ~L̂+

)
|ν,m⟩ = ~(m+1)L̂+|ν,m⟩. (291)

Òàêèì îáðàçîì îïåðàòîð L̂+ äåéñòâóÿ íà ñîáñòâåííûé âåêòîð
|ν,m⟩ äàåò âåêòîð ñ ñîáñòâåííûì çíà÷åíèåì m+ 1 è ïîýòîìó
íàçûâàåòñÿ ïîâûøàþùèì îïåðàòîðîì. Òî÷íî òàêæå ïîëó÷à-
åì, ÷òî

L̂zL̂−|ν,m⟩ =
(
L̂−L̂z − ~L̂−

)
|ν,m⟩ = ~(m−1)L̂−|ν,m⟩. (292)

Ïîýòîìó L̂− íàçûâàåòñÿ ïîíèæàþùèì îïåðàòîðîì.
Òàê êàê âåëè÷èíà

L̂2 − L̂2
z = L̂2

x + L̂2
y > 0, (293)

òî ìîäóëü ñîáñòâåííîãî çíà÷åíèÿ ïðîåêöèè ìîìåíòà èìïóëü-
ñà íå ïðåâûøàåò ñîáñòâåííîå çíà÷åíèå êâàäðàòà ìîìåíòà èì-
ïóëüñà. Îáîçíà÷èì ìàêñèìàëüíóþ âåëè÷èíó m = l. Äåéñòâóÿ
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íà âåêòîð ñ ìàêñèìàëüíûì ñîáñòâåííûì çíà÷åíèåì m = l
îïåðàòîðîì L̂−L̂+ ïîëó÷èì

L̂−L̂+|ν, l⟩ = (L̂2
x + L̂2

y − ~L̂z)|ν, l⟩ = (L̂2 − L̂2
z − ~L̂z)|ν, l⟩ = 0

(294)
Çíà÷èò

L̂2|ν, l⟩ = ~2l(l + 1)|ν, l⟩. (295)

Äåéñòâóÿ ïîñëåäîâàòåëüíî îïåðàòîðîì L̂− íà ñîñòîÿíèå ñ ìàê-
ñèìàëüíîé ïðîåêöèåé |ν, l⟩ ìû ïîëó÷èì âñå ñîáñòâåííûå ñî-
ñòîÿíèÿ, êîòîðûå äëÿ êðàòêîñòè îáîçíà÷èì |l,m⟩.

Èç ñèììåòðèè ñëåäóåò, ÷òî ìèíèìàëüíîå ñîáñòâåííîå çíà-
÷åíèå ïðîåêöèè ìîìåíòà èìïóëüñà áóäåò m = −l. Ïîñêîëüêó
çíà÷åíèÿ m èçìåíÿåòñÿ íà ∆m = 1, âñåãî èìååòñÿ 2l+ 1 çíà-
÷åíèé ïðîåêöèè ìîìåíòà èìïóëüñà.

11. Ëåêöèÿ. Ñïèí.

Ðèñ. 39. Î. Øòåðí

Â ýêñïåðèìåíòå Î. Øòåðíà è
Â. Ãåðëàõà áûëî îáíàðóæåíî
êâàíòîâàíèå ïðîåêöèè ìîìåí-
òà èìïóëüñà àòîìîâ, ïðîõîäÿ-
ùèõ ÷åðåç îáëàñòü íåîäíîðîä-
íîãî ìàãíèòíîãî ïîëÿ. Çàðÿ-
æåííûå ÷àñòèöû, îáëàäàþùèå
îòëè÷íûì îò íóëÿ ìîìåíòîì
èìïóëüñà, èìåþò ìàãíèòíûé
ìîìåíò.

Ìàãíèòíûå ìîìåíòû àòîìîâ
âçàèìîäåéñòâóþò ñ íåîäíîðîä-
íûì ìàãíèòíûì ïîëåì, ÷òî
ïðèâîäèò ê îòêëîíåíèþ ïó÷êà
÷àñòèö â ñòîðîíó áîëüøåãî èëè ìåíüøåãî çíà÷åíèÿ ìàãíèò-
íîãî ïîëÿ â çàâèñèìîñòè îò îðèåíòàöèè ìàãíèòíîãî ìîìåíòà
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÷àñòèöû.

Ðèñ. 40. Â. Ãåðëàõ

×èñëî âîçìîæíûõ ïðîåêöèé
ìîìåíòà èìïóëüñà ðàâíî 2l + 1.
Â ýêñïåðèìåíòå ñ àòîìàìè ñå-
ðåáðà áûëî îáíàðóæåíî ðàñùåï-
ëåíèå ïó÷êà íà äâå ñîñòàâëÿþ-
ùèå, ÷òî áûëî èíòåðïðåòèðîâàíî
êàê âíóòðåííèé ìîìåíò èìïóëüñà
ýëåêòðîíà íà âíåøíåé îáîëî÷êå
àòîìà ñåðåáðà. Ñîáñòâåííûé îò-
ëè÷íûé îò íóëÿ ìîìåíò èìïóëüñà
èìåþò ìíîãèå ýëåìåíòàðíûå ÷à-
ñòèöû: ýëåêòðîí, ïðîòîí, íåéòðîí
è äðóãèå. Ïðèíÿòî ãîâîðèòü, ÷òî
ýëåêòðîí îáëàäàåò ñïèíîì 1/2,
èìåÿ â âèäó ÷òî ïðîåêöèÿ ìîìåí-
òà èìïóëüñà ýëåêòðîíà ïðèíèìàåò çíà÷åíèÿ ±~/2.

11.1. Ìàòðèöû Ïàóëè

Êîìïîíåíòû ñïèíà ýëåêòðîíà ïîä÷èíÿþòñÿ âûâåäåííûì âû-
øå êîììóòàöèîííûì ñîîòíîøåíèÿì

[Ŝx, Ŝy] = i~Ŝz; [Ŝz, Ŝx] = i~Ŝy;

[Ŝy, Ŝz] = i~Ŝx. (296)

Êðîìå òîãî

[Ŝx, Ŝ
2] = 0; [Ŝy, Ŝ

2] = 0; [Ŝz, Ŝ
2] = 0. (297)

Ïîñêîëüêó ìû èìååì ñèñòåìó ñ äâóìÿ áàçèñíûìè ñîñòîÿ-
íèÿìè (ïðîåêöèÿ ìîìåíòà èìïóëüñà íà âûäåëåííîå íàïðàâ-
ëåíèå ïðèíèìàåò äâà çíà÷åíèÿ ±~/2 ), óäîáíî ïðåäñòàâèòü
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îïåðàòîðû ïðîåêöèé ñïèíà â âèäå

Ŝx=
~
2
σ̂x, Ŝy=

~
2
σ̂y, Ŝz=

~
2
σ̂z, (298)

ãäå σ̂i � ìàòðèöû Ïàóëè

σ̂x=

(
0 1
1 0

)
, σ̂y=

(
0 −i
i 0

)
, σ̂z=

(
1 0
0 −1

)
. (299)

Íàïðèìåð âû÷èñëèì êîììóòàòîð

[Ŝx, Ŝy] =
~2

4

[(
0 1
1 0

)
·
(

0 −i
i 0

)
−
(

0 −i
i 0

)
·
(

0 1
1 0

)]
=

(300)

=
~2

4

(
2i 0
0 −2i

)
= i~Ŝz. (301)

Ðèñ. 41. Â. Ïàóëè

Ïðîâåðèòü â êà÷åñòâå óïðàæ-
íåíèÿ äðóãèå êîììóòàöèîí-
íûå ñîîòíîøåíèÿ: [Ŝy, Ŝz] =

i~Ŝx, [Ŝz, Ŝx] = i~Ŝy.
Ñîáñòâåííûìè âåêòîðàìè îïå-

ðàòîðà Ŝz áóäóò
âåêòîðû-ñòîëáöû

~
2

(
1 0
0 −1

)(
1
0

)
=
~
2

(
1
0

)
,

~
2

(
1 0
0 −1

)(
0
1

)
=−~

2

(
0
1

)
.

(302)
Ñîáñòâåííûå âåêòîðû, ïðèíàäëåæàùèå ðàçíûì ñîáñòâåííûì
çíà÷åíèÿì, îðòîãîíàëüíû

⟨ψ+z|ψ−z⟩ = (1 0) ·
(

0
1

)
= 0. (303)
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Â îáùåì ñëó÷àå

åñëè |ψ⟩ =
(
a
b

)
, òî ⟨ψ| = (a∗ b∗). (304)

Óñëîâèå íîðìèðîâêè

⟨ψ|ψ⟩ = (a∗ b∗)

(
a
b

)
= |a|2 + |b|2 = 1. (305)

Ñîáñòâåííûìè âåêòîðàìè îïåðàòîðà Ŝx áóäóò âåêòîðû-
ñòîëáöû

|ψ+x⟩ =
1√
2

(
1
1

)
, |ψ−x⟩ =

1√
2

(
1
−1

)
(306)

Äåéñòâèòåëüíî

~
2

(
0 1
1 0

)
1√
2

(
1
1

)
=

~
2

1√
2

(
1
1

)
, (307)

~
2

(
0 1
1 0

)
1√
2

(
1
−1

)
= −~

2

1√
2

(
1
−1

)
(308)

È àíàëîãè÷íî äëÿ Ŝy

|ψ+y⟩ =
1√
2

(
1
i

)
, |ψ−y⟩ =

1√
2

(
1
−i

)
(309)

Îïåðàòîðû ïðîåêöèé ñïèíà íà ðàçëè÷íûå îñè íå êîììóòè-
ðóþò. Åñëè ÷àñòèöà èìååò îïðåäåëåííîå çíà÷åíèå ïðîåêöèè
íà îäíó îñü, òî åå ïðîåêöèÿ íà äðóãóþ îñü íå èìååò îïðåäå-
ëåííîãî çíà÷åíèÿ, ò.å. ïðè èçìåðåíèè ìîæíî ïîëó÷èòü ëèáî
~/2, ëèáî −~/2. Íàïðèìåð, åñëè ÷àñòèöà íàõîäèòñÿ â ñîñòîÿ-
íèè

|ψ+x⟩ =
1√
2

(
1
1

)
, (310)
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òî âåðîÿòíîñòü íàéòè åå â ñîñòîÿíèè |ψ+z⟩ ðàâíà

W+x→+z =
∣∣∣⟨ψ+z|ψ+x⟩

∣∣∣2 = 1

2

∣∣∣(1 0)

(
1
1

) ∣∣∣2 = 1

2
, (311)

à âåðîÿòíîñòü íàéòè åå â ñîñòîÿíèè |ψ−z⟩ ðàâíà

W+x→−z =
∣∣∣⟨ψ−z|ψ+x⟩

∣∣∣2 = 1

2

∣∣∣(0 1)

(
1
1

) ∣∣∣2 = 1

2
. (312)

Îïåðàòîðû Ŝx, Ŝy, Ŝz, ÿâëÿþòñÿ ýðìèòîâûìè. Â ïðåäñòàâ-
ëåíèè èõ â âèäå ìàòðèö ýòî îçíà÷àåò

(Sα)
†
ij = (S∗

α)ji , (313)

ò.å. íóæíî ïîìåíÿòü ìåñòàìè ñòðîêè è ñòîëáöû (òðàíñïîíè-
ðîâàòü) è âçÿòü êîìïëåêñíîå ñîïðÿæåíèå äëÿ êàæäîãî ýëå-
ìåíòà ìàòðèöû. Íàïðèìåð(

Ŝy

)†
=
~
2

(
0 −i
i 0

)†

=
~
2

(
0 (i)∗

(−i)∗ 0

)
=
~
2

(
0 −i
i 0

)
= Ŝy.

(314)
Ñîáñòâåííûå çíà÷åíèÿ ýðìèòîâûõ îïåðàòîðîâ, êàê ìû âèäå-
ëè, âåùåñòâåííû. Ïîâûøàþùèé è ïîíèæàþùèé îïåðàòîðû
èìåþò âèä

Ŝ+ = Ŝx + iŜy = ~
(

0 1
0 0

)
, Ŝ− = Ŝx − iŜy = ~

(
0 0
1 0

)
.

(315)
Äåéñòâóÿ íà ñîáñòâåííûå âåêòîðû îïåðàòîðà Ŝz, îíè ïðèâî-
äÿò ê ñëåäóþùèì ðåçóëüòàòàì

Ŝ+|ψ−z⟩=~
(
0 1
0 0

)(
0
1

)
=~
(
1
0

)
=~|ψ+z⟩, Ŝ+|ψ+z⟩=0,

(316)
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Ŝ−|ψ+z⟩=~
(
0 1
1 0

)(
1
0

)
= ~

(
0
1

)
= ~|ψ−z⟩, Ŝ−|ψ−z⟩=0.

(317)
Ñîáñòâåííûå âåêòîðà ëþáîãî èç îïåðàòîðîâ Ŝx, Ŝy, Ŝz, îáðàçó-
þò ïîëíûé íàáîð, ò.å. ëþáîå ñïèíîâîå ñîñòîÿíèå ìîæíî ïðåä-
ñòàâèòü â âèäå ëèíåéíîé êîìáèíàöèè ñîáñòâåííûõ âåêòîðîâ.
Íàïðèìåð, ïðåäñòàâèì ñîñòîÿíèå |ψ+x⟩ â âèäå

|ψ+x⟩ = C1|ψ+z⟩+ C2|ψ−z⟩. (318)

×òîáû íàéòè êîýôôèöèåíò C1 óìíîæèì ýòî ðàâåíñòâî íà ýð-
ìèòîâî ñîïðÿæåííûé âåêòîð ⟨ψ+z|

⟨ψ+z|ψ+x⟩ = C1⟨ψ+z|ψ+z⟩+ C2⟨ψ+z|ψ−z⟩ = C1 (319)

â ñèëó îðòîíîðìèðîâàííîñòè ñîáñòâåííûõ âåêòîðîâ |ψ±z⟩. Àíà-
ëîãè÷íî

C2 = ⟨ψ−z|ψ+x⟩. (320)

Óñîâåðøåíñòâîâàííûé ïðèáîð Øòåðíà-Ãåðëàõà ñíà÷àëà ðàç-
äåëÿåò ïó÷îê íà äâà, à çàòåì ñíîâà ñîáèðàåòñÿ â îäèí, çà ñ÷åò
òîãî, ÷òî â ñðåäíåé ÷àñòè ãðàäèåíò ìàãíèòíîãî ïîëÿ èìååò
ïðîòèâîïîëîæíîå íàïðàâëåíèå. Â ìåñòå ìàêñèìàëüíîãî ðàç-
äåëåíèÿ ìîæíî ïîñòàâèòü ïåðåãîðîäêó, ïîãëîùàþùóþ ÷àñòü
ïó÷êà â ñîñòîÿíèè |ψ±⟩. Ìàãíèòíîå ïîëå â ïðèáîðå íàïðàâëå-
íî ïî îñè z è âíóòðè ïîãëîùàþòñÿ ÷àñòèöû â ñîñòîÿíèè |ψ−z⟩
ò.å íà âûõîäå ìû èìååì ÷àñòèöû â ñîñòîÿíèè |ψ+z⟩.

Ðàññìîòðèì îïûò ñ óñîâåðøåíñòâîâàííûìè ïðèáîðàìè
Øòåðíà-Ãåðëàõà. Ïóñòü ìàãíèòíîå ïîëå â ïåðâîì ïðèáîðå íà-
ïðàâëåíî ïî îñè z è âíóòðè ïîãëîùàþòñÿ ÷àñòèöû â ñîñòîÿ-
íèè |ψ−z⟩ ò.å íà âûõîäå ìû èìååì ÷àñòèöû â ñîñòîÿíèè |ψ+z⟩.
Òîãäà åñëè ïðîïóñêàòü ïîëó÷åííûé ïó÷îê ÷åðåç äðóãîé ïðè-
áîð, ñ ìàãíèòíûì ïîëåì âäîëü îñè z, íî âíóòðè ïîãëîùàþòñÿ
÷àñòèöû â ñîñòîÿíèè |ψ+z⟩, òî íà âûõîäå èç âòîðîãî ïðèáîðà
÷àñòèö íå áóäåò, âñå ïîãëîòÿòñÿ. Ïîñòàâèì ìåæäó ýòèìè ïðè-
áîðàìè åùå îäèí, ìàãíèòíîå ïîëå â êîòîðîì íàïðàâëåíî ïî
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îñè x. Åñëè â ýòîì ïðèáîðå íåò ïîãëîòèòåëåé, òî íà âûõîäå
áóäåò îïÿòü ïîëÿðèçàöèÿ|ψ+z⟩ è òîãäà â ïîñëåäíåì ïðèáîðå
âñå ÷àñòèöû ïîãëîòÿòñÿ. Îäíàêî, åñëè çàäåðæèâàòü âî âòîðîì
ïðèáîðå ÷àñòèöû â ñîñòîÿíèè |ψ−x⟩, òî íà âûõîäå ïîëîâèíà
÷àñòèö îêàæåòñÿ â ñîñòîÿíèè |ψ+x⟩. Òîãäà ïîëîâèíà èç ýòèõ
÷àñòèö ïðîéäåò ÷åðåç ïîñëåäíèé ïðèáîð.

11.2. Ïðåöåññèÿ ñïèíà â ìàãíèòíîì ïîëå

Ðàññìîòðèì ïîâåäåíèå ÷àñòèöû ñî ñïèíîì âî âíåøíåì ìàã-
íèòíîì ïîëå. Ãàìèëüòîíèàí ÷àñòèöû ñî ñïèíîì â ìàãíèòíîì
ïîëå B⃗ èìååò âèä

Ĥ = −µ (σ̂xBx + σ̂yBy + σ̂zBz) , (321)

ãäå σ̂i ìàòðèöû Ïàóëè, à µ ìàãíèòíûé ìîìåíò ÷àñòèöû (äëÿ
ýëåêòðîíà µ = e~/2mc ). Íàïðàâèì ìàãíèòíîå ïîëå ïî îñè z,
òîãäà óðàâíåíèå Øðåäèíãåðà

i~
∂|ψ⟩
∂t

= Ĥ|ψ⟩ (322)

äëÿ äâóõêîìïîíåíòíîãî âåêòîðà ñòîëáöà

|ψ⟩ =
(
C1

C2

)
(323)

ïðèìåò âèä(
i~∂C1

∂t

i~∂C2

∂t

)
=

(
−µB0 0

0 µB0

)(
C1

C2

)
. (324)

Åñëè âíåøíåå ìàãíèòíîå ïîëå íå çàâèñèò îò âðåìåíè, òî ðå-
øåíèåì áóäåò

C1(t) = C1(0)e
iµB0t/~, C2(t) = C2(0)e

−iµB0t/~. (325)
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Ïóñòü ïðè t = 0 ÷àñòèöà ñî ñïèíîì íàõîäèëàñü â ñîñòîÿíèè ñ
ïîëÿðèçàöèåé âäîëü îñè x

|ψ(0)⟩ = 1√
2

(
1
1

)
, (326)

òîãäà

|ψ(t)⟩ = 1√
2

(
eiµB0t/~

e−iµB0t/~

)
. (327)

Íàéäåì ñðåäíåå çíà÷åíèå x-êîìïîíåíòû ñïèíà

Ŝx =
~
2
⟨ψ(t)|

(
0 1
1 0

)
|ψ(t)⟩ =

=
~
4
(e−iµB0t/~ eiµB0t/~)

(
0 1
1 0

)(
eiµB0t/~

e−iµB0t/~

)
=

=
~
4

(
ei2µB0t/~ + e−i2µB0t/~

)
=

~
2
cos(2µB0t/~). (328)

Ñðåäíåå çíà÷åíèå y- êîìïîíåíòû ñïèíà

Ŝy =
~
2
⟨ψ(t)|

(
0 −i
i 0

)
|ψ(t)⟩ =

=
~
4

(
iei2µB0t/~ − ie−i2µB0t/~

)
= −~

2
sin(2µB0t/~). (329)

Ñðåäíèå çíà÷åíèÿ ìîæíî íàéòè èíà÷å: îïðåäåëèì ñíà÷àëà
âåðîÿòíîñòè îêàçàòüñÿ ÷àñòèöå â ñîñòîÿíèÿõ | ± x⟩:

P(ψ(t)→+) ≡ |⟨+x|ψ(t)⟩|2, P(ψ(t)→−) ≡ |⟨−x|ψ(t)⟩|2. (330)

Èìååì

⟨+x|ψ(t)⟩ = 1

2
(1 1)

(
eiµB0t/~

e−iµB0t/~

)
= cos(µB0t/~) (331)

⟨−x|ψ(t)⟩ = 1

2
(1 − 1)

(
eiµB0t/~

e−iµB0t/~

)
= i sin(µB0t/~). (332)
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Òîãäà
Ŝx =

~
2
P(ψ(t)→+) −

~
2
P(ψ(t)→−) =

=
~
2
|⟨+x|ψ(t)⟩|2 − ~

2
|⟨−x|ψ(t)⟩|2 = ~

2
cos(2µB0t/~). (333)

Òàêèì îáðàçîì ïîâåäåíèå ñðåäíèõ çíà÷åíèé ïîçâîëÿåò ãîâî-
ðèòü î âðàùåíèè ñïèíà âîêðóã íàïðàâëåíèÿ âíåøíåãî ìàã-
íèòíîãî ïîëÿ ñ óãëîâîé ÷àñòîòîé

ω0 =
2µB0

~
=
eB0

mc
äëÿ ýëåêòðîíà. (334)

Ìàãíèòíûé ìîìåíò ýëåêòðîíà µ = e~/(2mc) ≈ 5.8·10−9 ýÂ/Ãñ.
Â ìàãíèòíîì ïîëå B0 = 0.3 Ò = 3 · 103 Ãñ ðåçîíàíñíàÿ öèê-
ëè÷åñêàÿ ÷àñòîòà f = ω0/(2π) = 1010 Ãö. Ýòîé ÷àñòîòå ýëåê-
òðîìàãíèòíîãî ïîëÿ ñîîòâåòñòâóåò äëèíà âîëíû 3 ñì.

11.3. Ìàãíèòíûé ðåçîíàíñ

Åñëè âíà÷àëå ñïèí áûë íàïðàâëåí âäîëü ìàãíèòíîãî ïîëÿ,
òî åãî îðèåíòàöèÿ íå èçìåíèòñÿ ñî âðåìåíåì. Ïðèêëàäûâàÿ
íåáîëüøîå ïîïåðå÷íîå ïîëå ìû çàñòàâèì âðàùàòüñÿ ýëåêòðîí
âîêðóã ñóììàðíîãî ìàãíèòíîãî ïîëÿ, íàïðàâëåíèå êîòîðî-
ãî ïî÷òè ñîâïàäàåò ñ îñüþ z è âåðîÿòíîñòü îðèåíòàöèè ñïè-
íà ïðîòèâ íàïðàâëåíèÿ ìàãíèòíîãî ïîëÿ (ïåðåâîðîòà ñïèíà)
î÷åíü ìàëà. Îäíàêî, åñëè ïîïåðå÷íîå ïîëå ìåíÿåòñÿ ñî âðåìå-
íåì, òî ïðè íåêîòîðûõ óñëîâèÿõ ïåðåâîðîò ñïèíà âîçìîæåí.

Ðàññìîòðèì ïîâåäåíèå ñïèíà â ìàãíèòíîì ïîëå âèäà

B⃗ = e⃗zB0 + e⃗xB1 cos(ωt) + e⃗yB1 sin(ωt), (335)

ãäå B1 ≪ B0. Óðàâíåíèå Øðåäèíãåðà èìååò âèä(
i~∂C1

∂t

i~∂C2

∂t

)
=

(
−µB0 −µB1e

−iωt

−µB1e
iωt µB0

)(
C1

C2

)
. (336)
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Ââåäåì îáîçíà÷åíèÿ

ω0 = −µB0

~
, ω1 = −µB1

~
, (337)

òîãäà ïîëó÷àåì óðàâíåíèÿ

i
dC1

dt
= ω0C1 + ω1e

−iωtC2 (338)

i
dC2

dt
= −ω0C2 + ω1e

iωtC1. (339)

Èùåì ðåøåíèÿ â âèäå

C1(t) = A1(t)e
−iω0t, C2(t) = A2(t)e

iω0t, (340)

ïîëó÷àÿ

i
dA1

dt
= ω1e

i(2ω0−ω)tA2 (341)

i
dA2

dt
= ω1e

−i(2ω0−ω)tA1. (342)

Èç ïåðâîãî óðàâíåíèÿ íàõîäèì

A2 = i
e−i∆ωt

ω1

dA1

dt
, (343)

ãäå
∆ω ≡ 2ω0 − ω, (344)

è ïîäñòàâëÿåì âî âòîðîå

−d
2A1

dt2
e−i∆ωt

ω1

+
i∆ωe−i∆ωt

ω1

dA1

dt
= ω1A1e

−i∆ωt. (345)

Ðàññìîòðèì ñëó÷àé ðåçîíàíñà: ÷àñòîòà ïåðåìåííîãî ïîëÿ ñîâ-
ïàäàåò ñ ÷àñòîòîé ïðåöåññèè (âðàùåíèÿ) ìàãíèòíîãî ìîìåí-
òà â ïîñòîÿííîì ïîëå, ∆ω = 0. Ðåøåíèåì, óäîâëåòâîðÿþùåì
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íà÷àëüíîìó óñëîâèþ A1(0) = 1 (âíà÷àëå ñïèí íàïðàâëåí ïî
ìàãíèòíîìó ïîëþ), áóäåò

A1(t) = cos(ω1t), A2(t) = −i sin(ω1t). (346)

Òîãäà äâóõêîìïîíåíòíûé âåêòîð ñòîëáåö ðàâåí

|ψ⟩ =
(
C1

C2

)
=

(
e−iω0t cos(ω1t)
−ieiω0t sin(ω1t)

)
. (347)

Íàéäåì ñðåäíåå çíà÷åíèå z- êîìïîíåíòû ñïèíà

Ŝz =
~
2
⟨ψ(t)|

(
1 0
0 −1

)
|ψ(t)⟩ =

=
~
2
(C∗

1 C∗
2)

(
1 0
0 −1

)(
C1

C2

)
=

=
~
2

(
|C1|2 − |C2|2

)
=

~
2
cos(2ω1t). (348)

Ñðåäíåå çíà÷åíèå x- êîìïîíåíòû ñïèíà

Ŝx =
~
2
⟨ψ(t)|

(
0 1
1 0

)
|ψ(t)⟩ = ~

2
(C∗

1 C∗
2)

(
0 1
1 0

)(
C1

C2

)
=

=
~
2
(C1C

∗
2 + C∗

1C2) =
~
2
sin(2ω1t) sin(2ω0t). (349)

Àíàëîãè÷íî ñðåäíåå çíà÷åíèå y- êîìïîíåíòû ñïèíà

Ŝy = −~
2
sin(2ω1t) cos(2ω0t). (350)

Òàêèì îáðàçîì â ìîìåíò âðåìåíè T = π/2ω1 ñïèí, ñíà-
÷àëà íàïðàâëåííûé ïî ìàãíèòíîìó ïîëþ, áóäåò íàïðàâëåí
ïðîòèâîïîëîæíî ìàãíèòíîìó ïîëþ. Ýòî ÿâëåíèå íàçûâàåòñÿ
ìàãíèòíûì ðåçîíàíñîì. Ðàññìîòðèì îáùèé ñëó÷àé ∆ω ̸= 0.
Óäîáíî ïîëó÷èòü óðàâíåíèå äëÿ A2

A1 = i
ei∆ωt

ω1

dA2

dt
, (351)
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òîãäà

−d
2A2

dt2
− i∆ω

dA2

dt
= ω2

1A2. (352)

Èùåì ðåøåíèå â âèäå

A2(t) = beiλt : (353)

ïîëó÷àåì
λ2 + λ∆ω − ω2

1 = 0, (354)

îòêóäà îáùåå ðåøåíèå

A2 = e−i∆ωt/2
(
b1e

iΩt + b2e
−iΩt) , (355)

ãäå

Ω =
√
ω2
1 +∆ω2/4. (356)

Íà÷àëüíûå óñëîâèÿ A2(0) = 0, A1(0) = 1, îòêóäà

A2(t) = e−i∆ωt/2b12i sin(Ωt), (357)

A1(0) = − Ω

ω1

2b1 = 1 → b1 = − ω1

2Ω
. (358)

Òàêèì îáðàçîì, âåðîÿòíîñòü ïåðåâîðîòà ñïèíà åñòü

|A2|2 =
ω2
1

ω2
1 +∆ω2/4

sin2(Ωt) =
B2

1

B2
1 +B2

0(1− ω/2ω0)2
sin2(Ωt),

(359)
Âåðîÿòíîñòü ïåðåâîðîòà ñïèíà áûñòðî óìåíüøàåòñÿ ïðèB1 ≪
B0 âíå ðåçîíàíñà, êîãäà ∆ω ̸= 0. Çàâèñèìîñòü êîìïîíåíò
ñðåäíåãî çíà÷åíèÿ ìàãíèòíîãî ìîìåíòà îò âðåìåíè ïðè íà-
ëîæåíèè ïîïåðå÷íîãî ìàãíèòíîãî ïîëÿ ñ ÷àñòîòîé, ðàâíîé
÷àñòîòå ïðåöåññèè ìàãíèòíîãî ìîìåíòà â ïðîäîëüíîì ïîëå
(ðåçîíàíñ) ïîêàçàíà íà ðèñ. 42. Ïðîäîëüíàÿ íàìàãíè÷åííîñòü
Mz êîëåáëåòñÿ ñ ìàêñèìàëüíîé àìïëèòóäîé.

Çàâèñèìîñòü êîìïîíåíò ñðåäíåãî çíà÷åíèÿ ìàãíèòíîãî ìî-
ìåíòà îò âðåìåíè ïðè íàëîæåíèè ïîïåðå÷íîãî ìàãíèòíîãî
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Ðèñ. 42. Çàâèñèìîñòü êîìïîíåíò ñðåäíåãî çíà÷åíèÿ ìàãíèòíîãî ìîìåíòà îò
âðåìåíè ïðè íàëîæåíèè ïîïåðå÷íîãî ìàãíèòíîãî ïîëÿ ñ ÷àñòîòîé, ðàâíîé ÷à-
ñòîòå ïðåöåññèè ìàãíèòíîãî ìîìåíòà â ïðîäîëüíîì ïîëå � ðåçîíàíñ. Ïðîäîëü-
íàÿ íàìàãíè÷åííîñòü êîëåáëåòñÿ ñ ìàêñèìàëüíîé àìïëèòóäîé.

ïîëÿ ñ ÷àñòîòîé, îòëè÷àþùåéñÿ îò ÷àñòîòû ïðåöåññèè ìàã-
íèòíîãî ìîìåíòà â ïðîäîëüíîì ïîëå, ïîêàçàíà íà ðèñ. 43.
Èçìåíåíèå ïðîäîëüíîé íàìàãíè÷åííîñòè Mz ìàëî.

Ðèñ. 43. Çàâèñèìîñòü êîìïîíåíò ñðåäíåãî çíà÷åíèÿ ìàãíèòíîãî ìîìåíòà îò
âðåìåíè ïðè íàëîæåíèè ïîïåðå÷íîãî ìàãíèòíîãî ïîëÿ ñ ÷àñòîòîé, îòëè÷àþ-
ùåéñÿ îò ÷àñòîòû ïðåöåññèè ìàãíèòíîãî ìîìåíòà â ïðîäîëüíîì ïîëå. Èçìå-
íåíèå ïðîäîëüíîé íàìàãíè÷åííîñòè ìàëî.
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12. Ëåêöèÿ. Ðàçëè÷íûå ïðåäñòàâëåíèÿ óðàâ-

íåíèé äâèæåíèÿ.

12.1. Ïðåäñòàâëåíèå Øðåäèíãåðà

Íàèáîëåå ÷àñòî â êâàíòîâîé ìåõàíèêå èñïîëüçóåòñÿ ïðåäñòàâ-
ëåíèå Øðåäèíãåðà, â êîòîðîì ôèçè÷åñêèì íàáëþäàåìûì ñî-
ïîñòàâëÿþòñÿ íå çàâèñÿùèå îò âðåìåíè îïåðàòîðû, íàïðèìåð
îïåðàòîð èìïóëüñà

p̂x = −i~ ∂
∂x
, (360)

à çàâèñèìîñòü îò âðåìåíè îïðåäåëÿåòñÿ âîëíîâîé ôóíêöè-
åé (âåêòîðîì ñîñòîÿíèÿ), êîòîðàÿ îïèñûâàåòñÿ óðàâíåíèåì
Øðåäèíãåðà

i~
∂Ψ

∂t
= ĤΨ, (361)

ãäå Ĥ � îïåðàòîð Ãàìèëüòîíà ñèñòåìû. Ñðåäíåå çíà÷åíèå
íåêîòîðîãî îïåðàòîðà Â â ñîñòîÿíèè |Ψ⟩ ðàâíî

Ā = ⟨Ψ|Â|Ψ⟩. (362)

Åñëè ãàìèëüòîíèàí ñèñòåìû Ĥ0 íå çàâèñèò ÿâíî îò âðåìåíè,
òî ìîæíî íàïèñàòü ôîðìàëüíîå ðåøåíèå óðàâíåíèÿØðåäèí-
ãåðà

|Ψ(t)⟩ = e−iĤ0t/~|Ψ(0)⟩, (363)

ãäå ýêñïîíåíöèàëüíóþ ôóíêöèþ îò îïåðàòîðà B̂ ñëåäóåò ïî-
íèìàòü êàê ðàçëîæåíèå â ðÿä

eB̂ = 1 + B̂ +
1

2!
B̂2 + ...+

1

n!
B̂n + ... (364)
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12.2. Ïðåäñòàâëåíèå Ãåéçåíáåðãà

Èñïîëüçóÿ ôîðìàëüíîå ðåøåíèå óðàâíåíèÿØðåäèíãåðà, ìîæ-
íî ïðåäñòàâèòü âûðàæåíèå äëÿ ñðåäíåãî çíà÷åíèÿ îïåðàòîðà
Â â âèäå

Ā(t) = ⟨Ψ|Â|Ψ⟩ = Ψ(0)|eiĤ0t/~Âe−iĤ0t/~|Ψ(0)⟩, (365)

ãäå èñïîëüçîâàíà ýðìèòîâîñòü ãàìèëüòîíèàíà Ĥ†
0 = Ĥ0. Â

ïðåäñòàâëåíèè Ãåéçåíáåðãà ýòî âûðàæåíèå èíòåðïðåòèðóåòñÿ
êàê ñðåäíåå çíà÷åíèå çàâèñÿùåãî îò âðåìåíè îïåðàòîðà

Â(t) = eiĤ0t/~Âe−iĤ0t/~ (366)

ïî íåçàâèñÿùåìó îò âðåìåíè ñîñòîÿíèþ ñèñòåìû |Ψ(0)⟩

Ā(t) = ⟨Ψ(0)|Â(t)|Ψ(0)⟩. (367)

Äèíàìèêà ñèñòåìû òåïåðü îïèñûâàåòñÿ óðàâíåíèåì Ãåéçåí-
áåðãà äëÿ îïåðàòîðà Â(t)

d

dt
Â(t)=

i

~
Ĥ0e

iĤ0t/~Âe−iĤ0t/~−eiĤ0t/~Âe−iĤ0t/~ i

~
Ĥ0=

i

~
[Ĥ0, Â(t)].

(368)
Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ïîâåäåíèå ìàãíèòíîãî ìî-

ìåíòà ýëåêòðîíà â ïîñòîÿííîì ìàãíèòíîì ïîëå B0, íàïðàâ-
ëåííîì ïî îñè z. Îïåðàòîðû ìàãíèòíîãî ìîìåíòà â ïðåäñòàâ-
ëåíèè Øðåäèíãåðà èìåþò âèä

M̂x = µσ̂x, M̂y = µσ̂y, M̂z = µσ̂z, (369)

ãäå ñîáñòâåííîå çíà÷åíèå ìàãíèòíîãî ìîìåíòà µ = e~/(2mc),
σ̂x, σ̂y, σ̂z, � ìàòðèöû Ïàóëè. Ãàìèëüòîíèàí, ñâÿçàííûé ñî
ñïèíîâûìè ñòåïåíÿìè ñâîáîäû, ðàâåí

Ĥ = −µB⃗ · ⃗̂σ = −µB0σ̂z. (370)
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Â ïðåäñòàâëåíèè Ãåéçåíáåðãà îïåðàòîðû ìàãíèòíîãî ìîìåíòà
èìåþò âèä

M̂x(t) = µe−iωtσ̂z σ̂xe
iωtσ̂z , M̂y(t) = µe−iωtσ̂z σ̂ye

iωtσ̂z ,

M̂z(t) = µe−iωtσ̂z σ̂ze
iωtσ̂z = µσ̂z, (371)

ãäå ââåäåíî îáîçíà÷åíèå ω = µB0/~. Â ïîñëåäíåì ðàâåíñòâå
èñïîëüçîâàíà êîììóòàòèâíîñòü îïåðàòîðà σ̂z ñ ëþáîé ôóíê-
öèåé îò ýòîãî îïåðàòîðà. Óðàâíåíèÿ Ãåéçåíáåðãà äëÿ êîìïî-
íåíò îïåðàòîðà ìàãíèòíîãî ìîìåíòà

d

dt
M̂x(t) = −iµ

2B0

~
[σ̂z, e

−iωtσ̂z σ̂xe
iωtσ̂z ] =

= − iµ
2B0

~
e−iωtσ̂z [σ̂z, σ̂x]e

iωtσ̂z = 2ωM̂y(t), (372)

ãäå èñïîëüçîâàíî ñîîòíîøåíèå

[σ̂z, σ̂x] = 2iσ̂y. (373)

Àíàëîãè÷íî
d

dt
M̂y(t) = −2ωM̂x(t), (374)

d

dt
M̂z(t) = 0. (375)

Èç ïîñëåäíåãî óðàâíåíèÿ ñëåäóåò, ÷òî M̂z(t) = M̂z(0). Äèô-
ôåðåíöèðóÿ óðàâíåíèå äëÿ M̂x(t) ïî âðåìåíè, èñïîëüçóÿ óðàâ-
íåíèå äëÿ M̂y(t), ïîëó÷èì

d2

dt2
M̂x(t) = −4ω2M̂x(t), (376)

ðåøåíèåì êîòîðîãî áóäåò

M̂x(t) = M̂x(0) cos(2ωt) + M̂y(0) sin(2ωt). (377)
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Òî÷íî òàêæå

M̂y(t) = M̂y(0) cos(2ωt)− M̂x(0) sin(2ωt). (378)

Åñëè â íà÷àëüíûé ìîìåíò âðåìåíè ñèñòåìà íàõîäèëàñü â ñî-
ñòîÿíèè, îïèñûâàåìîì ñîáñòâåííîé ôóíêöèåé îïåðàòîðà M̂x(0)
ñ ñîáñòâåííûì çíà÷åíèåì µ, òî äëÿ ñðåäíèõ çíà÷åíèé ïîëó-
÷èì

M̄x(t) = µ cos(2ωt), M̄y(t) = −µ sin(2ωt), M̄z(t) = 0. (379)

Äëÿ äàííîé çàäà÷è ìîæíî âû÷èñëèòü ÿâíî âûðàæåíèÿ
äëÿ îïåðàòîðîâ êîìïîíåíò ìàãíèòíîãî ìîìåíòà, èñïîëüçóÿ
ðàçëîæåíèå ýêñïîíåíòû â ðÿä

e−iωtσ̂z = I + (−iωtσ̂z) +
1

2!
(−iωtσ̂z)2 +

1

3!
(−iωtσ̂z)3 + ... =

e−iωtσ̂z = I

[
1− (ωt)2

2!
+ ...

]
− iσ̂z

[
ωt− (ωt)3

3!
+ ...

]
=

= I cos(ωt)− iσ̂z sin(ωt). (380)

Òîãäà ïîëó÷èì

M̂x(t) = µe−iωtσ̂z σ̂xe
iωtσ̂z =

= [I cos(ωt)− iσ̂z sin(ωt)]µσ̂x [I cos(ωt) + iσ̂z sin(ωt)] =

= µσ̂x
[
cos2(ωt)− sin2(ωt)

]
+ µσ̂y2 sin(ωt) cos(ωt) =

= M̂x cos(2ωt) + M̂y sin(2ωt), (381)

ãäå èñïîëüçîâàíû ñîîòíîøåíèÿ

σ̂zσ̂xσ̂z = −σ̂xσ̂2
z = −σ̂x, [σ̂z, σ̂x] = iσ̂y. (382)

Àíàëîãè÷íî

M̂y(t) = M̂y(0) cos(2ωt)− M̂x(0) sin(2ωt). (383)
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Âî ìíîãèõ çàäà÷àõ ãàìèëüòîíèàí ìîæíî ïðåäñòàâèòü â âèäå
ñóììû

Ĥ = Ĥ0 + V̂ (t), (384)

ãäå ïåðâàÿ ÷àñòü Ĥ0 íå çàâèñèò îò âðåìåíè, à âòîðàÿ ÷àñòü
V̂ (t), çàâèñÿùàÿ â îáùåì ñëó÷àå îò âðåìåíè, íå êîììóòèðóåò
ñ ïåðâîé. Òîãäà óäîáíî èñïîëüçîâàòü ïðåäñòàâëåíèå Äèðàêà,
íàçûâàåìîå òàêæå ïðåäñòàâëåíèåì âçàèìîäåéñòâèÿ. Âåêòîð
ñîñòîÿíèÿ â øðåäèíãåðîâñêîì ïðåäñòàâëåíèè çàïèñûâàåòñÿ â
âèäå

|ψ(t)⟩ = e−iĤ0t/~|ψI(t)⟩, (385)

ãäå ââåäåí âåêòîð ñîñòîÿíèÿ â ïðåäñòàâëåíèè âçàèìîäåéñòâèÿ
|ψI(t)⟩. Ïîäñòàâëÿÿ ýòî ïðåäñòàâëåíèå âåêòîðà ñîñòîÿíèÿ â
óðàâíåíèå Øðåäèíãåðà

i~
d|ψ(t)⟩
dt

=
(
Ĥ0 + V̂ (t)

)
|ψ(t)⟩ (386)

ïîëó÷èì

i~
(−iĤ0)

~
e−iĤ0t/~|ψI(t)⟩+ i~e−iĤ0t/~d|ψI(t)⟩

dt
=

=
(
Ĥ0 + V̂ (t)

)
e−iĤ0t/~|ψI(t)⟩. (387)

Òîãäà óðàâíåíèå äëÿ âåêòîðà ñîñòîÿíèÿ â ïðåäñòàâëåíèè âçà-
èìîäåéñòâèÿ ïðèíèìàåò âèä

i~
d|ψI(t)⟩
dt

= eiĤ0t/~V̂ (t)e−iĤ0t/~|ψI(t)⟩ = V̂I(t)|ψI(t)⟩, (388)

ãäå îïðåäåëèëè îïåðàòîð â ïðåäñòàâëåíèè âçàèìîäåéñòâèÿ ñî-
îòíîøåíèåì

V̂I(t) ≡ eiĤ0t/~V̂ (t)e−iĤ0t/~. (389)
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Ñðåäíåå çíà÷åíèå ëþáîãî îïåðàòîðà M̂ ìîæíî çàïèñàòü â âè-
äå

M̄(t) = ⟨ψ(t)|M̂ |ψ(t)⟩ = ⟨ψI(t)|eiĤ0t/~M̂e−iĤ0t/~|ψI(t)⟩ =

= ⟨ψI(t)|M̂I(t)|ψI(t)⟩. (390)

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ïîâåäåíèå ñïèíà â ìàã-
íèòíîì ïîëå âèäà

B⃗ = e⃗zB0 + e⃗xB1 cos(ωt) + e⃗yB1 sin(ωt), (391)

ãäå B1 ≪ B0. Ãàìèëüòîíèàí

Ĥ = −µB0σ̂z − µB1 cos(ωt)σ̂x −B1 sin(ωt)σ̂y, (392)

çàïèøåì â ìàòðè÷íîé ôîðìå

Ĥ0 = −µB0

(
1 0
0 −1

)
, V̂ (t) = −µB1

(
0 e−iωt

eiωt 0

)
.

(393)
Èñïîëüçóÿ ðàçëîæåíèå ýêñïîíåíòû

e−iΩtσ̂z = I cos(Ωt)− iσ̂z sin(Ωt) =

(
e−iΩt 0
0 eiΩt

)
, (394)

îïåðàòîð V̂ â ïðåäñòàâëåíèè âçàèìîäåéñòâèÿ ðàâåí

V̂I(t)=−µB1

(
e−iΩt 0
0 eiΩt

)(
0 e−iωt

eiωt 0

)(
eiΩt 0
0 e−iΩt

)
=

= −µB1

(
0 e−i(ω+2Ω)t

ei(ω+2Ω)t 0

)
. (395)

Â óñëîâèÿõ ðåçîíàíñà, ω = −2Ω, ïîëó÷èì

V̂I(t) = −µB1

(
0 1
1 0

)
. (396)
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Óðàâíåíèå äëÿ âåêòîðà ñîñòîÿíèÿ â ïðåäñòàâëåíèè âçàè-
ìîäåéñòâèÿ

|ψI⟩ =
(
C1

C2

)
(397)

èìååò âèä (
i~∂C1

∂t

i~∂C2

∂t

)
= −µB1

(
0 1
1 0

)(
C1

C2

)
. (398)

Ðåøåíèåì, óäîâëåòâîðÿþùåì íà÷àëüíîìó óñëîâèþ C1(0) = 1
(âíà÷àëå ñïèí íàïðàâëåí ïî ìàãíèòíîìó ïîëþ B0), áóäåò

|ψI⟩(t) =
(

cos(ω1t)
−i sin(ω1t)

)
, (399)

ãäå ω1 = µB1/~. Êîìïîíåíòû îïåðàòîðà ìàãíèòíîãî ìîìåíòà
â ïðåäñòàâëåíèè âçàèìîäåéñòâèÿ èìåþò âèä

M̂zI(t) = µ

(
e−iΩt 0
0 eiΩt

)(
1 0
0 −1

)(
eiΩt 0
0 e−iΩt

)
=

= µ

(
1 0
0 −1

)
, (400)

M̂xI(t) = µ

(
e−iΩt 0
0 eiΩt

)(
0 1
1 0

)(
eiΩt 0
0 e−iΩt

)
=

= µ

(
0 e−2iΩt

e2iΩt 0

)
, (401)

M̂yI(t) = µ

(
e−iΩt 0
0 eiΩt

)(
0 −i
i 0

)(
eiΩt 0
0 e−iΩt

)
=

= µ

(
0 −ie−2iΩt

ie2iΩt 0

)
. (402)

Ñðåäíèå çíà÷åíèÿ êîìïîíåíò ìàãíèòíîãî ìîìåíòà ðàâíû

M̄z(t) = µ(cos(ω1t), i sin(ω1t))

(
1 0
0 −1

)(
cos(ω1t)

−i sin(ω1t)

)
=
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= µ cos(2ω1t), (403)

M̄x(t) = µ(cos(ω1t), i sin(ω1t))

(
0 e−2iΩt

e2iΩt 0

)(
cos(ω1t)

−i sin(ω1t)

)
= µ sin(2ω1t) sin(2Ωt), (404)

M̄y(t)=µ(cos(ω1t), i sin(ω1t))

(
0 −ie−2iΩt

ie2iΩt 0

)(
cos(ω1t)

−i sin(ω1t)

)
= −µ sin(2ω1t) cos(2Ωt). (405)

Òàêèì îáðàçîì â ìîìåíò âðåìåíè T = π/2ω1 ñïèí, ñíà÷àëà
íàïðàâëåííûé ïî ìàãíèòíîìó ïîëþ B0, áóäåò íàïðàâëåí â
ïðîòèâîïîëîæíîì íàïðàâëåíèè.

13. Ëåêöèÿ. Äâèæåíèå â öåíòðàëüíîì ïîòåí-

öèàëå.

Âî ìíîãèõ ñëó÷àÿõ ïîòåíöèàëüíàÿ ýíåðãèÿ âçàèìîäåéñòâèÿ
÷àñòèö çàâèñèò òîëüêî îò àáñîëþòíîãî ðàññòîÿíèÿ ìåæäó íè-
ìè. U = U(|r⃗1 − r⃗2|) = U(r). Òîãäà ñ ãàìèëüòîíèàíîì Ĥ

êîììóòèðóþò îïåðàòîðû ïðîåêöèè ìîìåíòà èìïóëüñà L̂z è
êâàäðàòà ìîìåíòà èìïóëüñà L̂2.

[L̂z, Ĥ] = [L̂z,
p̂2

2m
+ U(r)] = 0 (406)

ïîñêîëüêó è êèíåòè÷åñêàÿ ýíåðãèÿ è ïîòåíöèàëüíàÿ äëÿ öåí-
òðàëüíîãî ïîòåíöèàëà ÿâëÿþòñÿ ñêàëÿðàìè. Îáðàùåíèå â íîëü
ýòèõ êîììóòàòîðîâ îçíà÷àåò, ÷òî ñîñòîÿíèÿ ñ îïðåäåëåííîé
ýíåðãèåé áóäóò èìåòü è îïðåäåëåííûå çíà÷åíèÿ ïîëíîãî ìî-
ìåíòà èìïóëüñà è åãî ïðîåêöèè íà îñü z.
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Ðèñ. 44. Ñôåðè÷åñêèå êîîðäèíàòû.

Â ñëó÷àå öåíòðàëüíîãî ïîòåí-
öèàëà óäîáíî ïåðåéòè îò äå-
êàðòîâûõ ê ñôåðè÷åñêèì êîîð-
äèíàòàì. Íàéäåì ñíà÷àëà âèä
îïåðàòîðîâ ïðîåêöèé ìîìåíòà
èìïóëüñà â ñôåðè÷åñêèõ êîîð-
äèíàòàõ. Äåêàðòîâû êîîðäèíà-
òû âûðàæàþòñÿ ÷åðåç ñôåðè-
÷åñêèå òàê, ðèñ. 44

x = r sin θ cosϕ, y = r sin θ sinϕ,

z = r cos θ. (407)

Ðàññìîòðèì ñíà÷àëà ïîâî-
ðîò ñèñòåìû êîîðäèíàò íà íåáîëüøîé óãîë δϕ âîêðóã îñè z.
Â ýòîì ñëó÷àå èçìåíÿåòñÿ òîëüêî óãîë ϕ. Âîëíîâàÿ ôóíêöèÿ
ïðè ýòîì ìåíÿåòñÿ ñ îäíîé ñòîðîíû êàê

ψ′(r, θ, ϕ) = ψ(r, θ, ϕ+ δϕ) ≈ (408)

≈ ψ(r, θ, ϕ) +
∂ψ

∂ϕ
δϕ. (409)

Ñ äðóãîé ñòîðîíû, êàê ìû âèäåëè

ψ(r, θ, ϕ′) = T̂δϕψ(r, θ, ϕ) ≈ (1 + δϕ
i

~
L̂z)ψ. (410)

Òàêèì îáðàçîì â ñôåðè÷åñêèõ êîîðäèíàòàõ

L̂z = −i~ ∂

∂ϕ
. (411)

Ðàññìîòðèì òåïåðü ïîâîðîò ñèñòåìû êîîðäèíàò íà íåáîëü-
øîé óãîë δξ âîêðóã îñè x. Â òîì ñëó÷àå

y′ ≈ y + δξ · z, z′ ≈ z − δξ · y, x′ = x. (412)
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Íîâàÿ âîëíîâàÿ ôóíêöèÿ ñî ñòàðûìè êîîðäèíàòàìè ψ′(x, y)
ðàâíà ñòàðîé âîëíîâîé ôóíêöèè ñ êîîðäèíàòàìè

y′′ ≈ y − δξ · z, z′′ ≈ z + δξ · y, x′′ = x. (413)

Ìåíÿþòñÿ óãëû â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò, òàê ÷òî

x′′ = r sin(θ+δθ) cos(ϕ+δϕ) ≈ x+rδθ cos θ cosϕ−rδϕ sin θ sinϕ,
(414)

y′′ = r sin(θ+δθ) sin(ϕ+δϕ) ≈ y+rδθ cos θ sinϕ+rδϕ sin θ cosϕ,
(415)

z′′ = z − rδθ sin θ. (416)

Èç ïåðâîãî ðàâåíñòâà (ñ ó÷åòîì x′′ = x) ïîëó÷àåì

δϕ sin θ sinϕ = δθ cos θ cosϕ. (417)

Èç ïîñëåäíåãî ðàâåíñòâà

δξr sin θ sinϕ=−rδθ sin θ → δθ=−δξ sinϕ, δϕ=−δξ cos θ cosϕ
sin θ

.

(418)
Ñ îäíîé ñòîðîíû

ψ′(r, θ, ϕ) = ψ(r, θ + δθ, ϕ+ δϕ) ≈ ψ(r, θ, ϕ) +
∂ψ

∂θ
δθ +

∂ψ

∂ϕ
δϕ =

= ψ(r, θ, ϕ) +

(
− sinϕ

∂ψ

∂θ
− ctg θ cosϕ

∂ψ

∂ϕ

)
δξ. (419)

Ñ äðóãîé ñòîðîíû

ψ′(r, θ, ϕ) =

(
1 +

i

~
δξL̂x

)
ψ(r, θ, ϕ), (420)

îòêóäà

L̂x = i~
(
sinϕ

∂

∂θ
+ ctg θ cosϕ

∂

∂ϕ

)
. (421)
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Ïðè ïîâîðîòå âîêðóã îñè y íà óãîë δη

z′′ ≈ z − δη · x, x′′ ≈ x+ δη · z, y′′ = y. (422)

Òîãäà èç y′′ = y

δϕ sin θ cosϕ = δθ cos θ sinϕ. (423)

Ñðàâíèâàÿ èçìåíåíèÿ êîîðäèíàò z ïîëó÷àåì

δηr cos θ = −rδϕ sin θ sinϕ+ rδθ cos θ cosϕ. (424)

Â èòîãå èìååì

δθ = δη cosϕ, δϕ = −δη cos θ sinϕ
sin θ

. (425)

Âîëíîâàÿ ôóíêöèÿ ïðè ïîâîðîòå âîêðóã îñè y ñ îäíîé ñòîðî-
íû ðàâíà

ψ′(r, θ, ϕ) = ψ(r, θ + δθ, ϕ+ δϕ) ≈ ψ(r, θ, ϕ) +
∂ψ

∂θ
δθ +

∂ψ

∂ϕ
δϕ =

= ψ(r, θ, ϕ) +

(
cosϕ

∂ψ

∂θ
− ctg θ sinϕ

∂ψ

∂ϕ

)
δη. (426)

Ñ äðóãîé ñòîðîíû

ψ′(r, θ, ϕ) =

(
1 +

i

~
δηL̂y

)
ψ(r, θ, ϕ), (427)

îòêóäà

L̂y = i~
(
− cosϕ

∂

∂θ
+ ctg θ sinϕ

∂

∂ϕ

)
. (428)

Òåïåðü ìîæíî íàéòè îïåðàòîð êâàäðàòà ìîìåíòà èìïóëüñà

L̂2 = L̂−L̂+ + L̂2
z + ~L̂z, (429)

ãäå

L̂+ = L̂x + iL̂y = ~eiϕ
(
∂

∂θ
+ i ctg θ

∂

∂ϕ

)
, (430)
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L̂− = L̂x − iL̂y = ~e−iϕ
(
− ∂

∂θ
+ i ctg θ

∂

∂ϕ

)
, L̂z = −i~ ∂

∂ϕ
.

(431)
Ïîëó÷àåì

L̂2 = −~2
[

1

sin2 θ

∂2

∂ϕ2
+

1

sin θ

∂

∂θ
(sin θ)

∂

∂θ

]
. (432)

Íàéäåì óãëîâóþ çàâèñèìîñòü âîëíîâûõ ôóíêöèé ïðè äâèæå-
íèè â öåíòðàëüíîì ïîòåíöèàëå. Ñîáñòâåííûå ôóíêöèè îïåðà-
òîðîâ êâàäðàòà ìîìåíòà èìïóëüñà L̂2 è L̂z îáîçíà÷èì Ylm

L̂2Ylm = ~2l(l + 1)Ylm, L̂zYlm = ~mYlm. (433)

Èìååì

L̂zYlm = −i~ ∂

∂ϕ
Ylm = ~mYlm. (434)

Ðåøåíèåì áóäåò

Ylm(θ, ϕ) = A(θ)eimϕ. (435)

Äëÿ îðáèòàëüíîãî äâèæåíèÿ êâàíòîâîå ÷èñëîm = 0,±1,±2, ...
Äåéñòâóÿ ïîâûøàþùèì îïåðàòîðîì L̂+ íà ñîñòîÿíèå ñ ìàê-
ñèìàëüíûì çíà÷åíèåì ïðîåêöèè Yll ïîëó÷èì

L̂+Yll = ~eiϕ
(
∂

∂θ
+ i ctg θ

∂

∂ϕ

)
A(θ)eilϕ = 0. (436)

Îòêóäà
Yll(θ, ϕ) = C(sin θ)leilϕ. (437)

Ôóíêöèè ñ äðóãèìè çíà÷åíèÿìè ïðîåêöèè ìîìåíòà m ìîæíî
íàéòè, äåéñòâóÿ ïîñëåäîâàòåëüíî ïîíèæàþùèì îïåðàòîðîì
L̂− íà ôóíêöèþ Yll.

Íàéäåì ñíà÷àëà Y00. Çàâèñèìîñòè îò óãëîâ íåò. Íîðìèðî-
âî÷íàÿ êîíñòàíòà íàõîäèòñÿ èç

2π∫
0

dϕ

π∫
0

|Y00|2 sin θdθ = 1, (438)
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îòêóäà Y00 = 1/
√
4π. Âèä ôóíêöèè |Yl=0,m=0| ïîêàçàí íà ðèñ. 45.

Ðèñ. 45. Íàãëÿäíîå ïðåäñòàâëåíèå óãëîâîé ÷àñòè âîëíîâîé ôóíêöèè
|Yl=0,m=0|.

Ðàññìîòðèì òåïåðü ñëó÷àé l = 1. Èìååì Y1,1 = C1,1e
iϕ sin θ.

Äåéñòâóÿ îïåðàòîðîì L̂− ïîëó÷èì

L̂−Yll = −~e−iϕ
(
∂

∂θ
+ i ctg θ

∂

∂ϕ

)
C1,1e

iϕ sin θ = −2~C1,1 cos θ.

(439)
Çíà÷èò Y1,0 = C1,0 cos θ. Äåéñòâóÿ îïåðàòîðîì L̂− òåïåðü íà
Y1,0 ïîëó÷èì Y1,−1 = −2~C1,−1e

−iϕ sin θ. Íàõîäÿ êîíñòàíòû èç
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óñëîâèÿ íîðìèðîâêè è ìåíÿÿ çíàêè, èìååì

Y1,1=−
√

3

8π
eiϕ sin θ, Y1,0=

√
3

4π
cos θ, Y1,−1=

√
3

8π
e−iϕ sin θ.

(440)
Âèä ôóíêöèè |Yl=1,m=0|2 ïîêàçàí íà ðèñ. 46.

Ðèñ. 46. Íàãëÿäíîå ïðåäñòàâëåíèå óãëîâîé ÷àñòè âîëíîâîé ôóíêöèè
|Yl=1,m=0|.

Âèä ôóíêöèè |Yl=1,m=1|2 ïîêàçàí íà ðèñ. 47.
Ðàññìîòðèì òåïåðü l = 2. Èìååì

Y2,2 = C2,2e
i2ϕ sin2 θ. (441)
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Ðèñ. 47. Íàãëÿäíîå ïðåäñòàâëåíèå óãëîâîé ÷àñòè âîëíîâîé ôóíêöèè
|Yl=1,m=1|.

Äåéñòâóÿ îïåðàòîðîì L̂− ïîëó÷èì

L̂−Y22 = −~e−iϕ
(
∂

∂θ
+ i ctg θ

∂

∂ϕ

)
C2,2e

i2ϕ sin2 θ =

= −4~C2,2e
iϕ sin θ cos θ. (442)

Çíà÷èò

Y2,1 = −C2,1e
iϕ sin θ cos θ. (443)
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Äåéñòâóÿ îïåðàòîðîì L̂− òåïåðü íà Y2,1 ïîëó÷èì

Y2,0 = ~C2,0(3 cos
2 θ − 1). (444)

È àíàëîãè÷íî äàëüøå. Íàõîäÿ êîíñòàíòû èç óñëîâèÿ íîðìè-
ðîâêè è ìåíÿÿ çíàêè, èìååì

Y2,2 = −
√

15

32π
e2iϕ sin2 θ, Y2,1 =

√
15

8π
eiϕ sin θ cos θ, (445)

Y2,0 =

√
5

16π
(1− 3 cos2 θ), Y2,−1 = −

√
15

8π
e−iϕ sin θ cos θ,

(446)

Y2,−2 = −
√

15

32π
e−2iϕ sin2 θ. (447)

Â îáùåì ñëó÷àå èìååò ìåñòî óñëîâèå îðòîíîðìèðîâàííî-
ñòè

2π∫
0

dϕ

π∫
0

sin θdθY ∗
l,mYl′,m′ = δl′lδm′m. (448)

Âèä ôóíêöèé |Yl=2,m=2|2, |Yl=2,m=1|2, |Yl=2,m=0|2 ïîêàçàí íà
ðèñ. 48, 49, 50.

13.2. Óðàâíåíèå Øðåäèíãåðà äëÿ ðàäèàëüíîé ÷àñòè

âîëíîâîé ôóíêöèè

Ñòàöèîíàðíîå óðàâíåíèå Øðåäèíãåðà äëÿ ÷àñòèöû â öåí-
òðàëüíîì ïîòåíöèàëå ìîæíî çàïèñàòü â âèäå(

− ~2

2m
∆r +

L̂2

2mr2

)
ψ(r, θ, ϕ) + U(r)ψ(r, θ, ϕ) = Eψ(r, θ, ϕ),

(449)
ãäå ðàäèàëüíàÿ ÷àñòü ëàïëàñèàíà

∆r =
1

r2
∂

∂r

(
r2
∂

∂r

)
. (450)



13.2. ÓðàâíåíèåØðåäèíãåðà äëÿ ðàäèàëüíîé ÷àñòè âîëíîâîé ôóíêöèè101

Ðèñ. 48. Íàãëÿäíîå ïðåäñòàâëåíèå óãëîâîé ÷àñòè âîëíîâîé ôóíêöèè
|Yl=2,m=2|.

Ýòî âûðàæåíèå ëåãêî ïîëó÷àåòñÿ ñ ïîìîùüþ òåîðåìû Ãàóññà∫
∇⃗ · ∇⃗rψdV =

∫
∇⃗rψ · n⃗dS, (451)

ãäå n⃗ � åäèíè÷íûé âåêòîð íîðìàëüíûé ê ïîâåðõíîñòè S, îãðà-
íè÷èâàþùåé îáúåì V . Âûáåðåì â êà÷åñòâå îáëàñòè èíòåãðè-
ðîâàíèÿ îáúåì, çàêëþ÷åííûé ìåæäó äâóìÿ ñôåðè÷åñêèìè
ïîâåðõíîñòÿìè ñ ðàäèóñàìè r è r + dr. Òîãäà îáúåìíûé èí-
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Ðèñ. 49. Íàãëÿäíîå ïðåäñòàâëåíèå óãëîâîé ÷àñòè âîëíîâîé ôóíêöèè
|Yl=2,m=1|.

òåãðàë ïðèáëèæåííî ðàâåí∫
∇⃗ · ∇⃗rψdV ≈ ∇⃗ · ∇⃗rψ4πr

2dr (452)

Ïîâåðõíîñòíûé èíòåãðàë ïðèáëèæåííî ðàâåí∫
∇⃗rψ · n⃗dS ≈ dψ

dr
(r + dr)4π(r + dr)2 − dψ

dr
(r)4π(r)2 ≈

≈ 4π
d

dr

(
r2
dψ

dr

)
dr, (453)
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Ðèñ. 50. Íàãëÿäíîå ïðåäñòàâëåíèå óãëîâîé ÷àñòè âîëíîâîé ôóíêöèè
|Yl=2,m=0|.

ãäå çíàê ìèíóñ ïåðåä âòîðûì ÷ëåíîì âîçíèê èç-çà ïðîòè-
âîïîëîæíîãî íàïðàâëåíèÿ åäèíè÷íîãî âåêòîðà íîðìàëè íà
âíóòðåííåé ïîâåðõíîñòè. Ñëåäîâàòåëüíî

∇⃗ · ∇⃗rψ = ∆rψ =
1

r2
d

dr

(
r2
dψ

dr

)
(454)

Âîëíîâóþ ôóíêöèþ ìîæíî ïðåäñòàâèòü â âèäå ïðîèçâåäå-
íèÿ

ψ(r, θ, ϕ) = R(r) · Yl,m(θ, ϕ). (455)
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Óãëîâóþ ÷àñòü Ylm âîëíîâîé ôóíêöèè ìû íàøëè.
Ðàäèàëüíàÿ ÷àñòü âîëíîâîé ôóíêöèè R(r) çàâèñèò îò êîí-

êðåòíîãî âèäà ïîòåíöèàëà U(r)

~2

2m

[
− 1

r2
d

dr

(
r2
dR(r)

dr

)
+
l(l + 1)

r2
R(r)

]
+ U(r)R(r) = ER(r).

(456)

13.3. Ïðèëîæåíèå: äðóãîé âûâîä âèäà îïåðàòîðà ìî-

ìåíòà èìïóëüñà

Ïîëåçíî ðàññìîòðåòü äðóãîé âûâîä âèäà êîìïîíåíò ìîìåíòà
èìïóëüñà â ñôåðè÷åñêèõ êîîðäèíàòàõ.

Îïåðàòîð "íàáëà"â ñôåðè÷åñêèõ êîîðäèíàòàõ èìååò âèä

∇⃗ = e⃗r
∂

∂r
+ e⃗θ

1

r

∂

∂θ
+ e⃗ϕ

1

r sin θ

∂

∂ϕ
, (457)

ãäå åäèíè÷íûå âåêòîðû e⃗r, e⃗θ, e⃗ϕ, ðèñ.(51), îáðàçóþò òðîéêó
âçàèìíî îðòîãîíàëüíûõ åäèíè÷íûõ âåêòîðîâ

e⃗r · e⃗θ = 0, e⃗r · e⃗ϕ = 0, e⃗ϕ · e⃗θ = 0, (458)

òàêæå êàê è äåêàðòîâû åäèíè÷íûå âåêòîðû

e⃗x · e⃗y = 0, e⃗x · e⃗z = 0, e⃗y · e⃗z = 0. (459)

Òîãäà îïåðàòîð èìïóëüñà â ñôåðè÷åñêèõ êîîðäèíàòàõ âûãëÿ-
äèò òàê:

p̂ = −i~
[
e⃗r
∂

∂r
+ e⃗θ

1

r

∂

∂θ
+ e⃗ϕ

1

r sin θ

∂

∂ϕ

]
(460)

Ðàäèóñ âåêòîð ðàâåí
r⃗ = e⃗rr, (461)
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Ðèñ. 51. Ñôåðè÷åñêèå êîîðäèíàòû.

òàê ÷òî îïåðàòîð ìîìåíòà èìïóëüñà â ñôåðè÷åñêèõ êîîðäè-
íàòàõ èìååò âèä

L̂ = [r⃗ × p̂] = −i~

∣∣∣∣∣∣
e⃗r e⃗θ e⃗ϕ
r 0 0
∂
∂r

1
r
∂
∂θ

1
r sin θ

∂
∂ϕ

∣∣∣∣∣∣ =

= i~
(
e⃗θ

1

sin θ

∂

∂ϕ
− e⃗ϕ

∂

∂θ

)
. (462)
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Èñïîëüçóÿ ñîîòíîøåíèÿ

e⃗θ · e⃗x = cos θ cosϕ, e⃗θ · e⃗y = cos θ sinϕ, e⃗θ · e⃗z = − sin θ, (463)

e⃗ϕ · e⃗x = − sinϕ, e⃗ϕ · e⃗y = cosϕ, e⃗ϕ · e⃗z = 0, (464)

ïîëó÷àåì

e⃗θ = e⃗x (e⃗x · e⃗θ) + e⃗y (e⃗y · e⃗θ) + e⃗z (e⃗z · e⃗θ) = (465)

= e⃗x cos θ cosϕ+ e⃗y cos θ sinϕ− e⃗z sin θ, (466)

e⃗ϕ = e⃗x (e⃗x · e⃗ϕ) + e⃗y (e⃗y · e⃗ϕ) + e⃗z (e⃗z · e⃗ϕ) = (467)

= −e⃗x sinϕ+ e⃗y cosϕ. (468)

Òîãäà äåêàðòîâû êîìïîíåíòû ìîìåíòà èìïóëüñà, âûðà-
æåííûå ÷åðåç ñôåðè÷åñêèå êîîðäèíàòû, ðàâíû

L̂z = −i~ ∂

∂ϕ
, (469)

L̂x = i~
[
sinϕ

∂

∂θ
+ ctg θ cosϕ

∂

∂ϕ

]
, (470)

L̂y = −i~
[
cosϕ

∂

∂θ
− ctg θ sinϕ

∂

∂ϕ

]
. (471)

14. Ëåêöèÿ. Àòîì âîäîðîäà.

Àòîì âîäîðîäà ñîñòîèò èç ïðîòîíà ìàññîéMp ≈ 1.7·10−24 ã
è ýëåêòðîíà ìàññîé me ≈ 0.9 ·10−27 ã. Ïîòåíöèàëüíàÿ ýíåðãèÿ
èõ âçàèìîäåéñòâèÿ U(r) = −e2/r, ãäå e � çàðÿä ýëåêòðîíà,
r � ðàññòîÿíèå ìåæäó ïðîòîíîì è ýëåêòðîíîì. Òàêæå êàê
â êëàññè÷åñêîé ìåõàíèêå ãàìèëüòîíèàí ðàçäåëÿåòñÿ íà äâå
÷àñòè, îäíà èç êîòîðûõ îïèñûâàåò äâèæåíèå öåíòðà ìàññ, à
äðóãàÿ � îòíîñèòåëüíîå äâèæåíèå

Ĥ =
P̂ 2

2M
+

p̂2

2m
+ U(r), (472)
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ãäå P̂ � îïåðàòîð ïîëíîãî èìïóëüñà, M = Mp +me � ïîëíàÿ
ìàññà, p̂ � îïåðàòîð èìïóëüñà îòíîñèòåëüíîãî äâèæåíèÿ,m =
Mpme/(Mp + me) � ïðèâåäåííàÿ ìàññà. Áóäåì ñ÷èòàòü, ÷òî
öåíòð ìàññ ïîêîèòñÿ. Íàéäåì ñïåêòð ýíåðãèé ñâÿçàííûõ ñî-
ñòîÿíèé. Âîëíîâóþ ôóíêöèþ îòíîñèòåëüíîãî äâèæåíèÿ ìîæ-
íî ïðåäñòàâèòü â âèäå ïðîèçâåäåíèÿ

ψ(r, θ, ϕ) = R(r) · Yl,m(θ, ϕ). (473)

Óãëîâóþ ÷àñòü Ylm âîëíîâîé ôóíêöèè ìû íàøëè. Ðàäèàëüíàÿ
÷àñòü âîëíîâîé ôóíêöèè R(r) ïîä÷èíÿåòñÿ óðàâíåíèþ

~2

2m

[
− 1

r2
d

dr

(
r2
dR(r)

dr

)
+
l(l + 1)

r2
R(r)

]
− e2

r
R(r) = ER(r).

(474)
Óðàâíåíèå óïðîùàåòñÿ, åñëè èñêàòü ðåøåíèå âèäà R(r) =
f(r)/r è ïåðåéòè ê áåçðàçìåðíîé ïåðåìåííîé ρ = r/aB =
rme2/~2

d2f

dρ2
+

2f

ρ
− l(l + 1)f

ρ2
= κ2f, (475)

ãäå κ2 = 2|E|~2/(me4) (äëÿ ñâÿçàííûõ ñîñòîÿíèé ýíåðãèÿ E <
0).

14.1. Ñôåðè÷åñêè ñèììåòðè÷íûå ðåøåíèÿ

Ðàññìîòðèì ñíà÷àëà ñëó÷àé l = 0. Óðàâíåíèå óïðîùàåòñÿ

d2f

dρ2
+

2f

ρ
= κ2f, (476)

è ïðè ρ→ ∞ èìååò àñèìïòîòèêó f = exp(−κρ). Èùåì ðåøå-
íèå â âèäå ðÿäà

f(ρ) = e−κρg(ρ); g(ρ) =
∞∑
s=1

asρ
s. (477)
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Âû÷èñëÿåì ïðîèçâîäíûå

df

dρ
= −κf+e−κρdg

dρ
,

d2f

dρ2
= κ2f−2κe−κρ

dg

dρ
+e−κρ

d2g

dρ2
. (478)

Ïîëó÷àåì óðàâíåíèå äëÿ g

d2g

dρ2
− 2κ

dg

dρ
+

2g

ρ
= 0. (479)

Ïðîèçâîäíûå äëÿ g â âèäå ðÿäà ðàâíû

dg

dρ
=

∞∑
s=1

assρ
s−1,

d2g

dρ2
=

∞∑
s=1

ass(s−1)ρs−2=
∞∑
s=1

as+1(s+1)sρs−1.

(480)
Ïîñëåäíåå ðàâåíñòâî ïîëó÷åíî çàìåíîé s → s + 1. Èìååì
óðàâíåíèå íà êîýôôèöèåíòû as

∞∑
s=1

as+1(s+1)sρs−1− 2κ
∞∑
s=1

assρ
s−1+2

∞∑
s=1

assρ
s−1 = 0. (481)

Ïðèðàâíèâàÿ ÷ëåíû ñ îäèíàêîâûìè ñòåïåíÿìè ρ ïîëó÷àåì

as+1 =
2(κs− 1)

s(s+ 1)
as. (482)

Äëÿ s≫ 1 ïîëó÷àåòñÿ

as+1 ≈
2κ

s
as → as+1 ≈

(2κ)s

s!
a1 (483)

è àñèìïòîòèêà äëÿ g èìååò âèä

g =
∞∑
s=1

ρs
(2κ)s

s!
a1 → e2κρ. (484)

Ýòî îçíà÷àåò, ÷òî ðÿä äîëæåí ñîäåðæàòü êîíå÷íîå ÷èñëî ÷ëå-
íîâ, èíà÷å âîëíîâàÿ ôóíêöèÿ áóäåò ðàñõîäèòüñÿ

f = e−κρg ∼ eκρ
∣∣∣
ρ→∞

→ ∞. (485)
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Òàêèì îáðàçîì äëÿ íåêîòîðîãî s = n = 1/κ âñå ïîñëåäóþùèå
êîýôôèöèåíòû an+1 = 0 è ìû ïîëó÷àåì äèñêðåòíûé ñïåêòð
óðîâíåé ýíåðãèè

κ =
1

n
, E = − 1

2n2

me4

~2
, n = 1, 2, 3, ... (486)

Íàéäåì ðàäèàëüíûå ÷àñòè âîëíîâûõ ôóíêöèé äëÿ íåñêîëü-
êèõ óðîâíåé ýíåðãèè, íà÷èíàÿ ñ îñíîâíîãî. Äëÿ n = 1, l = 0
ïîëó÷àåòñÿ κ = 1

R10 =
f

ρ
=
e−ρa1ρ

ρ
= a1e

−ρ. (487)

Êîýôôèöèåíò a1 íàõîäèì èç óñëîâèÿ íîðìèðîâêè
∞∫
0

|R10|2r2dr = 1. (488)

Èìååì
∞∫
0

|R10|2r2dr= |a1|2a3B

∞∫
0

e−2ρρ2dρ=
|a1|2a3B

4
→ R10=

2√
a3B
e−r/aB .

(489)
Äëÿ n = 2, l = 0 èìååì κ = 1/2

R20 =
e−ρ/2a′1(ρ− ρ2/2)

ρ
=

1√
2a3B

(
1− r

2aB

)
e−r/2aB . (490)

Àíàëîãè÷íî äëÿ n = 3, l = 0 èìååì κ = 1/3

R30 =
2√
27a3B

(
1− 2r

3aB
+

2r2

27a2B

)
e−r/3aB . (491)

Áîðîâñêèé ðàäèóñ aB = ~2/me2 ≈ 0.53 · 10−8 ñì ÿâëÿåò-
ñÿ àòîìíîé åäèíèöåé äëèíû. Íàïðèìåð, âåðîÿòíîñòü íàéòè
ýëåêòðîí âíóòðè ñôåðû ðàäèóñà r = 3aB äëÿ îñíîâíîãî ñî-
ñòîÿíèÿ, îïèñûâàåìîãî âîëíîâîé ôóíêöèåé R10, ðàâíà 0.58.
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Ðèñ. 52. R10 , (ñëåâà), R20, (ñïðàâà)

14.2. Ðåøåíèÿ ñ ïðîèçâîëüíûì îðáèòàëüíûì ìîìåí-

òîì èìïóëüñà

Ðàññìîòðèì òåïåðü ñëó÷àé íåíóëåâîãî îðáèòàëüíîãî ìîìåíòà
l > 0. Óðàâíåíèå íà êîýôôèöèåíòû as ïðèîáðåòàåò âèä

∞∑
s=1

as+1(s+ 1)sρs−1 − 2κ
∞∑
s=1

assρ
s−1 + 2

∞∑
s=1

assρ
s−1−

−l(l + 1)
∞∑
s=1

as+1ρ
s−1 − l(l + 1)

ρ
a1 = 0. (492)

Äëÿ âûïîëíåíèÿ ðàâåíñòâà ïðè ëþáûõ ρ íåîáõîäèìî ÷òîáû
ïîñëåäíèé ÷ëåí áûë ðàâåí íóëþ, òî åñòü a1 = 0. Ïîëó÷àåì
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Ðèñ. 53. R30

ñîîòíîøåíèå íà êîýôôèöèåíòû

as+1 =
2(κs− 1)

s(s+ 1)− l(l + 1)
as. (493)

×òîáû êîýôôèöèåíò íå îáðàòèëñÿ â áåñêîíå÷íîñòü íåîáõîäè-
ìî âûïîëíåíèå íåðàâåíñòâà s > l, à ïîñêîëüêó a1 = 0, òî âñå
as = 0 äëÿ s 6 l. Òàêèì îáðàçîì ðÿä íà÷èíàåòñÿ ñ al+1.



112 14. Ëåêöèÿ. Àòîì âîäîðîäà.

Ðèñ. 54. R10 , (ñëåâà), R20, (ñïðàâà)

Äëÿ l = 1, n = 2 èìååì κ = 1/2

R21 =
e−ρ/2a2ρ

2

ρ
=

1√
24a3B

r

aB
e−r/2aB . (494)

Àíàëîãè÷íî äëÿ n = 3, l = 1 èìååì κ = 1/3

R31 =
8

27
√

6a3B

(
1− r

6aB

)
e−r/3aB , (495)

äëÿ n = 3, l = 2

R32 =
4

81
√
30a3B

r2

a2B
e−r/3aB . (496)

Íà ðèñ. 56 ïîêàçàíû ðàäèàëüíûå ÷àñòè âîëíîâûõ ôóíêöèé
Rnl
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Ðèñ. 55. Íàãëÿäíîå ïðåäñòàâëåíèå ðàäèàëüíîé ÷àñòè âîëíîâîé ôóíêöèè
Rn=3,l=2.
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Ðèñ. 56. Íàãëÿäíîå ïðåäñòàâëåíèå ðàäèàëüíûõ ÷àñòåé âîëíîâûõ ôóíêöèéRnl.

Íà ðèñ. 57 ïîêàçàíû ðàäèàëüíûå ÷àñòè âîëíîâûõ ôóíêöèé
â áîëåå êðóïíîì ìàñøòàáå Rnl.

Èòàê ïîëó÷èëè äëÿ àòîìà âîäîðîäà óðîâíè ýíåðãèè (äèñ-
êðåòíûé ñïåêòð)

En = − 1

2n2

me4

~2
= −13.6 ýÂ

n2
, n = 1, 2, 3, ... (497)

×èñëî n � íàçûâàþò ãëàâíûì êâàíòîâûì ÷èñëîì. Îñíîâíîå
ñîñòîÿíèå îïèñûâàåòñÿ âîëíîâîé ôóíêöèåé ψn=1,l=0,m=0=Y00R10.

Ýíåðãèÿ ñâÿçè ýëåêòðîíà â îñíîâíîì ñîñòîÿíèè àòîìà âî-
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Ðèñ. 57. Íàãëÿäíîå ïðåäñòàâëåíèå ðàäèàëüíîé ÷àñòè âîëíîâîé ôóíêöèè
Rn=2,l=0.
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äîðîäà E1 = −13.6 ýÂ çàìåòíî ìåíüøå ýíåðãèè ïîêîÿ ýëåê-
òðîíà mc2 = 0.511 · 106 ýÂ:

|E1| =
me4

2~2
=

1

2

(
e2

~c

)2

mc2, (498)

ãäå áåçðàçìåðíàÿ âåëè÷èíà (÷èñëî) α ≡ e2/~c ≈ 1/137 íàçû-
âàåòñÿ ïîñòîÿííîé òîíêîé ñòðóêòóðû. Ñëåäóþùåìó çíà÷åíèþ
ýíåðãèè ñîîòâåòñòâóþò ÷åòûðå ñîñòîÿíèÿ:

• îäíî ñîñòîÿíèå ψn=2,l=0,m=0 ñ íóëåâûì îðáèòàëüíûì ìî-
ìåíòîì

• è òðè ñîñòîÿíèÿ ψn=2,l=1,m=+1, ψn=2,l=1,m=0, ψn=2,l=1,m=−1

ñ êâàíòîâûì ÷èñëîì îðáèòàëüíîãî ìîìåíòà l = 1 è òðåìÿ
çíà÷åíèÿìè ïðîåêöèè ìîìåíòà èìïóëüñà m = ±1, 0.

Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî óðîâåíü ýíåðãèè âûðîæäåí.
Íà ðèñ. 58 ïîêàçàíû óðîâíè ýíåðãèè ñ ãëàâíûìè êâàíòîâûìè
÷èñëàìè n = 1, 2, 3, 4 è îðáèòàëüíûìè êâàíòîâûìè ÷èñëàìè
l = 0, 1, 2.

Ìû ïîëó÷èëè òàêæå íîðìèðîâàííûå âîëíîâûå ôóíêöèè.
Íàïðèìåð

ψn=1,l=0m=0 =
1√
πa3

e−r/a, ψn=2,l=0m=0 =
(1− r/2a)√

8πa3
e−r/2a,

(499)

ψn=2,l=1m=+1 =
r/a

8
√
πa3

e−r/2a(− sin θ)eiϕ, (500)

ψn=2,l=1m=0 =
r/a√
32πa3

e−r/2a cos θ, (501)

ψn=2,l=1m=−1 =
r/a

8
√
πa3

e−r/2a sin θe−iϕ. (502)
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Ðèñ. 58. Íèæíèå óðîâíè ýíåðãèè àòîìà âîäîðîäà.
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×àñòü II

Çàäà÷è äëÿ ñåìèíàðîâ

15. Ïðîèñõîæäåíèå îñíîâíûõ êâàíòîâûõ ïî-

íÿòèé.

Çàäà÷à 1. Ýôôåêò Êîìïòîíà.
Ýíåðãèÿ ôîòîíà äî ðàññåÿíèÿ íà ïîêîÿùåìñÿ ýëåêòðîíå

ðàâíà ~ω = 10 · 103eV .
Êàêàÿ ýíåðãèÿ áóäåò ïåðåäàíà ýëåêòðîíó ïðè ðàññåÿíèè

íà óãîë θ = π?
Íàñêîëüêî èçìåíèòñÿ äëèíà âîëíû ôîòîíà (∆λ(cm)) ïðè

ðàññåÿíèè íà óãîë θ = π/2?

Ðåøåíèå

Ïåðåäàííàÿ ýëåêòðîíó ïðè ðàññåÿíèè íà óãîë θ = π ðàâíà

Ee =
~ω

1 +mc2/(2~ω)
≈ 0.4 · 103eV. (503)

Èçìåíåíèå äëèíà âîëíû ôîòîíà (∆λ(cm)) ïðè ðàññåÿíèè
íà óãîë θ = π/2 ðàâíî

∆λ =
2π~
mc

≈ 2 · 10−10cm. (504)

Çàäà÷à 2. Äî ðàññåÿíèÿ ôîòîí èìåë ýíåðãèþ ε0 = 1 eV è
äâèãàëñÿ íàâñòðå÷ó ýëåêòðîíó ñ ýíåðãèåé E0 = 109 eV. Íàéòè
ýíåðãèþ ôîòîíà ïîñëå ðàññåÿíèÿ íà óãîë θ = π.
Ðåøåíèå Èñïîëüçóÿ óñëîâèå E0 ≫ mec

2, ðåëÿòèâèñòñêîå
ñîîòíîøåíèå ìåæäó èìïóëüñîì è ýíåðãèåé äëÿ ýëåêòðîíà ìîæ-
íî ïðåäñòàâèòü â âèäå

pc =
√
E2 −m2c4 ≈ E − m2c4

2E
. (505)
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Íàïîìíèì, ÷òî ýíåðãèÿ ïîêîÿ ýëåêòðîíà mc2 ≈ 0.5 · 106 eV.
Òîãäà çàêîí ñîõðàíåíèÿ èìïóëüñà, óìíîæèâ îáå ÷àñòè íà ñêî-
ðîñòü ñâåòà c,

p0c− q0c = pc+ qc (506)

ìîæíî ïåðåïèñàòü â âèäå

E0 −
m2c4

2E0

− ε0 = E − m2c4

2E
+ ε, (507)

ãäå èñïîëüçîâàíî ñîîòíîøåíèå ìåæäó ýíåðãèåé è èìïóëüñîì
ôîòîíà ε = qc. Èç çàêîíà ñîõðàíåíèÿ ýíåðãèè

E0 + ε0 = E + ε (508)

Íàõîäèì ýíåðãèþ ýëåêòðîíà ïîñëå ðàññåÿíèÿ

E = E0 + ε0 − ε (509)

è ïîäñòàâëÿåì â çàêîí ñîõðàíåíèÿ èìïóëüñà

E0 −
m2c4

2E0

− ε0 = E0 + ε0 − ε− m2c4

2(E0 + ε0 − ε)
+ ε. (510)

Îòêóäà ïîëó÷àåì

1

E0 + ε0 − ε
− 1

E0

=
4ε0
m2c4

(511)

è ýíåðãèÿ ôîòîíà ïîñëå ðàññåÿíèÿ ðàâíà

ε =
4ε0E

2
0

4ε0E0 +m2c4
+ ε0. (512)

Äëÿ íà÷àëüíûõ ýíåðãèé ôîòîíà è ýëåêòðîíà íàõîäèì

m2c4 ≈ 0.25 · 1012 eV 2 ≫ 4ε0E0 = 4 · 109 eV 2, (513)

òàê ÷òî èìååì

ε ≈ 4ε0E
2
0

m2c4
≈ 16 · 106 eV ≫ ε0 = 1 eV. (514)
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Ýíåðãèÿ ýëåêòðîíà ïîñëå ðàññåÿíèÿ ïî÷òè íå èçìåíÿåòñÿ.
Çàäà÷à 3. Ôîòîýôôåêò.
Íàéòè ìàêñèìàëüíóþ äëèíó âîëíû ñâåòà (λmax(cm)), ïðè

êîòîðîé âîçìîæíî íàáëþäàòü ôîòîýôôåêò. Ðàáîòà âûõîäà
ðàâíà A = 2eV .
Ðåøåíèå Ìàêñèìàëüíàÿ äëèíà âîëíû ñâåòà λmax, ïðè êî-

òîðîé âîçìîæíî íàáëþäàòü ôîòîýôôåêò, îïðåäåëÿåòñÿ óñëî-
âèåì

2π~c
λmax

= A, (515)

îòêóäà

λmax =
2π~c
A

≈ 6.6 · 10−5 cm. (516)

Çàäà÷à 4. Àòîì Áîðà.
Íàéòè äëèíó âîëíû ñâåòà (λ(cm)), èñïóñêàåìîãî àòîìîì

âîäîðîäà ïðè ïåðåõîäå ñ óðîâíÿ n = 3 íà óðîâåíü n = 2.
Ðåøåíèå

Äëèíà âîëíû ñâåòà λ, èçëó÷àåìîãî ïðè ïåðåõîäå ñ îäíîãî
óðîâíÿ ñ êâàíòîâûì ÷èñëîì ni íà äðóãîé óðîâåíü ñ êâàíòî-
âûì ÷èñëîì nf , îïðåäåëÿåòñÿ óñëîâèåì

2π~c
λ

=
me4

2~2

(
1

n2
f

− 1

n2
i

)
, (517)

îòêóäà, ñ ó÷åòîì ðàâåíñòâà

me4

2~2
≈ 13.6 eV. (518)

ïîëó÷àåì
λ ≈ 6 · 10−5 cm. (519)

Çàäà÷à 5. Ñîîòíîøåíèå äå Áðîéëÿ.
Íàéòè äëèíó âîëíû íåéòðîíà (ìàññà íåéòðîíà Mn = 1.7 ·

10−24 ã) ñ ýíåðãèåé 0.025 ýÂ.



121

Íàéòè óãîë ïåðâîãî äèôðàêöèîííîãî ìàêñèìóìà ïðè ðàñ-
ñåÿíèè íåéòðîíîâ ñ òàêîé ýíåðãèåé íà êðèñòàëëå. Ðàññòîÿíèå
ìåæäó àòîìíûìè ïëîñêîñòÿìè êðèñòàëëà d = 1.8 �A
Ðåøåíèå

Äëèíà âîëíû íåéòðîíà λ, ñâÿçàíà ñ åãî ýíåðãèåé E ñîîò-
íîøåíèåì

λ =
2π~√
2MnE

≈ 1.8 · 10−8 cm. (520)

Óãîë θ ïåðâîãî äèôðàêöèîííîãî ìàêñèìóìà ñâÿçàí ñ äëè-
íîé âîëíû íåéòðîíà λ è ïîñòîÿííîé ðåøåòêè êðèñòàëëà d
ñîîòíîøåíèåì

λ = 2d sin θ, (521)

îòêóäà

sin θ =
1

2
→ θ = 30o. (522)

Çàäà÷à 6. Ïîêàçàíà èíòåðôåðåíöèîííàÿ êàðòèíà, ðèñ.59.
Íàéòè äëèíó âîëíû èçëó÷åíèÿ. Ìàñøòàá íà êîîðäèíàòàõ óêà-
çàí â ñì.
Ðåøåíèå

Ðàññòîÿíèå ìåæäó îñíîâíûì è ïåðâûì ìàêñèìóìàìè x íà
èíòåðôåðåíöèîííîé êàðòèíå îïðåäåëÿåòñÿ óñëîâèåì

λ = l2 − l1 =
√
L2 + (x+ d/2)2 −

√
L2 + (x− d/2)2, (523)

ãäå l1, l2 � ðàññòîÿíèå îò ïåðâîé è âòîðîé ùåëè â äèàôðàãìå
äî ïåðâîãî ìàêñèìóìà íà ýêðàíå. Ñ÷èòàÿ, ÷òî âûïîëíÿåòñÿ
óñëîâèå L ≫ x, d (L � ðàññòîÿíèå îò äèàôðàãìû ñî ùåëÿ-
ìè äî ýêðàíà, d � ðàññòîÿíèå ìåæäó ùåëÿìè â äèàôðàãìå),
ïîëó÷àåì

λ = l2 − l1 ≈
xd

L
≈ 0.6 cm, (524)

ãäå èç êàðòèíêè L = 10 cm, x = 3 cm, d = 2 cm.
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Ðèñ. 59. Èíòåðôåðåíöèÿ íà äâóõ ùåëÿõ.

16. Ñîîòíîøåíèå íåîïðåäåëåííîñòåé.

Çàäà÷à 1. Ñ ïîìîùüþ ñîîòíîøåíèÿ íåîïðåäåëåííîñòè Ãåé-
çåíáåðãà îöåíèòü ìèíèìàëüíóþ ýíåðãèþ ÷àñòèöû ìàññîé m
â ïîòåíöèàëå
U(x) = αx4.
Ðåøåíèå

Îáîçíà÷èì íåîïðåäåëåííîñòü êîîðäèíàòû∆x, òîãäà íåîïðå-
äåëåííîñòü èìïóëüñà ∆p & ~/∆x. Çíà÷åíèå ïîëíîé ýíåðãèè
ðàâíî

E =
p2

m
+ αx4 & ~2

m(∆x)2
+ α(∆x)4 (525)

Ìèíèìóì ýòîãî âûðàæåíèÿ äîñòèãàåòñÿ ïðè

(∆x0)
2 ∼

(αm
~2
)1/3

, (526)
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òàê ÷òî

Emin ∼
(
α~4

m2

)1/3

. (527)

Çàäà÷à 2. Ñ ïîìîùüþ ñîîòíîøåíèÿ íåîïðåäåëåííîñòè Ãåé-
çåíáåðãà îöåíèòü ìèíèìàëüíóþ ýíåðãèþ ÷àñòèöû ìàññîé m
â ïîòåíöèàëå

U(x) =

[
−a/x, x > 0
∞, x < 0.

Ðåøåíèå

Îáîçíà÷èì íåîïðåäåëåííîñòü êîîðäèíàòû∆x, òîãäà íåîïðå-
äåëåííîñòü èìïóëüñà ∆p & ~/∆x. Çíà÷åíèå ïîëíîé ýíåðãèè
ðàâíî

E =
p2

m
− a

x
& ~2

m(∆x)2
− a

∆x
. (528)

Ìèíèìóì ýòîãî âûðàæåíèÿ äîñòèãàåòñÿ ïðè

∆x0 ∼
~2

ma
, (529)

òàê ÷òî

Emin ∼ −ma
2

~2
. (530)

17. Îäíîìåðíîå óðàâíåíèå Øðåäèíãåðà.

Çàäà÷à 1. Íàéòè ýíåðãèþ ñâÿçàííîãî ñîñòîÿíèÿ â ïîòåíöèàëå

U(x) =

[
− q2

x
, x > 0

∞, x < 0.

Êàêóþ èç ïðèâåäåííûõ íèæå âîëíîâûõ ôóíêöèé ìîæíî
èñïîëüçîâàòü â êà÷åñòâå ðåøåíèÿ:

a) ψ(x) = Ae−αx; b) ψ(x) = Axe−αx; c) ψ(x) = Ae−αx
2

?
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Íàéòè òàêæå A è α.
Íàéòè x̄, p̄ , δx2 ≡ (x− x̄)2, δp2 ≡ (p− p̄)2.
Âûïîëíÿåòñÿ ëè ñîîòíîøåíèå δx2δp2 > ~2/4?
Ðåøåíèå
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1
=A×exp(−α x)

Ψ
2
=A×x×exp(−α x)

Ψ
3
=A× exp(−α x2)

U(x)

Ðèñ. 60. Âîëíîâûå ôóíêöèè.

Ãðàíè÷íîìó óñëîâèþ ψ(0) = 0 óäîâëåòâîðÿåò òîëüêî îäíà
èç ïðåäëîæåííûõ ôóíêöèé: ψ(x) = Axe−αx, ðèñ.60. Ïîäñòàâ-
ëÿÿ ýòó âîëíîâóþ ôóíêöèþ â óðàâíåíèå Øðåäèíãåðà

− ~2

2m

d2ψ(x)

dx2
− q2

x
ψ(x) = Eψ(x) (531)

ïîëó÷èì

− ~2

2m
(α2x− 2α)− q2 = Ex. (532)

×òîáû ýòî óðàâíåíèå óäîâëåòâîðÿëîñü äëÿ âñåõ çíà÷åíèé x,
äîëæíû îáðàùàòüñÿ â íîëü êîýôôèöèåíòû ïðè âñåõ ñòåïåíÿõ
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ïåðåìåííîé x. Çíà÷èò

α =
mq2

~2
, E = −~2α2

2m
= −mq

4

2~2
. (533)

Èç óñëîâèÿ íîðìèðîâêè

∞∫
0

A2x2e−2αxdx = 1 (534)

èìååì, èñïîëüçóÿ çíà÷åíèå èíòåãðàëà

∞∫
0

yne−ydy = n!, (535)

A2 = 4α3. Âû÷èñëÿåì ñðåäíèå çíà÷åíèÿ x̄, p̄:

x̄ =

∞∫
0

A2x3e−2αxdx =
3

2α
, (536)

p̄ = −i~A2

∞∫
0

e−2αx(x− αx2)dx = 0. (537)

Àíàëîãè÷íî

x̄2 =

∞∫
0

A2x4e−2αxdx =
3

α2
, (538)

p̄2 = −~2A2

∞∫
0

e−2αx(α2x2 − 2αx)dx = ~2α2. (539)

Íàõîäèì

δx2δp2 =
(
x̄2 − (x̄)2

)
·
(
p̄2 − (p̄)2

)
=

3

4
~2 >

1

4
~2. (540)



126 17. Îäíîìåðíîå óðàâíåíèå Øðåäèíãåðà.

Çàäà÷à 2. Íàéòè ýíåðãèþ ñâÿçàííîãî ñîñòîÿíèÿ â ïî-
òåíöèàëå

U(x) =

[
−Gδ(x− a), x > 0

∞, x < 0.

Ðåøåíèå

0 0.5 1 1.5 2 2.5 3 3.5 4
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x 10
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x/a

Ψ
(x
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Ψ(x), α−1=0.5
Ψ(x), α−1=4.5
U(x)=−G δ(x−a)

Ðèñ. 61. Âèä âîëíîâûõ ôóíêöèé äëÿ äâóõ çíà÷åíèé ñèëû δ-ïîòåíöèàëà, α =
2mGa/~2.

Âîëíîâóþ ôóíêöèþ ψ(x) â îáëàñòè 0 < x < a èùåì â âèäå

ψ1(x) = A sh(kx), (541)

à â îáëàñòè x > a â âèäå

ψ2(x) = Be−kx, (542)

÷òîáû óäîâëåòâîðèòü ãðàíè÷íûì óñëîâèÿì ψ(0) = 0, ψ(∞) =
0, ðèñ. 61. Îáå âîëíîâûå ôóíêöèè óäîâëåòâîðÿþò ñâîáîäíîìó
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óðàâíåíèþ Øðåäèíãåðà ïðè x ̸= a.

− ~2

2m

d2ψ1,2(x)

dx2
= Eψ1,2(x), (543)

îòêóäà

E = −~2k2

2m
. (544)

Èç íåïðåðûâíîñòè âîëíîâîé ôóíêöèè ïðè x = a ïîëó÷àåì

A sh(ka) = Be−ka. (545)

Ïåðâàÿ ïðîèçâîäíàÿ âîëíîâîé ôóíêöèè ïðè x = a èñïû-
òûâàåò ñêà÷îê, êîòîðûé íàõîäèòñÿ èíòåãðèðîâàíèåì óðàâíå-
íèÿ Øðåäèíãåðà:

− ~2

2m

a+ε∫
a−ε

d2ψ(x)

dx2
dx−G

a+ε∫
a−ε

δ(x− a)ψ(x)dx = E

a+ε∫
a−ε

ψ(x)dx.

(546)
Îòêóäà

− ~2

2m

(
dψ2(x)

dx

∣∣∣
x=a

− dψ1(x)

dx

∣∣∣
x=a

)
= Gψ2(x = a). (547)

Ïîëó÷àåì åùå îäíî óðàâíåíèå

Be−ka + A ch(ka) =
2mG

k~2
Be−ka. (548)

Ïîäñòàâëÿÿ â ýòî óðàâíåíèå Be−ka = A sh(ka), ïîëó÷èì óðàâ-
íåíèå

th(ka) =
ka

(2mGa/~2)− ka
. (549)

Ýòî óðàâíåíèå èìååò ðåøåíèå ëèøü ïðè óñëîâèè

2mGa

~2
> 1, (550)

÷òî ÿâëÿåòñÿ óñëîâèåì îáðàçîâàíèÿ ñâÿçàííîãî ñîñòîÿíèÿ, ðèñ. 62.
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Ðèñ. 62. Çàâèñèìîñòü âîëíîâîãî âåêòîðà k îò
ñèëû δ-ïîòåíöèàëà, α = 2mGa/~2.

Ïðè íåáîëüøîì ïðå-
âûøåíèè ýòîãî ïðåäåëà
âåëè÷èíà ka ≪ 1. Èñ-
ïîëüçóÿ ðàçëîæåíèå
thx ≈ x, ïîëó÷àåì

k ≈ 1

a

(
2mGa

~2
− 1

)
.

(551)
Â äðóãîì ïðåäåëüíîì
ñëó÷àå

2mGa

~2
≫ 1, (552)

íàïðèìåð ïðè a→ ∞, ïîëó÷àåì th ka ≈ 1, îòêóäà

ka =
mGa

~2
→ E = −~2k2

2m
= −mG

2

2~2
(553)

ïîëó÷àåòñÿ ðåçóëüòàò äëÿ îäèíî÷íîé ÿìû.

18. Ôîðìàëèçì êâàíòîâîé ìåõàíèêè

Çàäà÷à 1. Äîêàçàòü ñîîòíîøåíèå(
ÂB̂...Ẑ

)†
= Ẑ†...B̂†Â† (554)

Ðåøåíèå

Äîêàæåì ñíà÷àëà äëÿ äâóõ îïåðàòîðîâ. Ïî îïðåäåëåíèþ
ýðìèòîâî ñîïðÿæåííîãî îïåðàòîðà èìååì

⟨ψ1|Â|ψ2⟩ = ⟨Â†ψ1|ψ2⟩ = ⟨ψ2|Â†|ψ1⟩∗. (555)

Èñïîëüçóÿ îáîçíà÷åíèå

|ϕ⟩ = B̂|ψ2⟩ (556)
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è åãî ýðìèòîâî ñîïðÿæåííîå âûðàæåíèå

⟨ϕ| = ⟨ψ2|B̂†, (557)

ïîëó÷èì

⟨ψ1|ÂB̂|ψ2⟩ = ⟨ψ1|Â|ϕ⟩ = ⟨ϕ|Â†|ψ1⟩∗ = ⟨ψ2|B̂†Â†|ψ1⟩∗. (558)

Ñðàâíèâàÿ ñ îïðåäåëåíèåì ýðìèòîâî ñîïðÿæåííîãî îò ïðîèç-
âåäåíèÿ ÂB̂

⟨ψ1|ÂB̂|ψ2⟩ = ⟨ψ2|
(
ÂB̂
)†

|ψ1⟩∗, (559)

èìååì (
ÂB̂
)†

= B̂†Â†. (560)

Äëÿ áîëüøåãî ÷èñëà îïåðàòîðîâ äîêàçàòåëüñòâî ïðîâîäèòñÿ
àíàëîãè÷íî, íàïðèìåð(

ÂB̂Ĉ
)†

= Ĉ†
(
ÂB̂
)†

= Ĉ†B̂†Â†. (561)

Çàäà÷à 2. Äîêàçàòü. ÷òî ïðîèçâåäåíèå D̂ = ÂB̂ ýðìèòî-
âûõ îïåðàòîðîâ (Â† = Â, B̂† = B̂) áóäåò ýðìèòîâî (D̂† = D̂),
òîëüêî åñëè îíè êîììóòèðóþò: [Â, B̂] = 0.
Ðåøåíèå

Ïî óñëîâèþ çàäà÷è(
ÂB̂
)†

= B̂†Â† = B̂Â = ÂB̂ (562)

Îòêóäà
[Â, B̂] = ÂB̂ − B̂Â = 0. (563)

Çàäà÷à 3. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíê-
öèè ãàìèëüòîíèàíà ÷àñòèöû ìàññûM , äâèæóùåéñÿ ïî îêðóæ-
íîñòè ðàäèóñà R.
Ðåøåíèå
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Ñòàöèîíàðíîå óðàâíåíèå Øðåäèíãåðà â ïîëÿðíûõ êîîðäè-
íàòàõ

− ~2

2MR2

d2ψm
dϕ2

= Emψm (564)

èìååò ðåøåíèÿ
ψm(ϕ) = Aeiαmϕ. (565)

Èç óñëîâèÿ ïåðèîäè÷íîñòè âîëíîâîé ôóíêöèè

ψm(ϕ+ 2πm) = ψm(ϕ), (566)

ãäå m = 0,±1,±2, ..., ñëåäóåò óñëîâèå αm = m. Óðîâíè ýíåð-
ãèè ðàâíû

Em =
~2m2

2MR2
, m = 0,±1,±2, ... (567)

è èìåþò äâóêðàòíîå âûðîæäåíèå, èñêëþ÷àÿ îñíîâíîå ñîñòî-
ÿíèå m = 0. Èç óñëîâèÿ íîðìèðîâêè âîëíîâûõ ôóíêöèé

2π∫
0

|ψm|2dϕ = 1 (568)

íàõîäèì A = 1/
√
2π.

Çàäà÷à 4. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíê-
öèè ãàìèëüòîíèàíà äâóõóðîâíåâîé ñèñòåìû:

Ĥ = V

(
2 + ε 1− ε
1− ε 2 + 2ε

)
, (569)

ãäå V = Const è ε≪ 1.
Ðåøåíèå Ðåøàÿ ñèñòåìó óðàâíåíèé(

(2 + ε)V − λ (1− ε)V
(1− ε)V (2 + 2ε)V − λ

)(
a1
a2

)
= 0, (570)

íàõîäèì ñ òî÷íîñòüþ äî ÷ëåíîâ 1-ãî ïîðÿäêà ïî ε

λ2 − V (4 + 3ε) + V 2(3 + 8ε) = 0, (571)
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îòêóäà ñîáñòâåííûå çíà÷åíèÿ ðàâíû

λ1 = V
(
3 +

ε

2

)
, λ2 = V

(
1 +

5ε

2

)
. (572)

Äëÿ ñîáñòâåííîãî çíà÷åíèÿ λ1 ïîëó÷àåì èç ïåðâîãî óðàâíå-
íèÿ ñèñòåìû ñîîòíîøåíèÿ ìåæäó êîýôôèöèåíòàìè

a2 = a1
1− ε/2

1− ε
≈ a1

(
1 +

ε

2

)
. (573)

Èç óñëîâèÿ íîðìèðîâêè ñîáñòâåííîãî âåêòîðà

a21 + a22 = 1 (574)

ïîëó÷àåì

a21

[
1 +

(
1 +

ε

2

)2]
= 1. (575)

Òîãäà

a1 ≈
1√
2 + ε

≈ 1√
2

(
1− ε

4

)
, a2 ≈

1√
2

(
1 +

ε

4

)
. (576)

Òàêèì îáðàçîì ñîáñòâåííûé âåêòîð äëÿ λ1 = V (3 + ε/2) ðà-
âåí

|Ψ1⟩ =
1√
2

(
1− ε/4
1 + ε/4

)
. (577)

Äëÿ ñîáñòâåííîãî çíà÷åíèÿ λ2 ïîëó÷àåì èç ïåðâîãî óðàâíå-
íèÿ ñèñòåìû ñîîòíîøåíèÿ ìåæäó êîýôôèöèåíòàìè

a2 = −a1
1− 3ε/2

1− ε
≈ −a1

(
1− ε

2

)
. (578)

Òîãäà

a1 ≈
1√
2− ε

≈ 1√
2

(
1 +

ε

4

)
, a2 ≈

1√
2

(
−1 +

ε

4

)
. (579)
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Òàêèì îáðàçîì ñîáñòâåííûé âåêòîð äëÿ λ2 = V (1 + 5ε/2)
ðàâåí

|Ψ2⟩ =
1√
2

(
1 + ε/4
−1 + ε/4

)
. (580)

Ðàçíûì ñîáñòâåííûì çíà÷åíèÿì ñîîòâåòñòâóþò îðòîãîíàëü-
íûå âåêòîðû:

⟨Ψ1|Ψ2⟩ =
1

2
(1− ε/4, 1 + ε/4)

(
1 + ε/4
−1 + ε/4

)
≈ 0. (581)

Çàäà÷à 5. Íàéòè âîëíîâûå ôóíêöèè è óðîâíè ýíåðãèè
÷àñòèöû ìàññîé m, äâèæåíèå êîòîðîé ïðîèñõîäèò â ïðÿìî-
óãîëüíîé îáëàñòè ðàçìåðîì Lx × Ly.
Ðåøåíèå

Ðèñ. 63. Âèä êâàäðàòîâ ìîäóëåé âîëíîâûõ ôóíêöèé îñíîâíîãî è 1-ãî âîçáóæäåí-
íîãî óðîâíåé.

Äâóìåðíîå óðàâíåíèå Øðåäèíãåðà

− ~2

2m

(
d2

dx2
+

d2

dy2

)
Ψ(x, y) = EΨ(x, y) (582)
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èìååò ðåøåíèå âèäà

Ψ(x, y) = ψ1(x)ψ2(y), (583)

ãäå êàæäàÿ èç ôóíêöèé óäîâëåòâîðÿåò ñîîòâåòñòâóþùåìó îä-
íîìåðíîìó óðàâíåíèþ

− ~2

2m

d2ψ1(x)

dx2
= E1ψ1(x), − ~2

2m

d2ψ2(y)

dy2
= E2ψ2(y) (584)

ñ ãðàíè÷íûìè óñëîâèÿìè

ψ1(x = 0, Lx) = 0, ψ2(y = 0, Ly) = 0. (585)

Òàê ÷òî ðåøåíèåì áóäóò âîëíîâûå ôóíêöèè

Ψ(x, y) =
2√
LxLy

sin

(
πnxx

Lx

)
sin

(
πnyy

Ly

)
, nx, ny = 1, 2, 3...,

(586)
à óðîâíè ýíåðãèè ðàâíû

E(nx, ny) =
π2~2

2m

(
n2
x

L2
x

+
n2
y

L2
y

)
, nx, ny = 1, 2, 3..., (587)

Íà ðèñ.63 ïðèâåäåíû êâàäðàòû ìîäóëåé âîëíîâûõ ôóíêöèé
îñíîâíîãî è 1-ãî âîçáóæäåííîãî ñîñòîÿíèé.

19. Ãàðìîíè÷åñêèé îñöèëëÿòîð.

Çàäà÷à 1. Íàéòè óðîâíè ýíåðãèè â ïîòåíöèàëå

U(x) =

[
1
2
mω2x2, x > 0
∞, x < 0.

Ðåøåíèå
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Ðèñ. 64. Âèä âîëíîâûõ ôóíêöèé.

Äëÿ äàííîãî ïîòåíöèàëà âîëíîâûå ôóíêöèè äîëæíû óäî-
âëåòâîðÿòü ãðàíè÷íîìó óñëîâèþ ψ(0) = 0. Çíà÷èò ðåøåíè-
åì óðàâíåíèÿ Øðåäèíãåðàñ òàêèì ïîòåíöèàëîì áóäóò ðåøå-
íèÿ äëÿ ãàðìîíè÷åñêîãî ïîòåíöèàëà äëÿ íå÷åòíûõ çíà÷åíèé
êâàíòîâîãî ÷èñëà n = 1, 3, 5, ... è ýíåðãèåé En = ~ω(n + 1/2),
ðèñ. 64.
Çàäà÷à 2. Íàéòè óðîâíè ýíåðãèè çàðÿæåííîé ÷àñòèöû â

îäíîðîäíîì ìàãíèòíîì ïîëå B0. Ñîáñòâåííûé ìàãíèòíûé ìî-
ìåíò ÷àñòèöû íå ó÷èòûâàòü. Ãàìèëüòîíèàí âçàèìîäåéñòâèÿ
çàðÿæåííîé ÷àñòèöû ñ ìàãíèòíûì ïîëåì èìååò âèä

Ĥ =
(p̂− eA/c)2

2m
,

ãäå e�çàðÿä, m�ìàññà ÷àñòèöû, c� ñêîðîñòü ñâåòà. Óêàçàíèå:
âåêòîðíûé ïîòåíöèàë âûáðàòü â âèäå A = (0, xB0, 0), ñâåñòè
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óêàçàííûé ãàìèëüòîíèàí ê ãàìèëüòîíèàíó ãàðìîíè÷åñêîãî
îñöèëëÿòîðà.
Ðåøåíèå

Ïåðåïèøåì ãàìèëüòîíèàí â âèäå

Ĥ =
p̂2x
2m

+
e2B2

0(x− cp̂y/(eB0))
2

2mc2
+

p̂2z
2m

. (588)

Îïðåäåëèì íîâóþ ïåðåìåííóþ x′ = x− cp̂y/(eB0). Òîãäà

Ĥ =
p̂2x
2m

+
mω2x′2

2
+

p̂2z
2m

, (589)

ãäå ω = eB0/(mc). Êîììóòàòîð íîâîé êîîðäèíàòû x′ ñ x�
êîìïîíåíòîé èìïóëüñà

[x′, p̂x] = [x− cp̂y/(eB0), p̂x] = i~ (590)

îñòàåòñÿ ïðåæíåé, òîê ÷òî ïåðâûå äâà ÷ëåíà èìåþò âèä ãà-
ìèëüòîíèàíà ãàðìîíè÷åñêîãî îñöèëëÿòîðà è óðîâíè ýíåðãèè
çàðÿæåííîé ÷àñòèöû â îäíîðîäíîì ìàãíèòíîì ïîëå ðàâíû

E =
~eB0

mc
(n+ 1/2) +

p2z
2m

, (591)

n = 0, 1, 2, ...
Çàäà÷à 3. Íàéòè óðîâíè ýíåðãèè ÷àñòèöû ìàññîém, áëèç-

êèå ê ýíåðãèè îñíîâíîãî ñîñòîÿíèÿ, â ïîòåíöèàëå Ìîðçå:

U(x) = U0

(
e−2βx − 2e−βx

)
.

Ñðàâíèòü ñ òî÷íûì ðåøåíèåì:

En = −U0

[
1− β~√

2mU0

(n+ 1/2)

]2
,

ãäå n = 0, 1, 2, ....
Ðåøåíèå
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Ðèñ. 65. Íèæíèå óðîâíè ýíåðãèè â ïîòåíöèàëå Ìîðçå U è åãî êâàäðàòè÷íîì
ïðèáëèæåíèè Uapprox.

Âáëèçè ìèíèìóìà, ðàñïîëîæåííîãî â òî÷êå x = 0,

dU

dx
= U0

(
−2βe−2βx + 2βe−βx

)
= 0 → x = 0, (592)

ïîòåíöèàë ìîæíî ðàçëîæèòü äî êâàäðàòè÷íûõ ÷ëåíîâ

U(x) ≈ U(0) +
d2U

dx2

∣∣∣
x=0

x2

2
= −U0 + β2U0x

2. (593)

Ýòîò ïîòåíöèàë ñîâïàäàåò ñ ïîòåíöèàëîì ãàðìîíè÷åñêîãî îñ-
öèëëÿòîðà ñ ÷àñòîòîé

ω =

√
2β2U0

m
. (594)

Çíà÷èò óðîâíè ýíåðãèè â ïîòåíöèàëå Ìîðçå âáëèçè îñíîâíîãî
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ñîñòîÿíèÿ ïðèáëèæåííî ðàâíû

En = −U0 + ~ω(n+ 1/2) = −U0 + ~β
√

2U0

m
(n+ 1/2), (595)

ðèñ. 65. Ýòîò ðåçóëüòàò ñîãëàñóåòñÿ ñ òî÷íûì ïðè óñëîâèè

~β
√
U0

m
≫ 1. (596)

Çàäà÷à 4. Íàéòè óðîâíè ýíåðãèè ÷àñòèöû ìàññîém, áëèç-
êèå ê ýíåðãèè îñíîâíîãî ñîñòîÿíèÿ, â ïîòåíöèàëå:

U(x) = − U0

ch2(αx)
.

Ñðàâíèòü ñ òî÷íûì ðåøåíèåì:

En = −~2α2

8m

[√
1 +

8mU0

α2~2
− (2n+ 1)

]2
,

ãäå n = 0, 1, 2, ....
Ðåøåíèå

Âáëèçè ìèíèìóìà, ðàñïîëîæåííîãî â òî÷êå x = 0,

dU

dx
= −U0

α sh(2αx)

ch3(αx)
= 0 → x = 0, (597)

ïîòåíöèàë ìîæíî ðàçëîæèòü äî êâàäðàòè÷íûõ ÷ëåíîâ

U(x) ≈ −U(0) 1

(1 + α2x2/2)2
≈ −U0(1− α2x2). (598)

Ýòîò ïîòåíöèàë ñîâïàäàåò ñ ïîòåíöèàëîì ãàðìîíè÷åñêîãî îñ-
öèëëÿòîðà ñ ÷àñòîòîé

ω =

√
2α2U0

m
. (599)
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Ðèñ. 66. Íèæíèå óðîâíè ýíåðãèè â ïîòåíöèàëå U = −U0/ch
2(αx) è åãî êâàä-

ðàòè÷íîì ïðèáëèæåíèè Uapprox.

Çíà÷èò óðîâíè ýíåðãèè âáëèçè îñíîâíîãî ñîñòîÿíèÿ ïðèáëè-
æåííî ðàâíû

En = −U0 + ~ω(n+ 1/2) = −U0 + ~α
√

2U0

m
(n+ 1/2), (600)

ðèñ. 66. Ýòîò ðåçóëüòàò ñîãëàñóåòñÿ ñ òî÷íûì ïðè óñëîâèè

~α
√
U0

m
≫ 1. (601)

20. Âàðèàöèîííûé ìåòîä.

Çàäà÷à 1. Èñïîëüçóÿ âàðèàöèîííûé ìåòîä ñ ïðîáíîé âîëíî-
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âîé ôóíêöèåé
ψ(x) = Bxe−β|x|,

íàéòè ýíåðãèþ ñîñòîÿíèÿ äëÿ ãàðìîíè÷åñêîãî îñöèëëÿòîðà

U(x) =
1

2
mω2x2.

Ñðàâíèòü ñ òî÷íûì çíà÷åíèåì (êàêèì?)
Ðåøåíèå

Äàííàÿ âîëíîâàÿ ôóíêöèÿ îáðàùàåòñÿ â íîëü îäèí ðàç â
òî÷êå x = 0, ñëåäîâàòåëüíî ñîîòâåòñòâóåò ïåðâîìó âîçáóæ-
äåííîìó ñîñòîÿíèþ. Óñëîâèå íîðìèðîâêè

+∞∫
−∞

∣∣∣ψ∣∣∣2dx = 2B2

+∞∫
0

e−2βxx2dx = 1 (602)

äàåò B2 = 2β3. Ñðåäíÿÿ êèíåòè÷åñêàÿ ýíåðãèÿ ðàâíà

T̄ =
1

2m

+∞∫
−∞

∣∣∣p̂ψ∣∣∣2dx =
~2B2

m

+∞∫
0

e−2βx(1− βx)2dx =
~2β2

2m
.

(603)
Ñðåäíÿÿ ïîòåíöèàëüíàÿ ýíåðãèÿ ðàâíà

Ū = mω2B2

+∞∫
0

e−2βxx4dx =
3mω2

2β2
. (604)

Ìèíèìèçèðóÿ ïîëíóþ ýíåðãèþ

E =
~2β2

2m
+

3mω2

2β2
(605)

ïî ïîäãîíî÷íîìó ïàðàìåòðó β, íàõîäèì

Emin =
√
3~ω ≈ 1.7~ω. (606)
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Âàðèàöèîííàÿ îöåíêà ïðèìåðíî íà 15% ïðåâûøàåò òî÷íîå
çíà÷åíèå E = 1.5~ω.
Çàäà÷à 2. Èñïîëüçóÿ âàðèàöèîííûé ìåòîä ñ ïðîáíîé âîë-

íîâîé ôóíêöèåé
ψ(x) = Be−βx

2

,

íàéòè ýíåðãèþ îñíîâíîãî ñîñòîÿíèÿ äëÿ àíãàðìîíè÷åñêîãî
îñöèëëÿòîðà

U(x) = Ax4.

Ñðàâíèòü ñ ÷èñëåííûì çíà÷åíèåì 0.668A1/3~4/3/m2/3.
Ðåøåíèå

Óñëîâèå íîðìèðîâêè âîëíîâîé ôóíêöèè

+∞∫
−∞

∣∣∣ψ∣∣∣2dx = B2

+∞∫
−∞

e−2βx2x2dx = B2

√
π

2β
= 1 (607)

äàåò B2 =
√
2β/π. Ñðåäíÿÿ êèíåòè÷åñêàÿ ýíåðãèÿ ðàâíà

T̄ =
1

2m

+∞∫
−∞

∣∣∣p̂ψ∣∣∣2dx =
~2B2

2m

+∞∫
−∞

e−2βx24β2x2dx =
~2β
2m

. (608)

Ñðåäíÿÿ ïîòåíöèàëüíàÿ ýíåðãèÿ ðàâíà

Ū = AB2

+∞∫
−∞

e−2βx2x4dx =
3AB2

√
π

4(2β)5/2
=

3A

16β2
. (609)

Ìèíèìèçèðóÿ ïîëíóþ ýíåðãèþ

E =
~2β
2m

+
3A

16β2
(610)

ïî ïîäãîíî÷íîìó ïàðàìåòðó β, íàõîäèì

Emin =
3(6)1/3

8
A1/3~4/3/m2/3 ≈ 0.681A1/3~4/3/m2/3. (611)
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Âàðèàöèîííàÿ îöåíêà ïðèìåðíî íà 2% ïðåâûøàåò ÷èñëåííîå
çíà÷åíèå E = 0.668A1/3~4/3/m2/3.
Çàäà÷à 3. Èñïîëüçóÿ âàðèàöèîííûé ìåòîä ñ ïðîáíîé âîë-

íîâîé ôóíêöèåé
ψ(x) = Axe−αx

2/2,

íàéòè ýíåðãèþ îñíîâíîãî ñîñòîÿíèÿ â ïîòåíöèàëå

U(x) =

[
mgx, x > 0
∞, x < 0.

Ñðàâíèòü ñ ÷èñëåííûì çíà÷åíèåì 1.856(mg2~2)1/3.
Ðåøåíèå

Óñëîâèå íîðìèðîâêè âîëíîâîé ôóíêöèè

+∞∫
0

∣∣∣ψ∣∣∣2dx = A2

+∞∫
0

e−αx
2

x2dx =
A2

2

(
− d

dα

)√
π

α
=
A2

√
π

4α3/2
= 1

(612)
äàåò A2 = 4α3/2/

√
π. Ñðåäíÿÿ êèíåòè÷åñêàÿ ýíåðãèÿ ðàâíà

T̄ =
1

2m

+∞∫
0

∣∣∣p̂ψ∣∣∣2dx =
~2A2

2m

+∞∫
0

(1−2αx2+α2x4)e−αx
2

dx =
3~2α
4m

.

(613)
Ñðåäíÿÿ ïîòåíöèàëüíàÿ ýíåðãèÿ ðàâíà

Ū = mgA2

+∞∫
0

e−αx
2

x3dx =
A2

2α2
=

2mg√
πα

. (614)

Ìèíèìèçèðóÿ ïîëíóþ ýíåðãèþ

E =
3~2α
4m

+
2mg√
πα

(615)



142 21. Îäíîìåðíîå ðàññåÿíèå.

ïî ïîäãîíî÷íîìó ïàðàìåòðó α, íàõîäèì

α0 =

(
4m2g

3π~2

)2/3

(616)

òàê ÷òî

Emin = 3

(
3

4π

)2/3 (
mg2~2

)1/3 ≈ 1.861
(
mg2~2

)1/3
. (617)

21. Îäíîìåðíîå ðàññåÿíèå.

Çàäà÷à 1. Íàéòè ñ ýêñïîíåíöèàëüíîé òî÷íîñòüþ êîýôôèöè-
åíò ïðîõîæäåíèå ïîòåíöèàëüíîãî áàðüåðà

U(x) =

[
U0(1− x/a), x > 0

0, x < 0

÷àñòèöåé ìàññû m ñ ýíåðãèåé E < U0.
Ðåøåíèå

Êîýôôèöèåíò ïðîõîæäåíèÿ áàðüåðà ðàâåí

D ≈ exp

−2
√
2m

~

x0∫
0

√
U(x)− Edx

 , (618)

ãäå x0 - ïðàâàÿ ãðàíèöà êëàññè÷åñêè íåäîñòóïíîé îáëàñòè
áàðüåðà, ðèñ.67, îïðåäåëÿåìàÿ ñîîòíîøåíèåì

E = U0(1− x0/a). (619)

Èíòåãðàë
x0∫
0

√
U(x)− Edx (620)
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Ðèñ. 67. Òóííåëèðîâàíèå ÷àñòèöû.

ñ ïîìîùüþ çàìåíû x = ay ïðèâîäèòñÿ ê âèäó

√
U0a

y0∫
0

√
y0 − ydy =

2

3

√
U0a

(
U0 − E

U0

)3/2

. (621)

Â èòîãå êîýôôèöèåíò ïðîõîæäåíèÿ áàðüåðà ðàâåí

D ≈ exp

(
−4a

√
2m

3~U0

(U0 − E)3/2

)
, (622)

Çàäà÷à 2. Íàéòè ñ ýêñïîíåíöèàëüíîé òî÷íîñòüþ êîýôôè-
öèåíò ïðîõîæäåíèå ïîòåíöèàëüíîãî áàðüåðà

U(x) =

[
U0(1− x2/R2), |x| < R

0, |x| > R
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÷àñòèöåé ìàññû m ñ ýíåðãèåé E < U0.
Ðåøåíèå

Êîýôôèöèåíò ïðîõîæäåíèÿ áàðüåðà ðàâåí

D ≈ exp

−2
√
2m

~

x0∫
−x0

√
U(x)− Edx

 , (623)

ãäå ±x0 - ëåâàÿ è ïðàâàÿ ãðàíèöû êëàññè÷åñêè íåäîñòóïíîé
îáëàñòè áàðüåðà, ðèñ.68, îïðåäåëÿåìàÿ ñîîòíîøåíèåì

E = U0(1− x20/R
2). (624)
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Ðèñ. 68. Òóííåëèðîâàíèå ÷àñòèöû.

Èíòåãðàë
x0∫
0

√
U(x)− Edx =

√
U0

x0∫
0

√
x20 − x2dx (625)
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ñ ïîìîùüþ çàìåíû x = x0 sin u ïðèâîäèòñÿ ê âèäó

π
√
2mU0

~R
x20 (626)

Â èòîãå êîýôôèöèåíò ïðîõîæäåíèÿ áàðüåðà ðàâåí

D ≈ exp

(
−π

√
2mR

~
√
U0

(U0 − E)

)
, (627)

22. Êâàçèêëàññè÷åñêîå ïðèáëèæåíèå.

Çàäà÷à 1. Íàéòè â êâàçèêëàññè÷åñêîì ïðèáëèæåíèè óðîâíè
ýíåðãèè â ïîòåíöèàëå U(x) = F |x|.
Ðåøåíèå

Âîëíîâîé âåêòîð îïðåäåëÿåòñÿ âûðàæåíèåì

k(x) =

√
2m

~
√
E − F |x| =

√
2mF

~
√
x0 − x, (628)

ãäå êëàññè÷åñêèå òî÷êè ïîâîðîòà ±x0 îïðåäåëÿþòñÿ ýíåðãèåé
E = Fx0.

Âû÷èñëÿÿ èíòåãðàë

√
2mF

~

x0∫
−x0

√
x0 − |x|dx =

4
√
2mE3/2

3~F
= π

(
n+

1

2

)
, (629)

ïîëó÷àåì

E =

[
3π~F
4
√
2m

(
n+

1

2

)]2/3
, n = 0, 1, 2, ... . (630)

Çàäà÷à 2. Íàéòè â êâàçèêëàññè÷åñêîì ïðèáëèæåíèè óðîâ-
íè ýíåðãèè â ïîòåíöèàëå U(x) = U0(x/a)

4.
Ðåøåíèå
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Ðèñ. 69. Âèä âîëíîâîé ôóíêöèè äëÿ ïîòåíöèàëà U(x) = F |x|.

Âîëíîâîé âåêòîð îïðåäåëÿåòñÿ âûðàæåíèåì

k(x) =

√
2m

~
√
E − U0(x/a)4 =

√
2mU0

~a2
√
x40 − x4, (631)

ãäå êëàññè÷åñêèå òî÷êè ïîâîðîòà ±x0 îïðåäåëÿþòñÿ ýíåðãèåé
E = U0x

4
0/a

4.
Ïîëó÷àåì

√
2mU0

~a2

x0∫
−x0

√
x40 − x4dx =

I0
√
2maE3/4

~U1/4
0

, (632)

ãäå çíà÷åíèå èíòåãðàëà

I0 =

1∫
−1

√
1− y4dy ≈ 1.74802. (633)
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Ðèñ. 70. Âèä âîëíîâîé ôóíêöèè äëÿ ïîòåíöèàëà U(x) = U0(x/a)
4.

Îòêóäà íàõîäèì

E =

[
π~U1/4

0√
2maI0

(
n+

1

2

)]4/3
, n = 0, 1, 2, ... . (634)

23. Ïåðèîäè÷åñêèé ïîòåíöèàë. Òåîðåìà Áëî-

õà.

Çàäà÷à 1. Íàéòè óðîâíè ýíåðãèè ÷àñòèöû ìàññîé m â ïåðè-
îäè÷åñêîì ïîòåíöèàëå

U(x) =
∑

n=0,±1,±2,...

Gδ(x+ na) (635)
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Ðåøåíèå

Âîëíîâàÿ ôóíêöèÿ â îáëàñòè 0 < x < a èìååò âèä

ψ1(x) = Aeikx +Be−ikx, (636)

ãäå âîëíîâîé âåêòîð k ñâÿçàí ñ ýíåðãèåé ñîîòíîøåíèåì

E =
~2k2

2m
. (637)

Â ñèëó ïåðèîäè÷íîñòè ïîòåíöèàëà âîëíîâàÿ ôóíêöèÿ â ñî-
ñåäíåé îáëàñòè a < x < 2a

ψ2(x+ a) = eiqaψ1(x). (638)

Âîëíîâàÿ ôóíêöèÿ ψ1(x) íà ïðàâîé ãðàíèöå x = a ðàâíà âîë-
íîâîé ôóíêöèè ψ2(x+ a) íà ëåâîé ãðàíèöå x = 0:

ψ1(x = a) = Aeika +Be−ika = ψ2(x = 0) = eiqa(A+B), (639)

à ïåðâûå ïðîèçâîäíûå èñïûòûâàþò ñêà÷îê:

dψ2

dx

∣∣∣
x=0

− dψ1

dx

∣∣∣
x=a

=
2mG

~2
ψ1(x = a). (640)

Ïîëó÷àåì ñèñòåìó óðàâíåíèé:

Aeika +Be−ika = eiqa(A+B) (641)

ikeiqa (A−B)− ik
(
Aeika −Be−ika

)
=

2mG

~2
(
Aeika +Be−ika

)
.

(642)
Îòêóäà

A
(
1− e−iqaeika

)
= B

(
e−iqae−ika − 1

)
(643)

A
(
ikaeiqa − ikaeika − 2∆eika

)
= B

(
ikaeiqa − ikae−ika + 2∆e−ika

)
,

(644)
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ãäå ââåäåíî îáîçíà÷åíèå ∆ = mGa/~2. Èñêëþ÷àÿ êîýôôèöè-
åíòû A è B, ïîëó÷èì óðàâíåíèå

cos(qa) = cos(ka) + ∆
sin(ka)

ka
. (645)

Ýòî óðàâíåíèå èìååò ðåøåíèå íå ïðè âñåõ çíà÷åíèÿõ âåëè-
÷èíû ka (è çíà÷èò íå äëÿ âñåõ çíà÷åíèé ýíåðãèè ÷àñòèöû),
à òîëüêî â òåõ îáëàñòÿõ (ýíåðãåòè÷åñêèõ çîíàõ), ãäå ïðàâàÿ
÷àñòü ïî ìîäóëþ íå ïðåâûøàåò åäèíèöó. Ïðàâàÿ ãðàíèöà l-îé
çîíû ðàñïîëîæåíà â òî÷êàõ ka = lπ, (l = 1, 2, ...), à ïîëîæå-
íèå ëåâîé ãðàíèöû ñóùåñòâåííî çàâèñèò îò çíà÷åíèÿ áåçðàç-
ìåðíîãî ïàðàìåòðà ∆.

0 1 2 3 4 5
−3

−2

−1

0

1

2

3

ka/π

co
s(

ka
)+

∆ 
× s

in
(k

a)
/k

a ∆=5

Ðèñ. 71. Ðàçðåøåííûå çíà÷åíèÿ ka (êðàñíàÿ ëèíèÿ) äëÿ ∆ = 5.

Äëÿ ∆ ≫ 1 (âûñîêèé áàðüåð, ðèñ. 71) ëåâàÿ ãðàíèöà ïåð-
âîé çîíû ðàñïîëîæåíà áëèçêî îò ïðàâîé. Ïîëàãàÿ ka = π− δ,
ãäå δ ≪ 1, ïîëó÷èì ñ òî÷íîñòüþ äî ÷ëåíîâ ïåðâîãî ïîðÿäêà
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ïî δ:

cos(qa) ≈ −1 +
∆δ

π
→ δ =

π

∆
(1 + cos(qa)) , (646)

îòêóäà ýíåðãèÿ ðàâíà

E =
~2k2

2m
≈ ~2π2

2ma2
− ~2π2

ma2∆
cos(qa). (647)

Çíà÷èò øèðèíà 1-îé ýíåðãåòè÷åñêîé çîíû ðàâíà

E1max − E1min ≈ 2~2π2

ma2∆
. (648)

Âáëèçè ìèíèìóìà ýíåðãèè, ãäå qa≪ 1, èìååì

E ≈ ~2π2

2ma2
+

~2π2q2

2m∆
=

~2π2

2ma2
+

~2q2

2meff

, (649)

ãäå â ïîñëåäíåì ðàâåíòñâå ââåäåíà ýôôåêòèâíàÿ ìàññà ÷à-
ñòèöû

meff ≡
m∆

π2
≫ m. (650)

Â ñëó÷àå ∆ ≪ 1 (íèçêèé áàðüåð, ðèñ. 72) ëåâàÿ ãðàíèöà
1-îé ýíåðãåòè÷åñêîé çîíû îïðåäåëÿåòñÿ óðàâíåíèåì

1 ≈ 1− (k0a)
2

2
+ ∆ → k0a ≈

√
2∆. (651)

Çíà÷èò âáëèçè ìèíèìóìà ýíåðãèè, ãäå qa≪ 1, èìååì

1− (qa)2

2
≈ 1− (k0a+ δ)2

2
+ ∆ → k0aδ ≈

(qa)2

2
. (652)

Ýíåðãèÿ ðàâíà

E ≈ ~2(k0a+ δ)2

2ma2
≈ ~2∆
ma2

+
~2q2

2m
, (653)

òî åñòü ýôôåêòèâíàÿ ìàññà â äàííîì ñëó÷àå ñîâïàäàåò ñ ìàñ-
ñîé ÷àñòèöû.



151

0 0.5 1 1.5 2

−1

−0.5

0

0.5

1

1.5

2

ka/π

co
s(

ka
)+

∆ 
× s

in
(k

a)
/k

a ∆=0.2

Ðèñ. 72. Ðàçðåøåííûå çíà÷åíèÿ ka (êðàñíàÿ ëèíèÿ) äëÿ ∆ = 0.2.

24. Ìîìåíò èìïóëüñà.

Çàäà÷à 1. Ïðåîáðàçîâàíèå âåêòîðîâ ïðè ïîâîðîòàõ.
Ïðè ïîâîðîòå ñèñòåìû êîîðäèíàò âîêðóã îñè z êîìïîíåí-

òû âåêòîðà A⃗ ïðåîáðàçóþòñÿ êàê

A′
x = Ax cos θ + Ay sin θ, A

′
y = Ay cos θ − Ax sin θ, A

′
z = Az.

Òàêæå ïðåîáðàçóþòñÿ êîìïîíåíòû âåêòîðà B⃗. Íàéòè êàê
ïðåîáðàçóåòñÿ ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ A⃗ è B⃗: A⃗′ ·
B⃗′ =?.

Ðåøåíèå
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Çàïèøåì ïðåîáðàçîâàíèå êîîðäèíàò â ìàòðè÷íîì âèäå B′
x

B′
y

B′
z

 =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 Bx

By

Bz

 , (654)

(
A′
x, A

′
y, A

′
z

)
= (Ax, Ay, Az)

 cos θ − sin θ 0
sin θ cos θ 0
0 0 1

 . (655)

Òîãäà ñêàëÿðíîå ïðîèçâåäåíèå ïðåîáðàçîâàííûõ âåêòîðîâ ðàâ-
íî (

A′
x, A

′
y, A

′
z

) B′
x

B′
y

B′
z

 =

(Ax, Ay, Az)

 cos θ − sin θ 0
sin θ cos θ 0
0 0 1

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 Bx

By

Bz

 ,

(656)
Ïîñêîëüêó cos θ − sin θ 0

sin θ cos θ 0
0 0 1

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 =

 1 0 0
0 1 0
0 0 1

 ,

(657)
ïîëó÷èì

A⃗′ · B⃗′ = A⃗ · B⃗. (658)

Çàäà÷à 2. Íàéòè êîììóòàòîð
[Lx, (r⃗ · p⃗)], Lx � x-êîìïîíåíòà ìîìåíòà èìïóëüñà, r⃗ � êî-

îðäèíàòà, p⃗ � îïåðàòîð èìïóëüñà.

Ðåøåíèå Äëÿ
Lx = ypz − zpy (659)
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ïîëó÷àåì

[Lx, x] = [Lx, px] = 0, [Lx, y] = i~z, [Lx, py] = i~pz,

[Lx, z] = −i~y, [Lx, pz] = −i~pz, (660)

ãäå èñïîëüçîâàíî
[ri, pj] = i~δij. (661)

Òîãäà

[Lx, xpx+ypy+zpz] = y[Lx, py]+[Lx, y]py+z[Lx, pz]+[Lx, z]pz =

= yi~pz + i~zpy − zi~py − i~ypz = 0. (662)

Çàäà÷à 3. Íàéòè â ñîñòîÿíèè |ψ⟩ = |l,m⟩ ñ îïðåäåëåííûìè
çíà÷åíèÿìè êâàäðàòà ìîìåíòà èìïóëüñà è ïðîåêöèè ìîìåíòà

èìïóëüñà íà îñü z ñðåäíèå çíà÷åíèÿ L̂x, L̂y, L̂2
x, L̂2

y.

Ðåøåíèå

Èñïîëüçóÿ ïîâûøàþùèé L+ = Lx + iLy è ïîíèæàþùèé
L− = Lx − iLy îïåðàòîðû, êîòîðûå äåéñòâóÿ íà ñîñòîÿíèå
ñ îïðåäåëåííûì çíà÷åíèåì ïðîåêöèè ìîìåíòà èìïóëüñà íà
îñü z, ñîîòâåòñòâåííî óâåëè÷èâàþò è óìåíüøàþò çíà÷åíèå
ïðîåêöèè

L+|l,m⟩ = C+|l,m+ 1⟩, L−|l,m⟩ = C−|l,m− 1⟩, (663)

ïîëó÷àåì

⟨l,m|Lx|l,m⟩ = 1

2
(⟨l,m|L+|l,m⟩+ (⟨l,m|L−|l,m⟩) =

=
1

2
(C+⟨l,m|l,m+ 1⟩+ C−⟨l,m|l,m− 1⟩) = 0 (664)

â ñèëó îðòîãîíàëüíîñòè âåêòîðîâ ñîñòîÿíèé ñ ðàçíûìè çíà-
÷åíèÿìèm ïðîåêöèè ìîìåíòà èìïóëüñà íà îñü z. Àíàëîãè÷íî

⟨l,m|Ly|l,m⟩ = 0. (665)
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Èç ñèììåòðèè ñëåäóåò, ÷òî

⟨l,m|L2
x|l,m⟩ = ⟨l,m|L2

y|l,m⟩. (666)

Ñ äðóãîé ñòîðîíû

⟨l,m|L2
x + L2

y|l,m⟩ = ⟨l,m|L2 − L2
z|l,m⟩ = ~2

[
l(l + 1)−m2

]
.

(667)
Òîãäà ïîëó÷èì

⟨l,m|L2
x|l,m⟩ = ⟨l,m|L2

y|l,m⟩ = ~2

2

[
l(l + 1)−m2

]
. (668)

25. Ñïèí.

Çàäà÷à 1. Äîêàçàòü ñîîòíîøåíèå äëÿ ìàòðèö Ïàóëè

σiσj = Iδij + ieijkσk, (669)

ãäå I � åäèíè÷íàÿ ìàòðèöà, δij � ñèìâîë Êðîíåêåðà, eijk � àí-
òèñèììåòðè÷íûé òåíçîð Ëåâè-×èâèòà. Ïî ïîâòîðÿþùåìóñÿ
èíäåêñó k ïîäðàçóìåâàåòñÿ ñóììèðîâàíèå.
Ðåøåíèå Èñïîëüçóÿ ÿâíûé âèä ìàòðèö Ïàóëè ïîëó÷àåì

σ2
x = σ2

y = σ2
z = I, σxσy = iσz, σyσz = iσx, σzσx = iσy. (670)

Ýòè ñîîòíîøåíèÿ ýêâèâàëåíòíû ïðèâåäåííîìó â óñëîâèè çà-
äà÷è.
Çàäà÷à 2. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåê-

òîðû ÷àñòèöû ñî ñïèíîì 1/2 è ìàãíèòíûì ìîìåíòîì µ â ìàã-
íèòíîì ïîëå

B⃗ = B0(sin θ cosϕ, sin θ sinϕ, cos θ).

Åñëè ìàãíèòíûé ìîìåíò ÷àñòèöû íàïðàâëåí âäîëü îñè z,
òî êàêîâà âåðîÿòíîñòü îáíàðóæèòü ìàãíèòíûé ìîìåíò âäîëü
ìàãíèòíîãî ïîëÿ.
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Ðåøåíèå Ãàìèëüòîíèàí èìååò âèä

Ĥ = −µ⃗̂σB⃗ = −µB0

(
cos θ sin θe−iϕ

sin θeiϕ − cos θ

)
. (671)

Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû íàõîäÿòñÿ èç
óðàâíåíèÿ(

−µB0 cos θ − λ −µB0 sin θe
−iϕ

−µB0 sin θe
iϕ µB0 cos θ − λ

)(
a1
a2

)
= 0, (672)

Îòêóäà

(−µB0 cos θ − λ)(µB0 cos θ − λ)− (µB0)
2 sin2 θ = 0 (673)

è çíà÷èò λ = ±µB0. Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû ïîëó÷àåì
äëÿ ñîáñòâåííîãî çíà÷åíèÿ λ1 = −µB0 ñîîòíîøåíèå

µB0(1− cos θ)a1 − µB0 sin θe
−iϕa2 = 0 (674)

Ñ ó÷åòîì íîðìèðîâêè

|a1|2 + |a2|2 = 1, (675)

èìååì

|Ψ1⟩ =
(
a1
a2

)
=

(
cos(θ/2)e−iϕ/2

sin(θ/2)eiϕ/2

)
. (676)

Äëÿ ñîáñòâåííîãî çíà÷åíèÿ λ2 = µB0 ïîëó÷àåì ñîîòíîøåíèå

−µB0(1 + cos θ)a′1 − µB0 sin θe
−iϕa′2 = 0 (677)

Ñ ó÷åòîì íîðìèðîâêè

|a′1|2 + |a′2|2 = 1, (678)

èìååì

|Ψ2⟩ =
(
a′1
a′2

)
=

(
sin(θ/2)e−iϕ/2

− cos(θ/2)eiϕ/2

)
. (679)
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Ñîáñòâåííûå âåêòîðû, ïðèíàäëåæàùèå ðàçíûì ñîáñòâåííûì
çíà÷åíèÿì, îðòîãîíàëüíû:

⟨Ψ1|Ψ2⟩=
(
cos(θ/2)eiϕ/2,sin(θ/2)e−iϕ/2

)
·
(

sin(θ/2)e−iϕ/2

− cos(θ/2)eiϕ/2

)
=0.

(680)
Âåðîÿòíîñòü îáíàðóæèòü ìàãíèòíûé ìîìåíò âäîëü ìàãíèò-
íîãî ïîëÿ îïðåäåëÿåòñÿ ñêàëÿðíûì ïðîèçâåäåíèåì

⟨Ψ1|Ψ0⟩ =
(
cos(θ/2)eiϕ/2, sin(θ/2)e−iϕ/2

)
·
(

1
0

)
= cos(θ/2)eiϕ/2

(681)
è ðàâíà

P = |⟨Ψ1|Ψ0⟩|2 = cos2(θ/2). (682)

Çàäà÷à 3. Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ
îïåðàòîðîâ ìîìåíòà èìïóëüñà ñ êâàíòîâûì ÷èñëîì j = 1.

Îïåðàòîðû êîìïîíåíò ìîìåíòà èìïóëüñà ñ êâàíòîâûì ÷èñ-
ëîì j = 1 èìåþò âèä

Ĵz=~

 1 0 0
0 0 0
0 0 −1

, Ĵx= ~√
2

0 1 0
1 0 1
0 1 0

, Ĵy= ~√
2

0 −i 0
i 0 −i
0 i 0

 .

a) Íàéòè êîììóòàòîðû îïåðàòîðîâ ìîìåíòà èìïóëüñà [Ĵx, Ĵy];
[Ĵy, Ĵz]; [Ĵz, Ĵx] è âûðàçèòü èõ ÷åðåç êîìïîíåíòû Ĵx, Ĵy, Ĵz.

b) Íàéòè íîðìèðîâàííûå ñîáñòâåííûå ôóíêöèè |ψ⟩ è ñîá-
ñòâåííûå çíà÷åíèÿ λ îïåðàòîðîâ ìîìåíòà èìïóëüñà Ĵz, Ĵx.

Ĵz|ψ⟩=~

1 0 0
0 0 0
0 0 −1

ab
c

=λ

ab
c

 , |a|2 + |b|2 + |c|2 = 1.

Ïðîâåðèòü îðòîãîíàëüíîñòü ñîáñòâåííûõ ôóíêöèé, ïðè-
íàäëåæàùèõ ðàçíûì ñîáñòâåííûì çíà÷åíèÿì.
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c) Íàéòè ïîâûøàþùèé îïåðàòîð Ĵ+ = Ĵx + iĴy è ïîíèæà-
þùèé îïåðàòîð Ĵ− = Ĵx− iĴy. Êàê äåéñòâóþò ýòè îïåðàòîðû
íà ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ĵz?
Ðåøåíèå

a).

[Ĵx, Ĵy] =
i~2

2

 0 1 0
1 0 1
0 1 0

 0 −1 0
1 0 −1
0 1 0

− (683)

− i~
2

2

 0 −1 0
1 0 −1
0 1 0

 0 1 0
1 0 1
0 1 0

 = (684)

=
i~2

2

 1 0 −1
0 0 0
1 0 −1

− i~2

2

 −1 0 −1
0 0 0
1 0 1

 = i~Jz (685)

Àíàëîãè÷íî

[Ĵy, Ĵz] = i~Jx, [Ĵz, Ĵx] = i~Jy. (686)

b) Ïðîâåðèì, ÷òî

Ĵ3
x = ~2Ĵx, Ĵ3

y = ~2Ĵy, Ĵ3
z = ~2Ĵz. (687)

Ĵ2
x =

~2

2

 0 1 0
1 0 1
0 1 0

 0 1 0
1 0 1
0 1 0

 =
~2

2

 1 0 1
0 2 0
1 0 1

 ; (688)

Ĵ3
x =

~3

2
√
2

0 1 0
1 0 1
0 1 0

1 0 1
0 2 0
1 0 1

=
~3

2
√
2

0 2 0
2 0 2
0 2 0

=~2Ĵx.

(689)
Àíàëîãè÷íî ïðîâåðÿþòñÿ äðóãèå. Ïîëó÷åííûå ñîîòíîøåíèÿ
îçíà÷àþò, ÷òî èìååò ìåñòî ðàâåíñòâî

λ3 = ~2λ, (690)
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Îòêóäà ñëåäóåò, ÷òî ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðîâ Ĵx, Ĵy,
Ĵz ïðèíèìàþò çíà÷åíèÿ λ = 0,±~.

Ðåøåíèåì ñèñòåìû óðàâíåíèé

~

 1 0 0
0 0 0
0 0 −1

 a
b
c

 = ~

 a
0
−c

 = λ

 a
b
c

 (691)

áóäóò:
1) λ = ~, a = 1, b = 0, c = 0;
2) λ = 0, a = 0, b = 1, c = 0;
3) λ = −~, a = 0, b = 0, c = 1. Ñîáñòâåííûå âåêòîðû îïåðà-

òîðà Jz èìåþò âèä

|1,+1⟩=

 1
0
0

 , |1, 0⟩=

 0
1
0

 , |1,−1⟩=

 0
0
1

 . (692)

è ÿâëÿþòñÿ îðòîíîðìèðîâàííûìè.
Ðåøåíèåì ñèñòåìû óðàâíåíèé

~√
2

 0 1 0
1 0 1
0 1 0

 a
b
c

 =
~√
2

 b
a+ c
b

 = λ

 a
b
c

 (693)

áóäóò:
1) λ = ~, a = 1/2, b = 1/

√
2, c = 1/2;

2) λ = 0, a = 1/
√
2, b = 0, c = −1/

√
2;

3) λ = −~, a = 1/2, b = −1/
√
2, c = 1/2. Ñîáñòâåííûå âåê-

òîðû îïåðàòîðà Jx èìåþò âèä

|1,+1⟩= 1

2

 1√
2
1

, |1, 0⟩= 1√
2

 1
0
−1

, |1,−1⟩= 1

2

 1

−
√
2

1

 .

(694)
è ÿâëÿþòñÿ îðòîíîðìèðîâàííûìè.
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c)

Ĵ+=
~√
2

 0 1 0
1 0 1
0 1 0

+
i~√
2

 0 −i 0
i 0 −i
0 i 0

=
√
2~

 0 1 0
0 0 1
0 0 0

 ,

(695)

Ĵ−=
~√
2

 0 1 0
1 0 1
0 1 0

− i~√
2

 0 −i 0
i 0 −i
0 i 0

 =
√
2~

 0 0 0
1 0 0
0 1 0

 .

(696)

Ĵ+|1,−1⟩=
√
2~

 0 1 0
0 0 1
0 0 0

 0
0
1

=
√
2~

 0
1
0

=
√
2~|1, 0⟩,

(697)

Ĵ+|1, 0⟩=
√
2~

 0 1 0
0 0 1
0 0 0

 0
1
0

=
√
2~

 1
0
0

=
√
2~|1,+1⟩,

(698)

Ĵ+|1, 1⟩=
√
2~

 0 1 0
0 0 1
0 0 0

 1
0
0

=0, (699)

Ĵ−|1,+1⟩=
√
2~

 0 0 0
1 0 0
0 1 0

 1
0
0

=
√
2~

 0
1
0

=
√
2~|1, 0⟩,

(700)
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Ĵ−|1, 0⟩=
√
2~

 0 0 0
1 0 0
0 1 0

 0
1
0

=
√
2~

 0
0
1

=
√
2~|1,−1⟩,

(701)

Ĵ−|1, 1⟩=
√
2~

 0 0 0
1 0 0
0 1 0

 0
0
1

 = 0. (702)

26. Ïðåäñòàâëåíèÿ Ãåéçåíáåðãà è Äèðàêà

Çàäà÷à 1. Çàïèñàòü îïåðàòîðû êîîðäèíàòû è èìïóëüñà â
ïðåäñòàâëåíèè Ãåéçåíáåðãà äëÿ ñâîáîäíîé ÷àñòèöû è âû÷èñ-
ëèòü èõ êîììóòàòîð.

Íàéòè çàâèñèìîñòü îò âðåìåíè ñðåäíèõ çíà÷åíèé è ñðåä-
íåêâàäðàòè÷íûõ îòêëîíåíèé äëÿ îïåðàòîðîâ êîîðäèíàòû è
èìïóëüñà, åñëè â íà÷àëüíûé ìîìåíò âåêòîð ñîñòîÿíèÿ èìåë
âèä:

|ψ(0)⟩ = Ae−x
2/(2a2). (703)

Ïðîâåðèòü âûïîëíåíèå ñîîòíîøåíèÿ íåîïðåäåëåííîñòåé.
Ðåøåíèå

Ãàìèëüòîíèàí ñâîáîäíîé ÷àñòèöû åñòü

Ĥ =
p̂2

2m
. (704)

Îïåðàòîðû êîîðäèíàòû è èìïóëüñà â ïðåäñòàâëåíèè Ãåéçåí-
áåðãà ðàâíû

x̂(t) = eiĤt/~xe−iĤt/~, (705)

p̂(t) = eiĤt/~p̂(0)e−iĤt/~ = p̂(0). (706)
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Óðàâíåíèå Ãåéçåíáåðãà äëÿ îïåðàòîðà êîîðäèíàòû èìååò âèä

dx̂(t)

dt
=
i

~
eiĤt/~

[
p̂2(0)

2m
,x

]
e−iĤt/~ =

p̂(0)

m
. (707)

Òîãäà

x̂(t) = x+
p̂(0)t

m
, [x̂(t), p̂(t)] = i~. (708)

Ñðåäíåå çíà÷åíèÿ èìïóëüñà

⟨ψ(0)|p̂(t)|ψ(0)⟩ = A2

+∞∫
−∞

e−x
2/(2a2)

(
−i~ d

dx

)
e−x

2/(2a2)dx = 0

(709)
â ñèëó íå÷åòíîñòè âûðàæåíèÿ

⟨ψ(0)|p̂(t)|ψ(0)⟩ = −i~ d
dx
e−x

2/(2a2) = i~
x

a2
e−x

2/(2a2). (710)

Ñðåäíåêâàäðàòè÷íîå çíà÷åíèå èìïóëüñà ðàâíî

⟨ψ(0)|p̂2(t)|ψ(0)⟩ = A2

+∞∫
−∞

∣∣∣i~ x
a2
e−x

2/(2a2)
∣∣∣2dx =

=
A2~2

a4

+∞∫
−∞

x2e−x
2/a2dx =

A2~2
√
π

2a
=

~2

2a2
. (711)

Â ïîñëåäíåì ðàâåíñòâå èñïîëüçîâàíî óñëîâèå íîðìèðîâêè

⟨ψ(0)|ψ(0)⟩ = A2

+∞∫
−∞

e−x
2/a2dx = A2

√
πa = 1. (712)

Ñðåäíåå çíà÷åíèå êîîðäèíàòû

⟨ψ(0)|x̂(t)|ψ(0)⟩ = ⟨ψ(0)|
(
x+

p̂(0)t

m

)
|ψ(0)⟩ = 0 (713)
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èç-çà íå÷åòíîñòè ïîäûíòåãðàëüíûõ âûðàæåíèé. Ñðåäíåêâàä-
ðàòè÷íîå çíà÷åíèå êîîðäèíàòû ðàâíî

⟨ψ(0)|
(
x+

p̂(0)t

m

)2

|ψ(0)⟩ = a2

2

(
1 +

~2t2

m2a4

)
, (714)

ãäå èñïîëüçîâàíî âûðàæåíèå äëÿ ñðåäíåêâàäðàòè÷íîãî çíà-
÷åíèÿ èìïóëüñà è çíà÷åíèå èíòåãðàëà

A2

+∞∫
−∞

x2e−x
2/a2dx =

A2a3
√
π

2
=
a2

2
, (715)

à òàêæå îáðàùåíèå â íîëü âûðàæåíèÿ

⟨ψ(0)|xp̂+ p̂x|ψ(0)⟩ = 0 (716)

äëÿ âåùåñòâåííûõ |ψ(0)⟩ â ñèëó ýðìèòîâîñòè îïåðàòîðîâ êî-
îðäèíàòû è èìïóëüñà:

⟨ψ(0)|xp̂|ψ(0)⟩ = ⟨ψ(0)|p̂†x†|ψ(0)⟩∗ =

= ⟨ψ(0)|p̂x|ψ(0)⟩∗ = −⟨ψ(0)|p̂x|ψ(0)⟩. (717)

Ïðîèçâåäåíèå ñðåäíåêâàäðàòè÷íûõ îòêëîíåíèé êîîðäèíàòû
è èìïóëüñà ðàâíî

∆x2(t) ∆p2(t) =
~2

4

(
1 +

~2t2

m2a4

)
> ~2

4
(718)

óäîâëåòâîðÿåò ñîîòíîøåíèþ íåîïðåäåëåííîñòåé.
Çàäà÷à 2. Íàéòè îïåðàòîðû êîîðäèíàòû è èìïóëüñà â

ïðåäñòàâëåíèè Ãåéçåíáåðãà äëÿ ÷àñòèöû â îäíîðîäíîì ïîëå
U(x) = −Fx è âû÷èñëèòü èõ êîììóòàòîð.

Íàéòè çàâèñèìîñòü îò âðåìåíè ñðåäíèõ çíà÷åíèé è ñðåä-
íåêâàäðàòè÷íûõ îòêëîíåíèé äëÿ îïåðàòîðîâ êîîðäèíàòû è
èìïóëüñà, åñëè â íà÷àëüíûé ìîìåíò âåêòîð ñîñòîÿíèÿ èìåë
âèä:

|ψ(0)⟩ = Ae−x
2/(2a2). (719)
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Ïðîâåðèòü âûïîëíåíèå ñîîòíîøåíèÿ íåîïðåäåëåííîñòåé.
Ðåøåíèå

Ãàìèëüòîíèàí ÷àñòèöû â îäíîðîäíîì ïîëå åñòü

Ĥ =
p̂2

2m
− Fx. (720)

Óðàâíåíèå Ãåéçåíáåðãà äëÿ îïåðàòîðà èìïóëüñà èìååò âèä

dp̂(t)

dt
=
i

~
eiĤt/~

[
p̂2

2m
− Fx, p̂

]
e−iĤt/~ = F, (721)

òàê ÷òî
p̂(t) = p̂(0) + Ft. (722)

Óðàâíåíèå Ãåéçåíáåðãà äëÿ îïåðàòîðà êîîðäèíàòû èìååò âèä

dx̂(t)

dt
=
i

~
eiĤt/~

[
p̂2

2m
− Fx, x

]
e−iĤt/~ =

p̂(t)

m
. (723)

Òîãäà

x̂(t) = x+
p̂(0)t

m
+
Ft2

2m
. (724)

Êîììóòàòîð ðàâåí

[x̂(t), p̂(t)] = i~, (725)

òî åñòü òàêîé æå êàê äëÿ ñâîáîäíîé ÷àñòèöû.
Ñðåäíåå çíà÷åíèÿ èìïóëüñà

p̄(t) = ⟨ψ(0)|p̂(0) + Ft|ψ(0)⟩ = Ft, (726)

ãäå èñïîëüçîâàí ðåçóëüòàò ïðåäûäóùåé çàäà÷è

⟨ψ(0)|p̂(0)|ψ(0)⟩ = 0. (727)

Ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå èìïóëüñà ðàâíî

∆p̂2 = ⟨ψ(0)|p̂2(t)|ψ(0)⟩ − (p̄(t))2 =
~2

2a2
,
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ãäå èñïîëüçîâàí ðåçóëüòàò ïðåäûäóùåé çàäà÷è

⟨ψ(0)|p̂2(t)|ψ(0)⟩ = ~2

2a2
. (728)

Ñðåäíåå çíà÷åíèÿ êîîðäèíàòû

x̄(t) = ⟨ψ(0)|
(
x+

p̂(0)t

m
+
Ft2

2m

)
|ψ(0)⟩ = Ft2

2m
. (729)

Ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå êîîðäèíàòû ðàâíî

∆x̂2 = ⟨ψ(0)|x̂2(t)|ψ(0)⟩ − (x̄(t))2 =
a2

2

(
1 +

~2t2

m2a4

)
, (730)

ãäå èñïîëüçîâàí ðåçóëüòàò ïðåäûäóùåé çàäà÷è.
Ïðîèçâåäåíèå ñðåäíåêâàäðàòè÷íûõ îòêëîíåíèé êîîðäèíà-

òû è èìïóëüñà ðàâíî

∆x2(t) ∆p2(t) =
~2

4

(
1 +

~2t2

m2a4

)
> ~2

4
(731)

óäîâëåòâîðÿåò ñîîòíîøåíèþ íåîïðåäåëåííîñòåé.
Çàäà÷à 3. Íàéòè îïåðàòîðû êîîðäèíàòû è èìïóëüñà â

ïðåäñòàâëåíèè Ãåéçåíáåðãà äëÿ ÷àñòèöû â ïîëå ãàðìîíè÷å-
ñêîãî îñöèëëÿòîðà U(x) = mω2x2/2 è âû÷èñëèòü èõ êîììó-
òàòîð.

Íàéòè çàâèñèìîñòü îò âðåìåíè ñðåäíèõ çíà÷åíèé è ñðåä-
íåêâàäðàòè÷íûõ îòêëîíåíèé äëÿ îïåðàòîðîâ êîîðäèíàòû è
èìïóëüñà, åñëè â íà÷àëüíûé ìîìåíò âåêòîð ñîñòîÿíèÿ èìåë
âèä:

|ψ(0)⟩ = Ae−x
2/(2a2). (732)

Ïðîâåðèòü âûïîëíåíèå ñîîòíîøåíèÿ íåîïðåäåëåííîñòåé.
Ðåøåíèå

Ãàìèëüòîíèàí ÷àñòèöû â ïîëå ãàðìîíè÷åñêîãî îñöèëëÿòî-
ðà åñòü

Ĥ =
p̂2

2m
+
mω2x2

2
. (733)
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Óðàâíåíèå Ãåéçåíáåðãà äëÿ îïåðàòîðà èìïóëüñà èìååò âèä

dp̂(t)

dt
=
i

~
eiĤt/~

[
p̂2

2m
+
mω2x2

2
, p̂

]
e−iĤt/~ = −mω2x̂(t). (734)

Óðàâíåíèå Ãåéçåíáåðãà äëÿ îïåðàòîðà êîîðäèíàòû èìååò âèä

dx̂(t)

dt
=
i

~
eiĤt/~

[
p̂2

2m
+
mω2x2

2
, x

]
e−iĤt/~ =

p̂(t)

m
. (735)

Òîãäà äèôôåðåíöèðóÿ ýòî óðàâíåíèå åùå ðàç ïî âðåìåíè è
èñïîëüçóÿ óðàâíåíèå äëÿ îïåðàòîðà èìïóëüñà, ïîëó÷èì

d2x̂(t)

dt2
= −ω2x̂(t). (736)

Ðåøåíèå ýòîãî óðàâíåíèÿ åñòü

x̂(t) = x cos(ωt) +
p̂(0)

mω
sin(ωt). (737)

Äëÿ îïåðàòîðà èìïóëüñà ïîëó÷àåì

p̂(t) = p̂(0) cos(ωt)−mωx sin(). (738)

Êîììóòàòîð äëÿ îäèíàêîâûõ âðåìåí ðàâåí

[x̂(t), p̂(t)] = i~, (739)

òî åñòü òàêîé æå êàê äëÿ ñâîáîäíîé ÷àñòèöû. Îäíàêî êîììó-
òàòîð äëÿ ðàçíûõ âðåìåí èìååò äðóãîå çíà÷åíèå

[x̂(t′), p̂(t)] = i~ cos[ω(t− t′)]. (740)

Ñðåäíåå çíà÷åíèÿ èìïóëüñà

p̄(t) = ⟨ψ(0)| (p̂(0) cos(ωt)−mωx sin()) |ψ(0)⟩ = 0. (741)

Ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå èìïóëüñà ðàâíî

∆p̂2 =
~2

2a2

(
cos2(ωt) +

m2ω2a4

~2
sin2(ωt)

)
, (742)
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ãäå èñïîëüçîâàí ðåçóëüòàò ïðåäûäóùåé çàäà÷è

⟨ψ(0)|p̂2(0)|ψ(0)⟩ = ~2

2a2
, ⟨ψ(0)|x̂2(0)|ψ(0)⟩ = a2

2
. (743)

Ñðåäíåå çíà÷åíèÿ êîîðäèíàòû

x̄(t) = ⟨ψ(0)|
(
x cos(ωt) +

p̂(0)

mω
sin(ωt)

)
|ψ(0)⟩ = 0. (744)

Ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå êîîðäèíàòû ðàâíî

∆x̂2 =
a2

2

(
cos2(ωt) +

~2

m2ω2a4
sin2(ωt)

)
. (745)

Åñëè âûáðàòü íà÷àëüíîå çíà÷åíèå øèðèíû âîëíîâîé ôóíê-
öèè

a2 =
~
mω

, (746)

÷òî ñîîòâåòñòâóåò âîëíîâîé ôóíêöèè îñíîâíîãî ñîñòîÿíèÿ
ãàðìîíè÷åñêîãî îñöèëëÿòîðà, òî ñðåäíåêâàäðàòè÷íûå îòêëî-
íåíèÿ êîîðäèíàòû è èìïóëüñà íå áóäóò çàâèñåòü îò âðåìåíè.

Ïðîèçâåäåíèå ñðåäíåêâàäðàòè÷íûõ îòêëîíåíèé êîîðäèíà-
òû è èìïóëüñà ðàâíî

∆x2(t) ∆p2(t)=
~2

4

(
cos4(ωt)+sin4(ωt)+

1 + α2

α
cos2(ωt) sin2(ωt)

)
,

(747)
ãäå ââåäåíî îáîçíà÷åíèå

α ≡ ~2

m2ω2a4
. (748)

Èñïîëüçóÿ íåðàâåíñòâî α+ 1/α > 2, ïîëó÷àåì

∆x2(t) ∆p2(t) > ~2

4
, (749)
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Çàäà÷à 4. Íàéòè îïåðàòîðû óíè÷òîæåíèÿ a è ðîæäåíèÿ
a† â ïðåäñòàâëåíèè Ãåéçåíáåðãà äëÿ ÷àñòèöû â ïîëå ãàðìîíè-
÷åñêîãî îñöèëëÿòîðà U(x) = mω2x2/2 è âû÷èñëèòü èõ êîì-
ìóòàòîð.
Ðåøåíèå Ãàìèëüòîíèàí ÷àñòèöû â ïîëå ãàðìîíè÷åñêîãî

îñöèëëÿòîðà, âûðàæåííûé ÷åðåç îïåðàòîðû óíè÷òîæåíèÿ è
ðîæäåíèÿ, åñòü

Ĥ = ~ω
(
â†â+

1

2

)
(750)

Óðàâíåíèå Ãåéçåíáåðãà äëÿ îïåðàòîðà óíè÷òîæåíèÿ èìååò
âèä

dâ(t)

dt
= iωeiĤt/~

[
â†â, â

]
e−iĤt/~ = −iωâ(t), (751)

ãäå èñïîëüçîâàíî [
â†â, â

]
=
[
â†, â

]
â = â. (752)

Àíàëîãè÷íî

dâ†(t)

dt
= iωeiĤt/~

[
â†â, â†

]
e−iĤt/~ = iωâ†(t). (753)

Çíà÷èò
â†(t) = eiωtâ†, â(t) = e−iωtâ. (754)

Îäíîâðåìåíí�îé êîììóòàòîð ðàâåí[
â(t), â†(t)

]
= 1. (755)

27. Àòîì âîäîðîäà.

Çàäà÷à 1. Íàéòè ñðåäíþþ êèíåòè÷åñêóþ ýíåðãèþ è ñðåäíþþ
ïîòåíöèàëüíóþ ýíåðãèþ â îñíîâíîì ñîñòîÿíèè àòîìà âîäîðî-
äà (ψ100). Ïðîâåðèòü âûïîëíåíèå òåîðåìû î âèðèàëå.
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Ðåøåíèå

Ðàäèàëüíàÿ ÷àñòü âîëíîâîé ôóíêöèè îñíîâíîãî ñîñòîÿíèÿ
àòîìà âîäîðîäà ðàâíà

R10 =
2√
a3
e−r/a, (756)

ãäå a = ~2/(me2). Ñðåäíÿÿ ïîòåíöèàëüíàÿ ýíåðãèÿ ðàâíà

Ū =

∞∫
0

R2
10

(
−e

2

r

)
r2dr = −4e2

a3

∞∫
0

re−2r/adr = −e
2

a
. (757)

Ïîñêîëüêó îðáèòàëüíûé ìîìåíò èìïóëüñà îñíîâíîãî ñîñòîÿ-
íèÿ ðàâåí íóëþ, òî

p̂2

2m
R10 = − ~2

2m

1

r2
∂

∂r

(
r2
∂

∂r

)
R10 = − ~2

2m

(
1

a2
− 2

ra

)
R10.

(758)
Ñðåäíÿÿ êèíåòè÷åñêàÿ ýíåðãèÿ ðàâíà

T̄ = − ~2

2m

∞∫
0

R2
10

(
1

a2
− 2

ra

)
r2dr =

~2

2ma2
=
ē2

2a
. (759)

Ýòîò ðåçóëüòàò ñîãëàñóåòñÿ ñ òåîðåìîé âèðèàëà

2T̄ = r
dU

dr
=
e2

r
= −Ū . (760)

Çàäà÷à 2. Íàéòè ìàòðè÷íûé ýëåìåíò äèïîëüíîãî ìîìåíòà
äëÿ ñîñòîÿíèé àòîìà âîäîðîäà
⟨ψn=1,l=0,m=0|er⃗|ψn=2,l=1,m=0⟩.
Ðåøåíèå

Âîëíîâàÿ ôóíêöèÿ íà÷àëüíîãî ñîñòîÿíèÿ èìååò âèä

Ψn=2,l=1,m=0 =

√
3

4π
cos θ

r√
24a5

e−r/2a, (761)
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êîíå÷íîãî ñîñòîÿíèÿ �

Ψn=1,l=0,m=0 =
1√
πa3

e−r/a, (762)

Â ýòîì ñëó÷àå îòëè÷åí îò íóëÿ òîëüêî ìàòðè÷íûé ýëåìåíò
z� êîìïîíåíòû äèïîëüíîãî ìîìåíòà

(dz)fi = e

∫
Ψn=1,l=0,m=0zΨn=2,l=1,m=0d

3r =

=
e

4π
√
2a4

+1∫
−1

(cos θ)22πd cos θ

∞∫
0

r4e−3r/2adr = ea
128

√
2

243
.

(763)
Ìàòðè÷íûå ýëåìåíòû x, y� êîìïîíåíò äèïîëüíîãî ìîìåíòà

(dx)fi = e

∫
Ψn=1,l=0,m=0r sin θ cosϕΨn=2,l=1,m=0d

3r = 0,

(dy)fi = e

∫
Ψn=1,l=0,m=0r sin θ sinϕΨn=2,l=1,m=0d

3r = 0,

ïîñêîëüêó âîëíîâûå ôóíêöèè íà÷àëüíîãî è êîíå÷íîãî ñîñòî-
ÿíèÿ íå çàâèñÿò îò óãëà ϕ.
Çàäà÷à 3. ßäðî àòîìà âíåçàïíî èçìåíÿåò çàðÿä îò Z = 1

äî Z = 2 (ïðèìåð: òðèòèé (èçîòîï âîäîðîäà) ïðåâðàùàåòñÿ
â ãåëèé). Åñëè ñíà÷àëà ýëåêòðîí íàõîäèëñÿ â îñíîâíîì ñî-
ñòîÿíèè ψ100 â êóëîíîâñêîì ïîëå ÿäðà ñ Z = 1, òî êàêîâà
âåðîÿòíîñòü íàéòè åãî â îñíîâíîì ñîñòîÿíèè ψ′

100 â êóëîíîâ-
ñêîì ïîëå ÿäðà ñ Z = 2.
Ðåøåíèå

Âîëíîâàÿ ôóíêöèÿ îñíîâíîãî ñîñòîÿíèÿ àòîìà âîäîðîäà
ðàâíà

ψ100 =
1√
πa3

e−r/a, (764)
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ãäå a = ~2/(me2), âîëíîâàÿ ôóíêöèÿ îñíîâíîãî ñîñòîÿíèÿ
âîäîðîäîïîäîáíîãî àòîìà ñ çàðÿäîì ÿäðà Z = 2|e| ðàâíà

ψ′
100 =

√
8

πa3
e−2r/a, (765)

ïîñêîëüêó òåïåðü a = ~2/(mZe2) = a/2, Âåðîÿòíîñòü ïåðåõî-
äà ψ → ψ′ åñòü

P =
∣∣∣ ∫ ψ′∗ψd3r

∣∣∣2 = ∣∣∣4π√8

πa3

∞∫
0

e−3r/ar2dr
∣∣∣2 = 27

36
≈ 0.70.

(766)
Çàäà÷à 4. Íàéòè ïîòåíöèàë ϕ(r) ýëåêòðè÷åñêîãî ïîëÿ, ñî-

çäàâàåìûé àòîìîì âîäîðîäà â îñíîâíîì ñîñòîÿíèè
(ψn=1,l=0,m=0).
Ðåøåíèå

Ïîòåíöèàë ýëåêòðè÷åñêîãî ïîëÿ àòîìà âîäîðîäà äëÿ îñ-
íîâíîãî ñîñòîÿíèÿ ÿâëÿåòñÿ ñôåðè÷åñêè ñèììåòðè÷íûì è ðà-
âåí

ϕ(r) =
|e|
r

− |e|
r

r∫
0

ρ(r′)4πr′2dr′ − |e|
∞∫
r

1

r′′
ρ(r′′)4πr′′2dr′′, (767)

ãäå ïåðâûé ÷ëåí â ïðàâîé ÷àñòè åñòü âêëàä îò ïðîòîíà, âòî-
ðîé ÷ëåí � âêëàä îò ñôåðè÷åñêè ñèììåòðè÷íîãî ðàñïðåäå-
ëåíèÿ çàðÿäà ýëåêòðîíà íà ðàññòîÿíèÿõ r′ < r, òðåòèé ÷ëåí
� âêëàä îò ñôåðè÷åñêè ñèììåòðè÷íîãî ðàñïðåäåëåíèÿ çàðÿ-
äà ýëåêòðîíà íà ðàññòîÿíèÿõ r′′ > r. Ïëîòíîñòü âåðîÿòíîñòè
íàéòè ýëåêòðîí íà ðàññòîÿíèè r′ îò ÿäðà åñòü

ρ(r′) = |ψ100|2 =
1

πa3
e−2r′/a. (768)
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Ïåðâûé èíòåãðàë

I1 =

r∫
0

e−2r′/ar′2dr′ (769)

ñ ïîìîùüþ çàìåíû x = 2r′/a ñâîäèòñÿ ê

a3

8

b∫
0

e−xx2dx, (770)

ãäå b = 2r/a, è âû÷èñëÿåòñÿ èíòåãðèðîâàíèåì ïî ÷àñòÿì

I1 =
a3

8

[
2− 2e−2r/a − 4

r

a
e−2r/a − 4

r2

a2
e−2r/a

]
, (771)

Âòîðîé èíòåãðàë

I2 =

∞∫
r

e−2r′′/ar′′dr′′ =
a2

4

∞∫
b

e−xxdx =
ar

2
e−2r/a +

a2

4
e−2r/a.

(772)
Â èòîãå ïîëó÷àåì

ϕ(r) = |e|
(
1

r
+

1

a

)
e−2r/a. (773)

Ïðè r → 0 îñíîâíîé âêëàä â ïîòåíöèàë ýëåêòðè÷åñêîãî ïîëÿ
äàåò ïðîòîí

ϕ(r) → |e|
r
, (774)

ïðè r ≫ a ïîëå ïðîòîíà ïî÷òè ïîëíîñòüþ ýêðàíèðóåòñÿ ýëåê-
òðîíîì

ϕ(r) → |e|
a
e−2r/a ≪ |e|

r
. (775)
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Çàäà÷à 5. Ðàäèàëüíàÿ ÷àñòü âîëíîâîé ôóíêöèÿ ýëåêòðîíà
â àòîìå âîäîðîäà èìååò âèä
Rnl(r) = Nrke−r/b.
Íàéòè ýíåðãèþ, êâàíòîâîå ÷èñëî îðáèòàëüíîãî ìîìåíòà l

è âåëè÷èíó b.
Ðåøåíèå

Ïîäñòàâëÿåì â óðàâíåíèå Øðåäèíãåðà

− ~2

2m

1

r2
∂

∂r

(
r2
∂

∂r

)
Rnl+

~2l(l + 1)

2mr2
Rnl−

e2

r
Rnl = ERnl. (776)

âîëíîâóþ ôóíêöèþ Rnl(r) = Nrke−r/b ïîëó÷èì

− ~2

2m

[
k(k + 1)rk−2 − 2(k + 1)

b
rk−1 +

1

b2
rk
]
+ (777)

+
~2l(l + 1)

2m
rk−2 − e2rk−1 = Erk. (778)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ r, íà-
õîäèì

l(l + 1) = k(k + 1), → l = k; (779)

b =
~2(l + 1)

me2
; E = − ~2

2mb2
= − me4

2~2(l + 1)2
. (780)

28. Äâèæåíèå â öåíòðàëüíîì ïîòåíöèàëå.

Çàäà÷à 1.Íàéòè óðîâíè ýíåðãèè ñâÿçàííûõ ñîñòîÿíèé ÷àñòè-
öû ìàññîé m â öåíòðàëüíîì ïîòåíöèàëå

U(r) =
A

r2
− B

r
.

Ðåøåíèå



173

Ðåøåíèå óðàâíåíèÿ Øðåäèíãåðà â öåíòðàëüíîì ïîëå

− ~2

2m
(∆r +∆θ,ϕ)ψ(r⃗) +

(
A

r2
− B

r

)
ψ(r⃗) = Eψ(r⃗) (781)

èùåì â âèäå ïðîèçâåäåíèÿ óãëîâîé è ðàäèàëüíîé ÷àñòåé

ψ(r⃗) = Yl,m(θ, ϕ)R(r) (782)

è ïîëó÷àåì óðàâíåíèå äëÿ ðàäèàëüíîé ÷àñòè

− ~2

2m
∆rR(r)+

~2

2mr2

(
l(l + 1) +

2mA

~2

)
R(r)−B

r
R(r) = ER(r)

(783)
ïî âèäó ñîâïàäàþùåå ñ óðàâíåíèåì äëÿ ðàäèàëüíîé ÷àñòè
âîëíîâîé ôóíêöèè àòîìà âîäîðîäà (ëåêöèÿ 10). Âìåñòî êâàä-
ðàòà çàðÿäà èìååì e2 → B, âìåñòî êâàíòîâîãî ÷èñëà îðáè-
òàëüíîãî ìîìåíòà èìååì l′(l′ + 1) → l(l + 1) + 2mA/~2 òî
åñòü

l′ = −1

2
+

√(
l +

1

2

)2

+
2mA

~2
. (784)

Òàêèì îáðàçîì óðîâíè ýíåðãèè ðàâíû

Enl = −mB
2

2~2
1

(nr + l′ + 1)2
=

= −mB
2

2~2
1

(nr + 1/2 +
√
(l + 1/2)2 + 2mA/~2)2

, (785)

ãäå äëÿ êàæäîãî çíà÷åíèÿ ðàäèàëüíîãî êâàíòîâîãî ÷èñëà nr =
0, 1, 2, .. âîçìîæíû çíà÷åíèÿ îðáèòàëüíîãî êâàíòîâîãî ÷èñëà
l = 0, 1, 2, ....
Çàäà÷à 2.Íàéòè óðîâíè ýíåðãèè ïðè äâèæåíèè ÷àñòèöû

ìàññîé m â ïîòåíöèàëå ñôåðè÷åñêè ñèììåòðè÷íîãî ãàðìîíè-
÷åñêîãî îñöèëëÿòîðà

U(r) =
1

2
mω2r2.
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Ðåøåíèå

Ïîëåçíî ïîëó÷èòü ðåøåíèå â ñôåðè÷åñêèõ êîîðäèíàòàõ.
ÓðàâíåíèåØðåäèíãåðà äëÿ ðàäèàëüíîé ÷àñòè âîëíîâîé ôóíê-
öèè

− ~2

2m

1

r2
d

dr

(
r2
dR(r)

dr

)
+
~2l(l + 1)

2mr2
R(r)+

1

2
mω2r2R(r) = ER(r)

(786)
ïåðåïèøåì â âèäå

−d
2R

dr2
− 2

r

dR

dr
+
l(l + 1)

r2
R(r)+

m2ω2r2

~2
R(r) =

2mE

~2
R(r). (787)

Ñäåëàåì çàìåíó ïåðåìåííîé r2 = a2x, òàê ÷òî

dR

dr
=
dx

dr

dR

dx
=

2
√
x

a

dR

dx
,
d2R

dr2
=

2

a2
dR

dx
+

4x

a2
d2R

dx2
. (788)

Òîãäà óðàâíåíèå Øðåäèíãåðà ïåðåïèøåòñÿ â âèäå

−4x
d2R

dx2
− 6

dR

dx
+
l(l + 1)

x
R +

m2ω2a4

~2
xR =

2mEa2

~2
R. (789)

Âûáèðàÿ çíà÷åíèå ïàðàìåòðà

a =
~
mω

, (790)

ïîëó÷èì

x
d2R

dx2
+

3

2

dR

dx
+

(
ε

2
− l(l + 1)

4x
− x

4

)
R = 0. (791)

Íàéäåì ñíà÷àëà àñèìïòîòè÷åñêîå ïîâåäåíèå ôóíêöèè R ïðè
x→ ∞. Â ýòîì ñëó÷àå ïîëó÷àåì

x
d2R

dx2
∼ x

4
R, (792)

îòêóäà
R ∼ e−x/2. (793)
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Ïîýòîìó èùåì ðåøåíèå èñõîäíîãî óðàâíåíèÿ â âèäå R =
f(x)e−x/2, ïîëó÷àÿ

R′ =

(
f ′ − f

2

)
e−x/2, R′′ =

(
f ′′ − f ′ +

f

4

)
e−x/2, (794)

òàê ÷òî

xf ′′ +

(
3

2
− x

)
f ′ +

(
ε

2
− l(l + 1)

4x
− 3

4

)
f = 0. (795)

Òåïåðü íàéäåì àñèìïòîòè÷åñêîå ïîâåäåíèå ôóíêöèè f ïðè
x→ 0. Â ýòîì ñëó÷àå ïîëó÷àåì

xf ′′ +
3

2
f ′ ∼ l(l + 1)

4x
f, (796)

îòêóäà äëÿ ðåøåíèÿ âèäà

f ∼ xα (797)

ïîëó÷àåì óðàâíåíèå íà ïîêàçàòåëü ñòåïåíè α

α2 +
α

2
− l(l + 1)

4
= 0. (798)

Êîíå÷íîå â íà÷àëå êîîðäèíàò ðåøåíèå åñòü α = l/2. Ïîýòîìó
ïðåäñòàâèì ôóíêöèþ f â âèäå f(x) = F (x)xl/2, ïîëó÷àÿ

f ′ =

(
F ′ +

lF

2x

)
xl/2, f ′′ =

[
F ′′ +

lF ′

x
+
l

2

(
l

2
+ 1

)
F

x2

]
xl/2.

(799)
Óðàâíåíèå äëÿ ôóíêöèè f ïåðåõîäèò â

xF ′′ +

(
3

2
+ l − x

)
F ′ +

(
ε

2
− l

2
− 3

4

)
F = 0. (800)

Ââîäÿ îáîçíà÷åíèÿ

c =
3

2
+ l, b =

l

2
+

3

4
− ε

2
, (801)
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ïîëó÷àåì óðàâíåíèå

xF ′′ + (c− x)F ′ − bF = 0. (802)

Ê ýòîìó óðàâíåíèþ ñâîäèòñÿ ìíîãî çàäà÷ è åãî ðåøåíèå èç-
âåñòíî êàê âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ. Èùåì
ðåøåíèå ýòîãî óðàâíåíèÿ â âèäå ðÿäà

F =
∞∑
0

asx
s. (803)

Îòêóäà

F ′ =
∞∑
0

assx
s−1 =

∞∑
0

as+1(s+ 1)xs, (804)

F ′′ =
∞∑
0

ass(s− 1)xs−2 =
∞∑
0

as+1s(s+ 1)xs−1. (805)

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â óðàâíåíèå äëÿ ôóíêöèè F , èìå-
åì
∞∑
0

as+1s(s+1)xs+c
∞∑
0

as+1(s+1)xs−
∞∑
0

assx
s−b

∞∑
0

asx
s = 0.

(806)
Îòñþäà ïîëó÷àåì ðåêóððåíòíîå ñîîòíîøåíèå íà êîýôôèöè-
åíòû ðÿäà

as+1 = as
s+ b

(s+ 1)(s+ c)
. (807)

Òàêèì îáðàçîì ôóíêöèè F ïðåäñòàâëÿåòñÿ â âèäå ðÿäà

F (x) = a0

[
1 +

b

c

x

1!
+
b(b+ 1)

c(c+ 1)

x2

2!
+
b(b+ 1)(b+ 2)

c(c+ 1)(c+ 2)

x3

3!
+ . . .

]
.

(808)
Åñëè ðÿä èìååò áåñêîíå÷íîå ÷èñëî ÷ëåíîâ, òî ïðè x → ∞
ôóíêöèÿ F ∼ ex. Â ýòîì ñëó÷àå ôóíêöèÿ

R(x) = F (x)xl/2e−x/2 (809)
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áóäåò ðàñõîäèòüñÿ. Çíà÷èò ôèçè÷åñêè ïðèåìëåìîå ðåøåíèå
óðàâíåíèÿ Øðåäèíãåðà ïîëó÷àåòñÿ â òîì ñëó÷àå, êîãäà ðÿä
äëÿ ôóíêöèè F èìååò êîíå÷íîå ÷èñëî ÷ëåíîâ, òî åñòü äîëæíî
âûïîëíÿòüñÿ ðàâåíñòâî

b =
l

2
+

3

4
− ε

2
= −nr, nr = 0, 1, 2, . . . . (810)

Òàêèì îáðàçîì ïîëó÷àþòñÿ âîçìîæíûå çíà÷åíèÿ ýíåðãèè ñôå-
ðè÷åñêè ñèììåòðè÷íîãî ãàðìîíè÷åñêîãî îñöèëëÿòîðà

E(nr, l) = ~ω
(
2nr + l +

3

2

)
, (811)

âûðàæåííûå ÷åðåç çíà÷åíèÿ ðàäèàëüíîãî nr è îðáèòàëüíîãî
l êâàíòîâûõ ÷èñåë.
Çàäà÷à 3.Íàéòè óðîâíè ýíåðãèè ïðè äâèæåíèè ÷àñòèöû

ìàññîé m â öåíòðàëüíîì ïîòåíöèàëå

U(r) =
A

r2
+Br2.

Ðåøåíèå Ðåøåíèå óðàâíåíèÿ Øðåäèíãåðà â öåíòðàëüíîì
ïîëå

− ~2

2m
(∆r +∆θ,ϕ)ψ(r⃗) +

(
A

r2
+Br2

)
ψ(r⃗) = Eψ(r⃗) (812)

èùåì â âèäå ïðîèçâåäåíèÿ óãëîâîé è ðàäèàëüíîé ÷àñòåé

ψ(r⃗) = Yl,m(θ, ϕ)R(r) (813)

è ïîëó÷àåì óðàâíåíèå äëÿ ðàäèàëüíîé ÷àñòè

− ~2

2m
∆rR(r)+

~2

2mr2

(
l(l + 1) +

2mA

~2

)
R(r)+Br2R(r) = ER(r)

(814)
ïî âèäó ñîâïàäàþùåå ñ óðàâíåíèåì äëÿ ðàäèàëüíîé ÷àñòè
ñôåðè÷åñêè ñèììåòðè÷íîãî ãàðìîíè÷åñêîãî îñöèëëÿòîðà èç
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ïðåäûäóùåé çàäà÷è ïðè çàìåíå B = mω2/2, âìåñòî êâàíòî-
âîãî ÷èñëà îðáèòàëüíîãî ìîìåíòà èìååì l′(l′ + 1) = l(l+ 1) +
2mA/~2, òî åñòü

l′ = −1

2
+

√(
l +

1

2

)2

+
2mA

~2
. (815)

Òàêèì îáðàçîì óðîâíè ýíåðãèè ðàâíû

E(nr, l) = ~ω
(
2nr + l′ +

3

2

)
=

= ~
√

2B

m

2nr + 1 +

√(
l +

1

2

)2

+
2mA

~2

 . (816)
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29.1. Ðàçìåðíîñòü ôèçè÷åñêèõ âåëè÷èí.

Ðàçìåðíîñòü îñíîâíûõ âåëè÷èí â ñèñòåìå ÑÃÑ:
äëèíà [L]=ñì; âðåìÿ [T ]=ñ; ìàññà M=ã.
Ðàçìåðíîñòè âñåõ îñòàëüíûõ âåëè÷èí âûðàæàþòñÿ ÷åðåç

ðàçìåðíîñòè îñíîâíûõ âåëè÷èí. Íàïðèìåð:
ñêîðîñòü [v] =

[
L
T

]
=ñì/ñ;

ýíåðãèÿ [E] =
[
Mv2

2

]
=ã ñì2/ñ2 ≡ ýðã.

Â ëþáîì óðàâíåíèè ðàçìåðíîñòè ñëàãàåìûõ äîëæíû ñîâ-
ïàäàòü!

Âíåñèñòåìíàÿ åäèíèöà ýíåðãèè 1 ýÂ (ýëåêòðîí-Âîëüò) ≈
1.60 · 10−12 ýðã.

29.2. Ôèçè÷åñêèå ïîñòîÿííûå.

Ïîñòîÿííàÿ Ïëàíêà ~ ≈ 1, 1 · 10−27 ýðã·ñ;
çàðÿä ýëåêòðîíà e ≈ 4, 8 · 10−10 åä.ÑÃÑ;
ñêîðîñòü ñâåòà c ≈ 3, 0 · 1010 ñì/ñ;
ìàññà ýëåêòðîíà me ≈ 0.9 · 10−27 ã;
ìàññà ïðîòîíà mp ≈ 1.7 · 10−24 ã;
ýíåðãèÿ ïîêîÿ ýëåêòðîíà mec

2 ≈ 0.5 · 106 ýâ;
ýíåðãèÿ ïîêîÿ ïðîòîíà mec

2 ≈ 1 · 109 ýâ;
êîìïòîíîâñêàÿ äëèíà âîëíû ýëåêòðîíà
λc ≡ ~

mec
≈ 3.9 · 10−11 ñì;

ïîñòîÿííàÿ òîíêîé ñòðóêòóðû α ≡ e2

~c ≈ 1/137;

áîðîâñêèé ðàäèóñ aB ≡ ~2
mee2

≈ 0.53 · 10−8 ñì;

ìàãíèòíûé ìîìåíò ýëåêòðîíà µe ≈ e~
2mec

≈ 0.9·10−20 ýðã/Ãàóññ;
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29.3. Èíòåãðàëû.

Ãàóññîâ èíòåãðàë

+∞∫
−∞

e−ax
2+bx+cdx =

√
π

a
ec+b

2/4a, (ℜa > 0). (817)

×àñòî âñòðå÷àþùèéñÿ èíòåãðàë

+∞∫
0

xne−xdx = n!. (818)

29.4. Äåëüòà-ôóíêöèÿ Äèðàêà.

Ñâîéñòâà äåëüòà-ôóíêöèè δ(x):

δ(−x) = δ(x),

+∞∫
−∞

δ(x)dx = 1, (819)

+∞∫
−∞

δ(x− a)f(x)dx = f(a). (820)

Åñëè àðãóìåíò δ-ôóíêöèè ÿâëÿåòñÿ íåêîòîðîé ôóíêöèåé g(x),
îáðàùàþùåéñÿ â íîëü â òî÷êàõ xi, òî

+∞∫
−∞

δ(g(x))f(x)dx =
∑
i

1

|g′(xi)|
f(xi), g

′(xi) ̸= 0, (821)

ãäå g′ = dg/dx.
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29.5. Ãàðìîíè÷åñêèé îñöèëëÿòîð

Èñïîëüçóÿ îïåðàòîðû â, â†, ïîä÷èíÿþùèåñÿ êîììóòàöèîííî-
ìó ñîîòíîøåíèþ [â, â†] = 1, çàìåíîé

x =
â+ â†√

2

√
~
mω

, p̂ =
â− â†√

2i

√
~mω. (822)

ìîæíî çàïèñàòü ãàìèëüòîíèàí ãàðìîíè÷åñêîãî îñöèëëÿòðà â
âèäå

Ĥ = ~ω
(
â†â+

1

2

)
. (823)

Ñîáñòâåííûå ôóíêöèè ãàìèëüòîíèàíà |n⟩

Ĥ|n⟩ = ~ω
(
â†â+

1

2

)
|n⟩ = ~ω

(
n+

1

2

)
|n⟩, (824)

ãäå n = 0, 1, 2, ....

â†|n⟩ =
√
n+ 1|n⟩, â|n⟩ =

√
n|n⟩, (825)

29.6. Ñïèí. Ìàòðèöû Ïàóëè

σ̂�ìàòðèöû Ïàóëè

σ̂x=

(
0 1
1 0

)
, σ̂y=

(
0 −i
i 0

)
, σ̂z=

(
1 0
0 −1

)
, (826)

ïîä÷èíÿþòñÿ êîììóòàöèîííûì ñîîòíîøåíèÿì

[σ̂x, σ̂y] = 2iσ̂z [σ̂y, σ̂z] = 2iσ̂x [σ̂z, σ̂x] = 2iσ̂y. (827)

Ïîëåçíîå ñîîòíîøåíèå

σiσj = Iδij + ieijkσk, (828)

ãäå I � åäèíè÷íàÿ ìàòðèöà, δij � ñèìâîë Êðîíåêåðà, eijk � àí-
òèñèììåòðè÷íûé òåíçîð Ëåâè-×èâèòà. Ïî ïîâòîðÿþùåìóñÿ
èíäåêñó k ïîäðàçóìåâàåòñÿ ñóììèðîâàíèå.
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29.7. Ìîìåíò èìïóëüñà.

Êîìïîíåíòû îïåðàòîðà ìîìåíòà èìïóëüñà

L̂i = [r⃗ × p⃗]i (829)

ïîä÷èíÿþòñÿ êîììóòàöèîííûì ñîîòíîøåíèÿì

[L̂x, L̂y] = i~L̂z, [L̂y, L̂z] = i~L̂x, [L̂z, L̂x] = i~L̂y, (830)

[L̂2, L̂i] = 0. (831)

Äåêàðòîâû êîìïîíåíòû ìîìåíòà èìïóëüñà, âûðàæåííûå
÷åðåç ñôåðè÷åñêèå êîîðäèíàòû, ðàâíû

L̂z = −i~ ∂

∂ϕ
, (832)

L̂x = i~
[
sinϕ

∂

∂θ
+ ctg θ cosϕ

∂

∂ϕ

]
, (833)

L̂y = −i~
[
cosϕ

∂

∂θ
− ctg θ sinϕ

∂

∂ϕ

]
. (834)

Ïîâûøàþùèé è ïîíèæàþùèé îïåðàòîðû

L̂+ = L̂x + iL̂y = ~eiϕ
(
∂

∂θ
+ i ctg θ

∂

∂ϕ

)
, (835)

L̂− = L̂x − iL̂y = ~e−iϕ
(
− ∂

∂θ
+ i ctg θ

∂

∂ϕ

)
, L̂z = −i~ ∂

∂ϕ
.

(836)
Óãëîâàÿ çàâèñèìîñòü ñîáñòâåííûõ ôóíêöèé îïåðàòîðîâ ìî-

ìåíòà èìïóëüñà Ylm:

Y0,0 = −
√

1

4π
, (837)
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Y1,1=−
√

3

8π
eiϕ sin θ, Y1,0=

√
3

4π
cos θ, Y1,−1=

√
3

8π
e−iϕ sin θ,

(838)

Y2,2 = −
√

15

32π
e2iϕ sin2 θ, Y2,1 =

√
15

8π
eiϕ sin θ cos θ, (839)

Y2,0 =

√
5

16π
(1− 3 cos2 θ), Y2,−1 = −

√
15

8π
e−iϕ sin θ cos θ,

(840)

Y2,−2 = −
√

15

32π
e−2iϕ sin2 θ. (841)

Óñëîâèå îðòîíîðìèðîâàííîñòè

2π∫
0

dϕ

π∫
0

sin θdθY ∗
l,mYl′,m′ = δl′lδm′m. (842)

29.8. Àòîì âîäîðîäà.

Ðàäèàëüíûå ÷àñòè âîëíîâûõ ôóíêöèé: Äëÿ êâàíòîâîãî ÷èñëà
ìîìåíòà èìïóëüñà l = 0

R10 =
2√
a3B
e−r/aB . (843)

R20 =
1√
2a3B

(
1− r

2aB

)
e−r/2aB . (844)

R30 =
2√
27a3B

(
1− 2r

3aB
+

2r2

27a2B

)
e−r/3aB . (845)

Áîðîâñêèé ðàäèóñ aB = ~2/me2 ≈ 0.53 · 10−8 ñì ÿâëÿåòñÿ
àòîìíîé åäèíèöåé äëèíû.

Äëÿ l > 0

R21 =
1√
24a3B

r

aB
e−r/2aB . (846)
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R31 =
8

27
√

6a3B

(
1− r

6aB

)
e−r/3aB , (847)

R32 =
4

81
√
30a3B

r2

a2B
e−r/3aB . (848)

Äëÿ àòîìà âîäîðîäà óðîâíè ýíåðãèè (äèñêðåòíûé ñïåêòð)

En = − 1

2n2

me4

~2
= −13.6 ýÂ

n2
, n = 1, 2, 3, ... (849)

n � ãëàâíîå êâàíòîâîå ÷èñëî.
Íîðìèðîâàííûå âîëíîâûå ôóíêöèè.

ψn=1,l=0m=0 =
1√
πa3

e−r/a, ψn=2,l=0m=0 =
(1− r/2a)√

8πa3
e−r/2a,

(850)

ψn=2,l=1m=+1 =
r/a

8
√
πa3

e−r/2a(− sin θ)eiϕ, (851)

ψn=2,l=1m=0 =
r/a√
32πa3

e−r/2a cos θ, (852)

ψn=2,l=1m=−1 =
r/a

8
√
πa3

e−r/2a sin θe−iϕ. (853)
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