MHUHUCTEPCTBO OBPA3BOBAHUA I HAYKU P®
HOBOCUBUPCKUIN T'OCYJAPCTBEHHBII YHUBEPCUTET

Qusmyecknit pakyIbTeT

Kadenpa Briciieit maremaTukn dpusnygeckoro dakyaprera

A. T Vibgauos

FTEOMETPUA N AJITEBPA
ANa CTYAEHTOB-®U3NKOB

Cemectp 1

VuebHoe 1mocobue
110 KypCy JIMHEIHOM ajarebpbl U TeOMEeTPUN

Bepcus ot 4 aBrycra 2021 1.

HoBocubupck
20072021



VIIK: 510
BBK: B14a73-1 -+ B151.54a73-1
v 517

VYabsinoB A. Il. 'eomerpust u ajirebpa Jijist CTyIeHTOB-(DU3UKOB: Y ueb.
nocobue / Hosocub. roc. yu-t. Hoocubupcek, 2010, 2019. 9. 1. 13677 c.

Tlocobue comep:kuT KpaTKuii KOHCIEKT JIEKITAN, IPOYNTAHHBIX ABTOPOM
JJIsT CTYZIEHTOB 1-TO Kypca (PU3UIECKOTO U T'e0JIOro-reodpnsnaeckoro da-
kysbreToB HI'Y B ocennem cemectpe 2019 roma.

B 1iocobue BKJIFOUEHBI CJIEIYIONINE TEMBL: TPEXMEPHAas BEKTOPHas ajired-
pa, IpsiMble U ILJIOCKOCTU; MATPHUI[bI, KOMIIJIEKCHBIE YHCJIa U MHOTOYJICHBI;
JINHUW ¥ TIOBEPXHOCTH BTOPOrO MOPSJKA; CUCTEMBI JIMHEHHBIX yDABHEHUIA
¥ HAYAJIa JIMHEHHON AJIredpbhl; ONPEIeTUTENN U TOJHHOMUAAIHHAT HHTED-
TIOJISITIHST; KBAIPATHIHBIE (DOPMBIL.

Bepcus ot 4 aBrycra 2021 1.

© VYabsanos A. II., 2007-2021
@ HoBocubupckuit rocyiapcTBeHHBII

ISBN 978-5-94356-571-7 ymseperrrer, 2010



Copnep:xkanue Bepcusi oT 4 aBrycra 2021 r.
COJEP>KAHUE

Inasa 1. Bektophas anredbpa u reometpus

1.1 BekTopsr B mpocTtpancTse

1.2 CraJisipHOe, CMENTaHHOe U BEKTOPHOE [TPOU3BEJICHUsT
1.3 Orpeiesuresin BTOPOTO U TPETHETO TOPSIIKOB

1.4 O1jI02KEeHHBIE TeOMETPUIECKHE JTOKA3ATEIbCTBA

1.5 BajiaHne UPsSMON U ILJIOCKOCTU

1.6 Bzanmnuoe pacrionioykenne IpsMbIX U ILIOCKOCTEH

Mnaea 2. ManI/ILI,bI, KOMNNEKCHbIE 4Ynucna, MHOro4neHbol

2.1 Cucrembl IMHEHHBIX ypaBHEHUH 1

2.2 CmMeHa KOOpJIMHAT ¥ MaTPUYIHBIN S3BIK
2.3 Komriurekcusre yncia

24 OcHoBHas Teopema aaredPbl MHOTOYJICHOB

Maea 3. ®urypbl BTOpoOro nopsiaka

3.1 DJLUTICEI, TApAbOJIBI U TUTIEPOOJTBI

3.2 Ob6iree ypaBHEHHE BTOPOrO MOPSIIKA
3.3 IToBepxHOCTH BTOPOTO IOPSIIKA

3.4  Bunneiinble u KBajpaTudIHbie HOPMbI

Inaea 4. Hayana nuneiiHoii anre6psl

4.1 CucreMbl JIMHEHHBIX ypaBHEHUH 2

4.2 JIuHeitHbIe TPOCTPAHCTBA CTPOK U CTOJIOIOB
4.3 CucreMbl JINHEHHBIX ypaBHEHUH 3

4.4 JeitcTBUS ¢ TIOATPOCTPAHCTBAMA

Mnaea 5. Onpepenutenn

5.1 KombunaropHuoe crpoenune omnpejeauresneit
5.2 CaoiicTBa ompeemreei

5.3 Kpurepuit CusibBectpa

5.4 TTommHOMUMAIBHAST MHTEPITOISATINS

16
20
22
30

35
41
49
o7

62
71
76
84

94
99
105
109

116
121
125
132



4 Vabsauos A. I1. Teomerpusi u anrebpa

Masa 1. BEKTOPHAA AJITEBPA N TEOMETPUA

1.1. BEKTOPHI B [IPOCTPAHCTBE

Omnpenesenue BeKTOpa

3HAKOMSCH C BEKTOPAMU, MbI OIUPAEMCs HA U3BECTHBIE U3 3JIEMEHTap-
HOI reOMeTPUU IOHATHS: IIPOCTPAHCTBO C COAEPXKAIIUMUCH B HEM TOYKa-
MU, IIle\’IbIe, IIJIOCKOCTH. E,ZLI/IHI/IL[y I/I31\IepeHI/IH JJINH 6y)1€M CYUTaTh BbI-
OpaHHOI pa3 1 HaBCer/A.

IIpumepv,.. Muorue dpusmiaecKne BEJTUINHBI OMMCHIBAIOTCS HE OJHUM JIATIH
KOJIMYECTBEHHBIM 3HAYEHHNEM, a TaKxKe MMeIOT Hampasjenne. OHU sIBJISTFOT-
csl BEKTOPpaMH: IIepeMEIeHNe, CKOPOCThb, YCKOPEHUE, CUIIA. . .

Onpedenerue. BeKTOpom Ha3bIBaeTCs yIIopsiIoYeHHAsI IIapa Touek. [lepBas
TOYKa €CTh Hayano BEKTOpa, a BTopasi — ero KoHew. FKcjm Hagayio u KOHer
BEKTOPa COBIAJAIOT, TO 3TO HYNEBOW BEKTOD; B MPOTUBHOM CJIy4Yae BEKTOD
MOYKHO TIPEJICTABATH HAIIPABIEHHBIM OTPE3KOM.

Paccrosinme Mexky HaTIaI0M 1 KOHIIOM BEKTOPA HA3LIBAIOT €ro AJINHON,
Moaynem, Jinbo abCcoNoTHON BEIMUNHOM.

Bekropbl 0603Ha9a0T cTpesiouykaMu Hajl OykBamu (&, Ha 1mcbMe) Jubo
JKUPHBIM IpudToM (A, B KHUraX U 9TOM KoHciekTe). jmHy BeKTOpa a
0603HATAIOT |a.

Hauasio BekTOpa Tak»>kKe Ha3bIBAIOT €0 TOYKOW Npunoxenus. Pasjmaaror
BEKTOPBI NPUNIOXKeHHble 1 cBOOOAHble. CBOOOIHBIMU BEKTOPAME IOJIB3YHOT-
51, KOTJIa HAMPABJIEHUE U JIJINHA CYIIECTBEHHBI, 8 TOYKA MIPUIOKEHUT 6e3-
pasyimdHa. DTO 00bIYHAS CHUTYalWsl B MaTeMaTHKe, IJie MOITOMY MPUHSITO
HA3bIBATh BEKTOPAMM MMEHHO CBOOOJIHBIE BEKTODBI, & IIPU PACCMOTPEHUHN
[IPUJIOKEHHOI'O BEKTOPa — BBOIUTH YTOYHEHHE 0DOPOTOM «BEKTOP, OTJIO-
JKEHHBII OT TOYKW». B 3TOM Kypce MBI CjleyeM MaTeMaTuIeCKOMY YIIO-
Tpebsiennio. Utak, BEKTOp MOXKHO CBOOOJHO NEPEHOCUTH OT OJHON TOYKHU
MPUJIOYKEHUSI K JIPYTOi, a TIOJIy YeHHbBINA B Pe3yJIbTaTe IePEHOCA BEKTOP CUM-
TaeTCs PABHBLM UCTOOHOMY.

Yacro ObiBaer yj06HO BHIOpaTh B IpocTpaHcTBe ojHYy TO4Ky O B Ka-
JecTBe Hada/ia OOJIBIIMHCTBA BEKTOPOB. 3aJlaHie TAKOI'0 BEKTOPa PaBHO-
3HAYHO 33J[AHUIO €0 KOHIA. FKC/Iu 2Ke MBI y2Ke HHTEePECOBAINCH HEKOTOPOA
TOYKO A, TO Bcerga MOXKHO mepeiiT K BekTopy u3 O B A; ero Hasbl-

BAIOT paguyc-sektopom Touku A u obosnauaror OA, uim r(A), nam naxe
pocTo a. B ypaBHEHUAX TOYKH 3aMEHSIOT UX PaINyC-BEKTOPAMU.
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Omnepaluu ¢ BeKTOpamu

CJiokeHre JIByX BEKTOPOB a U b BBIOJIHsIETCS 10 NPABUAY TPEYrofibHUKA:
OTKJIaIbIBAEM b OT KOHIIA a, ¥ TOr/Ia Ha9ajI0M U KOHIIOM a-+b OyayT Hadaso
a u xomert b. Mmorma ymobHee paBHOCHILHOE NPABWUIO NApannenorpaMmma:
a + b ecTp AmaronaJib mapaJsIeIorpaMMa cO CTOPOHaMu a 1 b.

a+b

YrBepxkaenue. Caooicernue 8exmopos obaadaem anzebpauieckumy ceoli-
CMBAMU, GHAAOLUMHDLMUY CEOTLCTNEAM 0ObIUHO020 CAONCEHUS HUCEN:
(1) (a+b)+c=a+ (b+c) dasn 6cex sexkmopos a, b, c;
(2) a+ b =Db+ a dasn ecex sexmopos a, b;
(3) ecmwv maxoti sexmop 0, wmo a+ 0 = a das Kascdozo sexmopa a;
(4) Odas xasicdozo a ecmv maxotli sexmop —a, wmo a+ (—a) = 0.

Hokasamesvemeo. (1) AcCOUMAaTUBHOCTb TEOMETPUIECKH OYCBHJIHA.
(2) KoMMyTaTMBHOCTb reOMeTPUIECKU OYEBH/IHA.
(3) D10 HysIEBOIT BEKTOD.
(4) BekTop —a mosiyuaercsi U3 a [epecTaHOBKON Havyala W KOHIa. ]

VYMHOXKEHHEe BEKTOpa & Ha BEIECTBEHHOE YUCJIO A BBINOJHSIETCS YMHO-
JKEHIEM JUIMHBL & Ha |A|, & TakKe M3MEHEHHEeM HAIIPABJICHUS Ha IIPOTHBO-
nostoxmoe B ciydae A < 0. [Tostomy la=au (—1)a = —a.

YTBepKAeHUE. YMHONMCEHUE BEKMOPOS HA HUCAa 06aadaem aszebpauie-
CKUMU CBOTUCMBAMU, GHAAOLUYHBLMU CEOTUCMBAM 00bIH020 YMHONCEHUS
wucen, 20e 6ce BEKMOPHL U HUCAE NPOU3BONDHDL:

(1) la=a;

(2) (Aw)a= A(pa);
(3) (A+m)a=Aa+ a;
(4) Ma+Db)=Xa+ Ab.

Zloxasameavcmeo. Bcé nmpoBepsieTcst HETOCPEICTBEHHO. O

Ilpumep. Obo3HAUAsT PaINyC-BEKTOPHI ABYX Pa3JIMYHBIX Touek A u B de-
pe3 a u b, BeIpasuM paJinyc-BeKTOp cepeinHbl oTpe3ka AB kak %(a +b).
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ITpumep. AHaJIOrH9IHO, BCe TOYKM HPSIMOI, MPOXOAAINEH depe3 Touku A
u B, moxHo onmcars dbopmysoii r(t) = a + t(b — a) ¢ Upou3BoOIbLHBIM
BEIIECTBEHHBIM IIapaMeTpoM ¢. IIoHMMATh €€ MOXKHO TaK: Ha4aB B TOUKE a,
JIBHZKEMCsI [IOCTYIIATENILHO CO CKOPOCTBIO b — a.

Yupaxknenue (reopema Bapunbona). B npocmpancmee darv uemoipe
mouku A, B, C, D. Ewé wemuwipe mowxu E, F, G, H asaaomcs cepedu-
namu ompesxos AB, BC', CD, DA coomeemcmeenno.
(1) IIposepvme, wmo EFGH — napaasenozpamm.
(2) Vraorcume ycaosue, npu K0mopom 9mMmom NaAPaALEA0ZPAMM BbPOHC-
daemcs 6 ompesox.

Bazuc u KoopaAuHAaTbI

Onpedesenue. JIBa BeKTOpa, UMEIONUX OJMHAKOBBIE MU IIPOTUBOIIOJIOXK-
Hble HAIIPABJIEHUsI, HA3bIBAIOT KOMAUHeapHbIMu. Tpu BeKTOpa, JIE2KAIUX B
OJTHOI TIJIOCKOCTH, Ha3bIBAIOT KOMMAAHAPHLIMM.

Yreepxkaenne. Ecau eexmopo. a, b ne xoaruneapnv, mo kaxncovili eex-
mop d, sesrcawuti 8 00HOT NAOCKOCTNU C HUMU, NPEICTNABAAEMCA UL KOM-
ounayuet: d = aa + Bb.

Loxazameavcmeo. Yepe3 nHadasmo m KoHell BeKTOpa d IPOBEIEM IO IIPsi-
MOIf, TTapaJiIeIbHON KayKJoMy u3 BeKTOpoB a u b. Ctoponbl o6pa3oBaH-
HOTI'O IapaJijiesiorpaMma paBHbI aa u Sb, riae KoahuimeHTs HaX0MATCs
KaK OTHOIIEHUS JJINH C yIETOM HaIlPaBJIEHUSI. O

YrBepxkaenue. Eciu sexmopo. a, b, ¢ He KOMNAGHAPHDL, MO KasHcOvl
sexmop d nmpedcmasasemcs uzr xomburayuet: d = aa + b + yc.

Joxazameavcmeo. Yepes Hauaso n KoHell BeKTopa d TPOBEJIEM IO IIJIOCKO-
CTH, IapaJlIeJbHON KaxK/[0ii nape BeKTOpoB U3 Tpoiiku {a, b, c}. Cropons
00pa30BaHHOIO MapaJIesennIeia paBubl aa, b u vyc. |

Urax, BIOpaB TPU HEKOMILIAHAPHBIX BEKTOPA, MbI MOYKEM IPE/ICTABUTH
JII060IT BEKTOP MPOCTPAHCTBA UX KOMOWHAITHEH.
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Onpedeaenue. Takyro ymopsimodeHHY0 TPOHKy {a,b,c} HaseBatoT 6a3u-
com ipoctpancTsa. Koaddurmentsr «, 3, v pazioxkenus d = aa+ b+~c
o 3TOMYy 0a3UCy HA3BIBAIOT KOOpAMHATAMN BeKTOpa d OTHOCHTEIHBHO BbI-
Gpannoro 6asuca (win B BIOpAaHHOM Gasuce).

Vapaxknenue. Onuwume 20MeMpPuueckl. MHONCECTNGO G6EKMOPO6 6Uda
aa + b + e ¢ yeaosuamu:

(1) a+ B+ =1 (6apuyenmpusecrue xoopduramao);

(2) a>0,820,720;

3 a>0,20,v>0,a+8+y=1.

KommutanapHoCTh 1 JIMHEHasi 3aBUCUMOCTb

Ecau BekTops! a, b 1 ¢ KoMIIaHAPHBI, TO XOTs OBl OJIUH U3 HUX MOYKHO
[IPEeJICTaBUTh KOMOMHAIMENH ABYyX JApyrux: ¢ = aa + fb. Eciu npu stom
Cpelll TaHHBIX BEKTOPOB HET KOJIJIMHEAPHBIX, TO KaXKIbIl M3 HUX IIpeJ-
CTaBJIsIeTCAd KOMOMHANIMEN IBYX JIPYTHUX.

Ciietytommast paBHOCHIbHAsT (DOPMYJTHPOBKa U30€raeT yCJIOBHOCTEN 1 HC-
KJIIOUEHU: BEKTOPHI a, b, ¢ KOMILJIAHAPHBI TOIJIa M TOJIBKO TOI/A, KOIJa
HAWIyTCsl Takue 4ucjia «, (3, 7y, He BCe paBHbIE HYJIIO, 9YTO KOMOWHAIMS
aa+ b + yc paBHa HysIeBOMy BeKTOpY. Takas pOpMyJINpPOBKA JIETKO pac-
IPOCTPAHAETCS Ha IIPOU3BOJIBHOE KOJIMIECTBO BEKTOPOB U OKA3bIBACTCA UC-
KJTIOYATEILHO YIOOHOI TPy JaIbHEHIIeM N3y IeHId JTUHEHHON aareOpsl.

Onpedeaenue. MuoxkecTBO {uj,...,U,} BEKTOPOB HA3BIBAIOT JINHENHHO
HE3aBUCUMBIM, €CITr
ajuag + ...+ ayu, =0 = Bce a; paBHBI HYJIIO.

JInHeliHo 3aBUCUMbBIM STO MHOXKECTBO HA3BIBAIOT B IIPOTUBHOM CJIyUae: €CJIN
CYTIECTBYIOT Takue KOo3hOUIMEeHTH! Q. . . , Oy, HE BCE PABHBIE HYJIIO, UTO

oquy + ...+ ayu, = 0.

OpuenTarusi IPOCTPAHCTBA

Bce 6asuchl B IpoCcTpaHCTBE JEIATCS Ha JBA KJacca. IToOBI YIOBUTH
pasnnuue MexKIy KJjaccaMH, IpeJCcTaBAM, YTO IlepBble JIBa BEKTOpa, €1 U
€y, yke BbIOpaHbl. [Ipoxossmas depe3 HUX IIOCKOCTD JEJIUT ITPOCTPAH-
CTBO Ha JB€ YaCTH, & TPETUIl BEKTOD €3, OTJIO?KCHHBII OT TOI Ke TOYKH,
YTO U IIEepBble JBa, JOJI?KCH JIEKaTb II0 OJHY CTOPOHY OT 3TON IIJIOCKO-
ctu. IloBepHéM €) B HaIpaBJIeHUU €y Yepe3 MEHbBIINH n3 06pa30BaHHBIX

Mabius 1827
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umu 1Byx yrios. C KOHIA €3 3TO BpallleHue Oy/IeT Ka3aThCs ULYIIIM JTHO0
10 4acoBOil cTpesike, 6o nporus. Basuc {e1, e, €3} NPUHSATO HA3BIBATH
NEBbIM B IIEPBOM CJIydae W NPaBbiM — BO BTOPOM.

1t HEKOTOPBIX TOCTPOEHUI HEOOXOIMMO PENIuTh, 0Aa3MChl KAKOTO U3
JIBYX KJIACCOB CYUTATDH ITOJIOKUTEbHBIME, 8 KAKOI0 — OTPUIATEbHBIMU.
DTOT BBIOOP HA3BIBAETCSI BEIOOPOM OPUEHTALUU IIPOCTPAHCTBA, & KOIJIa OH
clieJIaH, IPOCTPAHCTBO HA3BIBAIOT OPUEHTUPOBaHHbIM. Kak mpasBmiio, moJio-
JKUTEJBHBIMU CIUTAIOTCS [IPaBble OA3WCHI.

B opuenTupoBaHHOM MPOCTPAHCTBE TOHATHE 00BHEMA JTOTOTHAIOT Oosee
TOHKHUM ITOHSITHEM OPUEHTUPOBAHHOr0 06béMa. /locTaTodHO BBECTH €ro JIJIst
rapaJuieienume0s. K 6a3uc mojioKuTeieH, TO OpUEHTUPOBAHHbBI 00b-
6M ITOCTPOEHHOTO Ha HEM IMapasiejenunea MOJOKUTEJIeH U PABEH O0bIU-
HOMY O0BEMY; /I OTPHUIATEHHBIX 0a3MCOB OPHEHTUPOBAHHBIN 00BEM OT-
JITIAETCsT OT OOBITHOTO CBOWM OTPUIIATEJIHHBIM 3HAKOM. Koria peds uiér
0 IJIOCKOi1 (bUrype, COOTBETCTBEHHO BO3HUKAET OPUEHTUPOBAHHASA MiowWwaab.

Ipumep. TekapTOBBI CHCTEMBI KOODJMHAT B IIPOCTPAHCTBE 3HAKOMbBI BaM
co mIKOJIbl. Takast cucreMa 3aa€Tcst BEIOOpOM Havasa KoopauHat O u Tpéx
B3aMMHO TEPIEHIUKYISPHBIX BEKTOPOB €INHUIHOMN JJIMHBI, YaCTO 0D03HA~
qaeMbIX OykBamu i, j, k. OOBIYHO TpU 9TOM BBIOHPAIOT MPAaBYIO TPONKY
{i,j,k} B TouHOCTH TaK, KAK CKA3aHO BHIIIE (<«IIPABWIO OypaBINKa» ).

’ 1.2. CKAJISIPHOE, CMEIIIAHHOE U BEKTOPHOE IIPOU3BE/IEHU ‘

B srom pasmesie reomeTpudecku ONpeeIeHbl HA3BAHHBIE OMEPAINMY U
OTMEYEHBI UX [TPOCTEHIINE CBOMCTBA: TIOBEJICHNE IIPU TIEPECTAHOBKAX apry-
MEHTOB, IPH yMHOXKEHUH OJJHOI'O apryMeHTa Ha JYHCJIO, & TaKKe AUCTpUdy-
TUBHOCTb OTHOCHTEJILHO CJIOYKEHWSI, BEIyIlasl K JIMHEHHOCTH IO KayKJIOMY
apryMeHTy.

Bo Bcex Tpéx ciydasx HECJOXKHO IIPOBEPUTH N€OMETPUYECKH IIEPBBIE
nBa cBoiicTBa. JlokazareabcTBa IuCTPpUOY THBHOCTH BEKTOPHOTO U CMEITAH-
HOT'O MTPOU3BEJICHN OTCPOYIEHBI B TIEJISIX CKOPEHTIIEro JIOCTHKEHUsT KOOP/IH-
HATHBIX (POPMYJI JJisi PAOOTHI C HUMHU.
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CKa.HHpHOG IIpou3sBeaeHue

Hagném ¢ paborsl B mekapToBoil cucreme KoopawHart. [yimHa BeKTOpa
a = a1i+ asj + ask Berancisierca mo Teopeme Iludaropa:

la|* = a? + a3 + d2.

lopazno ymobuee HammcaTh cjieBa KBaJpaT JJIMHBI, 9€M TOPOIUTH CIPABA
GOJIBITION KBaIpATHBIN KOpeHb. COOTBETCTBEHHO BBIYHUCIISIETCST PACCTOSTHIE
MEXKJIy TOUYKaMU C paauyc-BeKTopaMu a u b = bii + boj + bsk:

|b — a|2 = (bl — 01)2 + (b2 — a2)2 + (b3 — CL3)2.
Orcioza oty anm
s([al* + > — b — af?) = a1b1 + azbs + azbs.

DTa BeJIMYMHA OKAXKETCS KPaiiHe MOJIe3HONW, U MBI 0003HAYNM €€ Jepes
a - b. B wacraocru, cpasy ke scuo, uto a - b = 0 paBHocwibHO a L b.
[IpaBasi 4acTh paBeHCTBA UCIOJIL3YETCs JIJIsl BBIYUCIEHUS a - b B j1eKapTo-
BBIX KOODJIMHATAX, & JIeBasl YaCTh [TOKA3bIBAET, UTO PE3yJIbTaT HE 3aBUCUT
OT BBIOOpaA CHUCTEMBI KOODIWHAT: OH 3aBUCUT JIAIIL OT BHIOOPA €IMHUIIHI
JJIMHBI, KOTOPYIO MbI 3a(OUKCHPOBAIM B CAMOM HAYAJIE TJIABHI.

Bemomunast TeopeMy KOCHHYCOB JIjist TPEYTOJbLHUKA CO CTOPOHAMU a, b,
b — a, 3ameuaeM, 9TO JjIs HEHYJIEBBIX BEKTOPOB a U b OTHOIIEHHE ﬁﬁf’l
BCETJIa PABHO KOCHHYCY yTJIa MK 1y HUMHU. Termepb MOKHO PACIIEHUTH ITPO-
JIeJIAHHYTO paboTy KakK IOJNOTOBUTEIbHYIO: OHA MIPUBEJIA HAC K T€OMETPH-
YECKOMY OIIPE/IEJICHNIO, He YIIOMUHAIOIEMY KOODMHATHI BOOOIIE.

Onpedeserue. CkansipHbiM NPOU3BEAEHNEM BEKTOPOB a W b, yros MexKmIy
KOTODBIME DaBEH (o, Ha3bIBAIOT 4ncio |al - |b|cos ¢.

B xomy HECKOIBKO 0003HAYEHMIT /JIsT CKAJISPHOTO IIPOM3BEJAeHNs. Jarie
Bcero 310 a - b ymbo (a,b). Bropoe Tpebyer Gosbie onbiTa B 06pameHn,
[IOCKOJIbKY BHEIITHE HE OTJIUINMO OT 0O03HAYEHUS YIIOPIIOUCHHON Taphl.

Korna a = b, moiaydaeMm cBsi3b CKaJSIpPHOTO KBaJIpaTa BEKTOPa C €ro

JUIMHOM: |a] = \/a - a.

YrBepxkaenue. CrasapHoe npouseedenue obaadaem cAedyrouwumy ceoti-
cmeamu, 20e 6ce BEKMOPDL U YUCAG NPOU3BOALHDL:
(1) a-b=Db-a;
(2) (Aa)-b=X(a-b);
(3) (a1 +a2)-b=a;-b+ay-b;
(4) (/\1a1 + )\2&2) -b = /\1(a1 . b) + )\2(&2 . b)
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Ilepsoe dokasamesvcmeo. BbrauciieHusI B KOOPAMHATAX CBOJST BCE K UMC-
JIaM, a JIjIsi HUX BCEe 3TU CBONCTBa 3HAKOMBI. O

B pamkax 60pb0ObI 3a T€OMETPUYECKYIO IUCTOTY HPABOB MOXKHO HafTh
JI0Ka3aTeIbCTBO, CBOOO/IHOE OT UCIIOJIHb30BAHUS KOOD/INHAT.

Bmopoe doxazameavcmeo. (1) @opMmyna st CKAJAPHOTO MPOU3BEICHUST
HE YyBCTBUTEJILHA K [IEPECTAHOBKE BEKTOPOB.

(2) Ilpu ymHOXKeHMH BeKTOpa & Ha A > 0 Ha 9TO K€ YUCJI0 yMHOXKHUTCS
ero jymna. [Tpu ymuoxkenun na A < 0 ©3MEHUTCsI TAKXKE HAIIPABJICHUE, TaK
9TO BMECTO yriia ¢ Oymer yroa m — ¢. [lockoabKy cos(m — ) = — cos ,
TpebyeMoe PaBEHCTBO COXPAHUTCS.

(3) HokazaresabcTBo qucTpUOy TUBHOCTH HECKOJILKO JiTnHHEe. OTI0KUM
€ro JI0 CJIELYIOIEH JIeKIHH.

(4) Hyxuo npumenurs (3) u (2). O

Tloceaee cBOMCTBO B yTBEPK/IEHNN YKA3BIBAET HA TIOBEIEHUE CKAJISID-
HOTO ITPON3BeIeHNsI, KOT/Ia B IIEPBLIit €ro apryMeHT MOACTaBIeHa JTNHEeTHA
KOMOUHAIMS: OKA3LIBAETCSI BO3MOYKHBIM IIPOBECTU BBIYMCJIEHUS] OTHEIHHO
JJIS KaXKJIOrO CJIaraeMoro, BBIHOCS KO3(DUIMEHThI. JTO OYeHb YI00HOE
U BayKHOE CBOMCTBO HA3BIBAIOT JIMHEAHOCTBIO CKAJIIPHOIO IIPOU3BEICHUST
(mo mepBomy aprymenty). BBuzy BO3MOXKHOCTH II€PECTABJISITH APIyMeH-
TBI, IMEETCS JTUHEHHOCTD W TI0 BTOPOMY apryMeHTy. IlosToMy roBopat, 9To
CKAJIIPHOE TIPOU3BEIeHEe OUNNHERHO.

Hpumep. Hoxaxem, aro B 4-yromapuuke ABC'D auaroHaju NepreHuKYy-
JISIPHBI TOT/Ia U TOJBKO TOIJIA, KOTJA JUIMHBI €r0 CTOPOH Y/IOBJIETBOPSIOT
coornomennio |AB|?+|CD|* = |BC|?+|DA|?. B oxsy cTopoHy 9TO ci1ey-
er u3 TeopeMsl [Indaropa, a B Ipyryio J0CTYIIHO HECKOJIBKUMHU CIIOCOOAMMT;
MPUMEHSST YK€ BEKTOPBI U CBOHCTBA CKAJISIPHOTO [IPOU3BEJICHUsI, Mbl CPa3y
[TOJIYIUM PABHOCHJIBHOCTD JBYX 9THX CBONCTB.

3akoaupyeM CTOPOHBI 4-yroJibHHKa BeKTOopamu a, b, ¢, d ¢ ycjioBueM
a+b+c+d =0, a quaronanu BekTopamu a + b u b + ¢. PackpriBas
CKaJIIpHBbIE IPOU3BeIeHNUsI, yOeMMCs B TOXK/IECTBE

(a+b+c)? —a?+b?>—c?=2(a+b)-(b+c).

PaBencTBO HyII0 71€BOIT YACTU €CTh MCKOMOE YCJIOBHE HA CTOPOHBI, & IIpa-
BOW — Ha JIMaroHaJIu.

Ipumep. Bce TOUKH MIOCKOCTH, POXOJAIIEH Yepe3 TOUKY I MepIIeH M-
KYJISIDHO BEKTOPY 1N, MOXKHO ONHUCATH ypaBHeHueM (r —rg) -n = 0.
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Yupaxkuenne. Touku ¢ paduyc-eexmopamu a, b, ¢ obpasyrom mpeyzonv-
HUK ¢ yeaamu o, 3, v coomeemcemeenno. Hatidume paduyc-eexmop mowku
nepeceneHus €20 GblCom.

BeKTopﬂoe nmpousBeaeHnue

CkaJisipHOE IIPOM3BE/IEeHNEe He NPUBS3aHO K TpéxMepHOocTH. PaboraTh ¢
HUM MOXKHO U HA ILIOCKOCTH, W TIPU OOJIbIIEM KOJUYECTBE M3MEPEHUNH —
HO 9T0 mo3xke. Jlpyras BaxkHas omneparus cruenududIHa st TPEXMEPHOTO
IIPOCTPAHCTBA.

OnHa BOCXOJIUT K CJIEAYIONIeH 3ajade: HANTH BEKTOD, [EPIEHINKYJIISP-
HBIN JIBYM 33JIaHHBIM BeKTOpam a u b. Haubosiee maTEpecen ciaydait a u b
HEKOJIJIMHEAPHBIX, 1 B YACTHOCTU HEHYJIEBBIX. 1OT/Ia MBI UIIEM IPSIMYIO,
ABJIAIONLYIOCH IIepecedeHneM JIBYX IIJIOCKOCTeH, KaxKJas U3 KOTOPBIX IIep-
MEeHUKYJIAPHA OJTHOMY U3 JAaHHBIX BEKTOPOB.

Sammiem ycsioBust a - X = b - x = 0 B JIeKAPTOBBIX KOOD/IMHATAX:

a1x1 + agZo + azxrsz = O, blxl + le‘g + bgl’g =0.
He pemrag sty cucreMy ypaBHEHUI, IPOCTO 3aMETUM, ITO ITOAXOTUT
T1 = agbs —azba, x2 = asby —aibs, x3 = a1by —ab;.

Ecin a u b He KoJuIMHEAPHBI, TO BCE PEIIEHUS TPOIOPITUOHAIBHBI 3TOMY.

OcraBuM Temepb 3Ty JIMHUKO, COBEPIIUM CKAYOK K T€OMETPUIECKOMY
OIIpeJIeJIEHNIO, U JIUIIb Yepe3 HEKOTOPOEe BPeMsl, IPUJIOKHUB JOCTATOYHO
YCHTH#, TPUIEM U3 HErO K 3TUM BBIYUCIUTEIbHBIM (DOPMYJIAM.

Onpedesenue. BeKTOPHbIM NPOU3BESEHUEM BEKTOPOB a U b HA3LIBAIOT BEK-
TOp, 0603HAUAEMBI Yepe3 a X b smbo [a, b|, qiuHa U HApaBIEHHE KOTO-
POro OIpeJIETIeHbI CJIEIYOIUMY IPABUJIAMU: €CIH & U b KOJUIMHEAPHBI, TO
a X b = 0; uHave JJIMHA YUCIEHHO PaBHA ILIOMIAINA TAPAJIIEIOTPAMMA CO
croporamu a, b, To ectb |a X b| = |a] - |b|sin¢, a HanpasieHne nepmeH-
JUKYJIAPHO 00OMM BEeKTOpaM a W b m TakoBO, 9To a, b, a X b aBmsgercs
[TOJIOXKUATEJBHBIM DA3UCOM.

axb
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Ilpumep. st opTOB JeKapTOBOil cucTeMbl KoopauHar umeeM i X j = k,
jx k=i, k xi=j. Cymecrsenno, uro 6a3uc {i, j, k} npassrii.

IIpumepvi. BekTopHOE TPOU3BEICHNE BXOAUT B ONPEIEIEHUS W CBOMCTBA
MHOTHX (PU3UIECKUX BeJMInH. B MexXaHnke Heslb3sd 6€3 MOMEHTa NMILYIbCa,
L = r x p, momenTa cunmbt M = r x F, yrioBoit ckopoctn v.= w X T.
B sjiekTpoHaMUKe BEKTOPHBIX IIPOU3BEIEHUI ellé OoJIbIIIe.

VYreepxkaenue. Bexmoproe npoussedenue 06.4a0aem caeoyouum ceoti-
cmeamu, 206 6CE BEKMOPLL U YUCAA TIPOU3BOAVHDL.
(1) axb=-bxa;
(2) (3a) x b = Ala x b);
(3) (a1 +a2) xb=a; x b+ay x b;
(4) ()\131 + )\232) x b= )\1(&1 X b) -+ )\2(&2 X b)

Joxazameavcmso. (1) Bekrop a X b o61amaer Bcemu cBoiicTBaMu, Xapax-
TepU3yIOMIIME TTPOU3BeAeHe b X a, 3a UCKI0IeHneM Toro, 9to b,a,a X b
obpazyior oTpurnareabublit 6a3uc. [losromy st b X a He ocTaérest Apyroit
BO3MOXKHOCTH, KPDOME KaK PaBHSATHCA —a X b.

(2) TIpu A > 0 HAGIIOIATOTCST JIMIIb U3MEHEHNe JINHBL U COOTBETCTBY-
olee U3MEHEHHe IIomau, a upu A < 0 HabIIoaeTcs TaKXKe M3MEHEeHHe
HaIPaBJICHUI TIEPBOTO COMHOYXKUTEJISI U BCETO IIPOU3BEIEHUS HA ITPOTUBO-
MTOJIOYKHBIE.

(3) Ors0KUM JIOKA3ATENBECTBO 3TOMH JUCTPUOY TUBHOCTH.

(4) Hyxuo npumenuts (3) u (2). O

axb

s

—2axb

YrBepxkaeHue. BexmopHoe U CKaAAPHOE NPOU3sederue Yoosaemeoparom,
Toxaectsy Jlarpanxa

(ax b)? =a’b? — (a-b)2

Joxazamenvcmeo. Dto creayer u3 dbopmyist sin® ¢ = 1 — cos? . O
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CwMmeniaHHoe InmpousBegeHue

Onpedesenue. CMelaHHbIM NPOU3BEAEHUEM TPEX BEKTOPOB a, b, ¢ Ha3bIBaA-
FOT YUCEHHOE 3HAYEHNE OPUEHTHPOBAHHOTO 00bEMA TapaJIIeTenIe 8 Ha
3TUX BEKTOpax. B KoMIIaHApDHOM CJIytae OHO PaBHO HYJIIO.

CwMerranHoe TIpousBeieHre 0603HaUalT Yepes (a, b, c).

YrBepxkaeune. Cumewarnoe npouseedernue obaadaem caeoyoUUMU
ceoticmeamu, 20e 8ce BEKMOPVL U YUCAL NPOUSEONOHDL:

(1) npu nepecmano8Kar MEHACTNCA 3HAK, MO €CTND
(a,b,c) = —(b,a,c) = (b,c,a) = —(c,b,a) = (c,a,b) = —(a, c,b);

(2) (Aa,b,c) = A(a,b,c);
(3) (al +a2;b7c) = (alabac)+(a27b7c);
(4) (/\1a1 -+ )\gag,b,c) = /\1(a1,b,c) + )\g(ag,b,c).

Jokasameavcmeo. (1) Takue mepecTaHOBKY He MEHAIOT IaPAJLIEJIEIIUIIE],
HO IOPSIJIOK BEKTOPOB OIPEIEISIET IIPABOCTbY MJIM «JIEBOCTh» COCTaBJIEH-
HOT'O U3 HUX Oasmca.

(2) TIpu yMHOKEHUM OJIHON CTOPOHBI Ha A OOBEM IapaJsuIeleIuIie a
ymHO)Kaercs Ha |A|. Ecim A < 0, To opueHTAIMs TAapasuIesIeNune/a Me-
HSETCS Ha, TPOTHUBOIIOIOXKHYIO.

(3) Oryoxkum.

(4) Hy»xuo upumennts (3) u (2). O

BBumy BO3MOXKHOCTH TI€PECTABIISITH APIYMEHTBI, CMEIIIAHHOE ITPOM3Be-
JleHUe JIMHEHHO [0 BCeM TPEM apryMeHTaM (TPUJIMHERHO).

YrBepxkaeHue. CmewarHHoe npouseedenue 8ulpartcaemcs 4epes CKaAAp-
HOE U GEKMOPHOE:

(a,b,c)=a-(bxc)=(axb)-c.
STI/IM u O6'])$ICHH€TCH TEPMUH «CMEHIIaHHOE».

Zoxasameavcmeo. B HeKOMILTaHAPHOM CIIydae, IPeICTaBUB 00HEM Mmapa-
JIeJIETNIUIIe I3 KaK ITPOU3BEIEHUE 1JIOIA/[ OCHOBAHUSI HA BBICOTY:

|a x bl -|c|cosb,

Euler 1769
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caxb

rae 0 ectb yros Mexjay a X b u ¢, mogydaeM cOBIaJieHHE aOCOTIOTHBIX
BesmunH |(a, b, c)| = [(ax b)-c|. A 3HaKH COBIAJYT, HOTOMY YTO BEKTOPbHI
a X b 1 ¢ HampaBaeHbI B OAHY CTOPOHY OT ILJIOCKOCTH, cojepzKalieil a u b,
TOTa U TOJBKO TOr/a, Kormaa 6a3uc a, b, ¢ moJjiokuresieH.

B koMIutanapHoM ciyvae mojgyanm (a X b) - ¢ = 0. (]

JIlBoitTHOEe BEKTOpPHOE MPOU3BEIEHUE
Jlerko y6eaurbest, uto a X (b X ¢) He obs:3aH0 paBHATHCs (a X b) X c.

Hanpumep, i X (j X j) =ix 0 =0, ognako (i X j) xj=kxj=—1i.

YTBepxkaeHue. /J[6otinoe 8eKmMopHoOe NPou3gedeHue MOHCHO SHIPA3UMD
Yepe3 CKaNAPHBIE MO Popmyae

ax (bxc)=b(a-c)—c(a-b),

UBECMHOT KaK «06aY MUHYC UaD».

Jokxasameavcmeo. B koopaumHaTax, 970 PABEHCTBO MOXKHO IIPOCTO MTPOBE-
pUTh, B 9éM U COCTOWUT CTAHJAPTHBINA CIOCOD €ro jgokazareabcTsa. ducrto
PEOMETPUYIECKOE PACCYKJEHWE Oy/IeT IMaHO HUXKEe, HO OHO IIPEJICTABJISIET
cKOpee CIIOPTUBHBIN UHTEPEC. (|
CiaencrBue. Bexmoproe npoussedenue ydosaemseopsem TOKAECTBY Akodn

ax(bxc)+bx(cxa)+cx(axb)=0.

Zloxasameavcmeo. 1lpu packpbITum ABONHBIX BEKTOPHBIX ITPOU3BEICHUIT
BO3HUKAIOT IIECTh CJIAraeMbIX, KOTOPBIE MMOIAPHO COKPAIAIOTCS. |

CaencrBue. Fcau nf =1, moa=(n-an+ (nxa)xn.

Jokxazamesvcmeo. (nxa)xn=-nx(nxa)=-n(n-a)+amn-n). O
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IIpoekiiuu BekTOpPa

Iloceuee ciecrBre hakTUIECKN YKA3bIBAET CIIOCOD PA3JIOKUATH BCs-
Kuit BekTop a B cymmy a = al® +a'™ pne mepsoe ciaraenmoe, HazpIBaeMOe
npoekuueil a Ha N, KOJUIMHEAPHO N, & BTOPOE €My IePIeHIuKy/IsipHo. 13
JI0Ka3aTeIbCTBA CJIe/lyeT Takxke 3abaBHasi (DOPMYJIa IIPOEKTUPOBAHUS

gl =21,
n-n
Ha, JII000I HEHYJIEBOIT BEKTOD N, HE 00s3aTEIbHO euHINIHbI. J[pobb 3/1ech
[IPEJICTABJISIET CODOIl OTHOIIEHWE CKAJISPOB, U COKPAINEHUsl B HEHl HEBO3-

MOXKHBI (BOIIPEKH YKEJIAHUSIM HEKOTOPBIX CTYJIEHTOB).

1n

YrBepxkaeuune. Fcau n # 0, mo a-n=al" nuaxn=a'"xn dan

Kaotcd020 6exMopa a.

Jokasameavcmeo. CraJsipHBbIE IPOU3BEJIEHNsI paBHBI |a||n| cos ¢. BekTop-
HbIe IPOU3BEICHUS JAIOT PABHLIC U OJMHAKOBO OPHEHTHPOBAHHLIC ILIOIIA-
I TapaJIeIOrpaMMa U IPAMOYTOJILHHAKA. O

YrBepxkaeune. Fcau n # 0, mo
(a+ b)Hn _ aHn + an’ (a+ b)Ln _ aLn + bLn
oA M0 6exmopos a u b.
Hoxazameavemeo. Paccmorpum tpeyrosbayio npusmy. Kosunneaprusie n

COCTABJIAIOIINE CKJIAIBIBAIOTCH BJIOJb €€ OOKOBBIX DEDEp, a MepPIIeHINKY-
JIIDHBIE — B IJIOCKOCTSX €€ OCHOBAaHUI. ]

Yupaxkueaue. Bupasume naowadsb npoexyuy napaiiesozpamma o 6ex-
mopax a u b na naockocmov ¢ eAUHUNHOT HOPMAABIO T NPOCTETUUM 00-
pasom wepes danmvie 8eKMOopLL.
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1.3. OHPE,ZLE.HI/ITEHI/I BTOPOI'O N TPETHEI'O ITOPAJKOB ‘

MOTI/IBI/IpyIOIJ_H/Ie BbIYMCJIEHNUA B KOOpJAWMHATAX

BeiGepem B npocrpaHcTBe 6asuc {ej,es,e3} u OyueM IIPeCTaBJsTh
KaXKJIblil BEKTOP & = G1€1+a2€3+azes TPOIKOii ero KoopauHar [ay, ag, asl,
ymoTpebiisist Ty »Ke OYyKBY, HO «00€3KUPEHHYIO.

YTBepxaeHne. Caoorcerue 6EKMOPO6 U YMHONCEHUE 6EKMOPA HA HYUCAO
BBINONHAIONCA nonoop&zmamno.

Hoxasamenvemeso. Vmerorces B BULy (DOPMYJIbI
Mai, as, as] = [Aay, Aag, Aag),
[a1, az, as] 4 [b1, ba, b3] = [a1 + b1, as + by, az + b3,
BCEro JIUIIb BBEIPAXKAIONINE PABCHCTBA,
Aa = (Aaj)er + (Aaz)es + (Aas)es,
a+b=(a; +bi)es + (az + ba)es + (az + b3)es
B KOOD/IMHATAX OTHOCHTEJBLHO 6asnca {er, ez, e3}. |
PaccmoTrpum Teneps ckasisspHOE TpousBejieHne BeKTOpoB a u b. Ilosb-
3ysiCh OMIMHEITHOCTBIO, PACKPBIBAEM CKOOKMU:
a-b = (aje; + azes + azes) - (bye; + boes + bses)
=aibie; e +ajbser ey +ajbse - e;
+azbi ez - e + azbaes - ez +azbzer - e
+ asby ez - e1 + agbses - ey + agbses - es.

BumHo, 9ro 1j1si BBIYKC/IEHUS TPOU3BOJIBHBIX CKAJISPHBIX TPOU3BEICHUIA
B BBIODAHHOM 0a3rce JIOCTATOYHO 3HATH CKAJISPHBIE IIPOU3BEIeHUsT Oa3nc-
HBIX BEKTOPOB MeKay coboit. Ilpm aTom ocobenno ymobHBI H6a3UCHI, YI0-

BJIETBOPSIOININE YCIOBUIO €; - € = 5ij, rje
5 — 1 nopui=yjy,
Y0 mpmi#j,

ecTb cumBonl KpoHekepa; mpoiiie ToBOpPsi, B 9TOM CJaydae Oa3uCHBIE BEKTO-
PBl €IMHUYHBI U [IePIEHIUKYJISAPHBL JIPYT Apyry. Takue 6a3uchl HA3BIBAIOT
opToHopmupoBaHHbiMU, cokpaméano OHB. B opronopmupoBantoM Gasuce
KOODIMHATHOE BBIYUC/IEHAE CKAJISPHBIX TPOU3BEIEHUIN YIIPOIIAETCS 10

a-b =a1b; + asbs + azbs.
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AHaJIOFI/ILIHI)IM 06paSOM PaCKpoeM BEKTOPHOE IIPpOU3BE/IeHUE:
axb= (a1e1 + ages + CL3€3) X (b1e1 + boes + bg(—l‘g)
=a1bie; xe; +aibye; X es +ajbse; X e
+ agby es X €1 + asby ey X es + asbz es X e3
+ azby e3 X e1 + azbs €3 X €3 + azbz e3 X es.

31ech 110 cBOiCTBY a X b = —b X a Tpu cjiaraeMbIX paBHBI HYJIIO, & OCTaB-
IIIIECsT MOYKHO CI'PYIIIIMPOBATDH MTOIIAPHO:

axb= (a1b2 — a2b1)91 X €9
+ (a3b1 — albg) e3 X e;
+ (a2b3 — a3b2) €9 X €e3.
OOBIYHO BBIYHC/IEHNE BEKTOPHBIX ITpousBeenuit ejiércs B mpasom OHB.
B sTom cygae
€] Xey=e3, e3XxXe =ey, €y X ez =eq.

Bsap cMenmanHoe Ipou3BeNeHne TPEX BEKTOPOB, PA3JIOKEHHBIX IO Oa-
3UCY, IIPU PACKPBITAN BCEX CKOOOK MBI IOJIydaeM 27 CJIaraeMbIX CO CMe-
IIAHHBIMI [IPOU3BEICHUSME 0Aa3UCHBIX BEKTOPOB, HO M3 HuX 21 comepzkar
[MOBTOPEHUS apTyMEHTOB M [TOTOMY PaBHBI HYJIIO. B OCTAJbHBIX ClIaraeMbIX
[IepecTaBuM apryMEeHTbI, IPUBOJA UX «B IIOPSAJOK» (€1,€s,€3) ¢ yIéroM
U3MEeHEeHUs 3HAKOB:

(a, b, C) = CleQCg (el, €, 63) + CLlecg (eg, e, 63)

+asbica (e3,e1,ez) +arbscy (er,e3,ez)
+ agbscy (e2,e3,e1) + azbacy (e3,e2,€1)
- D (ela €2, 83)7

rie

D = a1bacs — asbics + agbico — arbses + asbser — asbacy.
st npasoro OHB umeem (e1, es,e3) = 1 u nonygaem (a,b,c) = D.
B nesisgx 60s1e€ KOMIIAKTHOM 3aIIMCH KOOPIMHATHBIX BHIPAXKEHII BEKTOP-

HOT'O U CMEIIaHHOI'O IIPOU3BE/IeHNH BBeIEM TTOHsATHE onpegenuTens. [lozxe
OIIPEJIEJIUTEN OYIYT MOSABIISTHCS BO MHOTUX JPYTUX CUTYAIIUSX.

ITonHoOE pacCKpbIiTHue orpeaesjimresid

st HeocpeACTBEHHBIX Tiesieil (MBI 2Ke ceiigac TOJIbKO B HadaJje Kypca)
HY2KHBI OIIpeJeJIATE/IM BTOPOI'O U TPEThero IIOPsJIKOB, IJie HOPAI0K O3Ha-



18 VYabsauos A. I1. Teomerpusi u anrebpa

JaeT pasmep MaTpuilbl. Bropoii mopsiiok:

Z; lb); = a1by — asby;
TpeTuil NopAoK:
ai by
a b2 Cy | = a1b203 — a2b163 + a3b162 - albgcz + a2b3c1 - a3b261,
as bz c3

WM B TOYHOCTH YMCJIO D, BOZHUKINEE B KOHIIE MPEIBILAYINETO IyHKTA. DTO
OpPMyJIBI TIOJTHOTO PACKPBITUS OIMPEIENTENsI, ¢ KOTOPBIMHA BbIPAYKEHUsI
JUUIsL CMEIIIaHHOTO ¥ BeKTOpHOrO npou3seienuii 8 npasom OHB {eq, e3, €3}
IPUHAMAIOT BH[L

ap by ap by e
(a,b,c) =] as by c2 |; axb=|ay by ey
az bz c3 az bz e3

Bropoii onpemenuresb 3/1eCh CuUMB0AUNECKUL, TOCKOIBKY TPEeTUil cTosberr
3aII0JIHEH BEKTOPAMU, & HE YHUCJIAMHU.

Ectb uérkue npaBuiia, 110 KOTOPBIM COCTaBJIEHBI (DOPMYJIBI IIOJTHOI'O Pac-
KpbiTus. He TOJIBKO B yKa3aHHBIX CJIydasixX, HO U JJIsl IIPOU3BOJIBLHOTO TIO-
psSIKa N, PACKPBITHE SIBJISETCS CYMMO# CO 3HAKAMU BCEBO3MOXKHBIX CJIAra-
€MBIX, PABHBIX IIPOU3BEIEHUIO 7 KOMIIOHEHT MATPUILbI, B3ATHIX 110 OIHOMY
U3 KaXKJI0i CTPOKHU M KaykIoro crojbdma. Beero ciaraemsix n!. Heraun o6-
IIIero IpaBuja BHIOOPa 3HAKOB MBI Pa3bepéM 3HAUNTEIBHO MO32Ke, HO st
TpeThero (U TOJLKO!) IMOpAIKa OTMETUM HPOCTYI0 KAPTHHKY:

ax b1 c1
(+): b2 c2 a2
C3 as b3
b1 a1 c1
(—) : as C2 bg
C3 b3 as

PackprwiTue no cToJdIly mji cTpoke

ECTB MHOTI'O CHOCO6OB Bpra3I/ITb OHpeﬂeﬂI/ITeﬂb TpeTbeFO HOpH,HKa qe-
PE3 ONpeJIeSIUTENI BTOPOTO NOpsaKa. Hanpumep, rpynmupyst ciaraeMble ¢
O,IH/IHaKOB])IMH Ci, Hoﬂqu/IM

a1 by ¢
rora az by ar by ay by

as by co | = c1 — co + cs3.
2 2 2 as b3 1 as b3 2 as b2 3
a3 bz c3
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31ech crouT 0OpaTUTh BHUMaHWE HA MUHYC B IIPaBOil 4acTu. D10 Pop-
MyJia, PACKPBITHUSI OIIPEJIEJIUTEIS TPETHETO MOPSJIKA [0 TPEThEMY CTOJIOILY.
[pynumupyst ciiaraeMble nHaYE, MOYKHO Oy IUTH (DOPMYJIBI PACKPBITHUS II0
IPYTUM CTOJIONAM, & TaKKe [0 CTPOKAM.

OcobeHHO ynoTpedbUTEHHO IPUIIOYKEHNE K BEKTOPHOMY [TPOU3BEJICHUIO:

a1 by e
az by a1 by ap by
axb=|ay by ey | = e — ey + es.
b asz bz az b3 az by
az 03 €3

OrmernM reomeTpuydeckuii cMbIc 310l opmysiel. [Ipexk e Bcero, ompe-
TeJTUTEJTb BTOPOTO TTOPSAIKa TAKKe BhIPayKaeT TeOMETPUIECKYIO0 BeTUINHY
OPUEHTUPOBAHHYIO IJIOMIAIb apaluienorpamma (ad — be Ha pucyHKe).

C7d C,d
(¢, d) (@.b) (¢ d) (.b)

BeixomuT, kaxaplii 3 TpEX TAKWX OlpeaeauTeseil B Haieil dopmysie
BBIYUC/IACT OPUCHTUPOBAHHYIO IIOIIA b IPOEKIUMN I1apaJijieJorpaMMa Ha
BEKTOpax a u b Ha Tpu KoopAuHATHBIE II0ocKoCcTH. CorjlacoBaHne OpueH-

Taluil BHOCUT MUHYC IIepeJl BTOPBIM CJIaraeMbIM.

Dopmysia paCKpBITUsT OIPeIe/IUTe s [0 CTOJIOIY WU CTPOKe 0000Ima-
eTCsl HA OIPeIe/IUTE N JTI0O0T0 Mopsiaika 1. MHOXKUTE b IPH KaXKI0M JJ1e- Seki 1683
MEHTE PACKPBITUS SIBJSIETCS OIPEIETUTEIEM TTOPAIKa 1 — 1, TTOJTyIaeMbIM  Leibniz 1693
W3 MCXOTHOTO BHITEPKUBAHUEM TOTO CTOJIOIA W TON CTPOKH, T/I€ HAXOIUTCS
3TOT 3/IeMeHT. EIé ecTh Yepeayroniuecs 3HAKH IJII0C U MUHYC; TYT IIPaBU-

JIO Takoe: IIPU 3JIeMEHTEe B JIEBOM BepXHEM yIJIy BCerJa HyzKeH ILIIOC, & B
OCTAJIBHOM 9TO MIAXMATHBIA HOPSIOK (JIeTaiu M03Ke HA CeMUHAPAX ).

JoBOBHO TapaJoKCAJIBLHBIM 00pPa30M, OMPEIeIUTEN HOIBUINCH B Ma-

TeMaTHKe HAMHOTO PaHbIle BEKTOPOB, a B EBpore n MaTpuir Toxe.

BrrauiiieHue onpeaeinTelis

Berancisite 3HaUEHME ONPEEUTEIS TIOCPEICTBOM €r0 PACKPBITHUS PeJl-
KO OBIBAET MPAKTUIHBIM CaMO II0 cebe, HO CTAHOBUTCSI TOPA3/I0 MPOIIE U -
dexTHBHEE, KOTJA ONPEIETUTENb YIAETCS IPEIBAPUTEIHHO «BBIYUCTUATD>.
[Iporiecc BbIYUIEHNST OCHOBAH Ha CBOWCTBAX OPUEHTUPOBAHHBIX OOHEMOB.
[Tpubapjsis K OJHOMY U3 BEKTOPOB JPYroOil, Mbl HE U3MEHUM OPUEHTUPO-
BaHHBIN 0OBEM:

(a+c¢,b,c) =(a,b,c)+ (c,b,c) = (a,b,c).
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C TeM 2Ke yCIIeXoM MOXKHO [IpUOaBJIATh K & Wik K b BekTop Ac. [Ipu Beramc-
JIEHUU B KOOPJIMHATAX BBITOJHO BOCIIOJIB30BATHCSA ITUM, UTOOBI 3aMEHUTH
HEKOTODBIE 3JIEMEHTBI B OIPEJIETUTEIIE HYJIAMU.

IIpumep. Bouramcanm 3HAYEHUE ONPEIETUTEIS:

123 121 111 1
456|=|451|=|1411|=|4
789 781 711 710

31echb MBI Ha IIEPBOM IIIAre BBIUUTAEM BTOPOI CTOJIOEI] U3 TPEThEero, a Ha
BTOPOM — IIEPBBIAl U3 BTOPOro. 3aTeM J[Ba OJMHAKOBBIX CTOJIOIA YKa3bI-
BAIOT Ha 3aHyJIeHUe OIIpeJesiuTesss BBULY €0 IeOMeTPHUUYECKOI'0 CMBICIIA;
IIOMUMO TOT'0, MO2KHO COBEPIIUTH TPEThE BbIUYNTAHUE U IOJIYIUTH HYJIEBON
CTOJIOEIT, PACKPBITHE TI0 KOTOPOMY HAET HYJb B OTBETE.

10
10]=0.

IIpumep. Bouramcanm 3HAYEHUE ONPEIETUTENS:

111 111 111 111
123|=(123|={012|=|012|=2.
149 026 026 00 2

s pasnoobpasust, 37eCh TPUMEHEHBI OIEPAIAA CO CTPOKAMH, & HE CO
CTOJIONAMY; JJI BBIYUIIEHUS OIIPEJEJINTENel OHU OKA3bIBAIOTCS PaBHO-
MPaBHBI. Y TOCJIETHETO OIPEICTUTEIS JIUITh OJTHO M3 IIECTU CJIAraeMbIX
IIOJTHOTO PAaCKPBITUs M30eraer HyJIEBBIX COMHOXKUTEJEH: OHO COCTABJIEHO
W3 3JIEMEHTOB Ha FNaBHOW AWaroHanu, TO3TOMY OTBET JIETKO CUATHIBAETCSI.

’ 1.4. OTJIOKEHHBIE TEOMETPUYECKUE JOKABATEJIbLCTBA

AucTtpudyTuBHOCTU

Yeranosum dopmyiny (a+b)-c =a-c+b-c. Ecim ¢ = 0, o 06e
yacTu HyJieBble. VHaue, JeMMBbI II03BOJIAIOT 3aMEHUThL BEKTOPHI a 1 b Ha
UX COCTABJISIONIME KOJUIMHEAPHBIE C U CBECTH TPeOyeMoe K PABEHCTBY

(a+b)c.c=(alc £ bl).c Lalle.cyble.c,

IIPOBEPAEMOMY HEIIOCPEICTBEHHO, HA OAHON IIPAMOI.

Veranosum dopmyiy (a+b) x c=a x c+ b x ¢c. Eciiu ¢ = 0, To 06e
JaCTH HYJIEBbIE. HH&‘IG, JIEMMBI IIO3BOJIAIOT 3aMEHUTH BEKTOPLI a U b Ha
WX COCTABJIAIOININE TIEPIIEHINKY/ISIPHBIE C M CBECTU TpebyeMoe K PaBeHCTBY

(a—&—b)Lcxc:(aLc—i—ch)xc;achc—&—chxc.
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[TapasiesorpaMM Ha BeKTOpax a¢ u b1C jeXuTr B IIOCKOCTH, IIepIIeH-

JUKYASpHON c. [Ipy BEKTOPHOM yMHOXKEHUHU Ha C BCsl 9Ta ILJIOCKOCTDH IO~
BOPAYMBAETCS HA MPSIMON YOI U MacIITabupyercs ¢ KO3 UIIMEHTOM MO~
nobus |c|.

JucTpuby THBHOCTD CMENIAHHOTO ITPOM3BEIEHUS 110 KaXKJIOMy U3 apry-
MEHTOB CBOJMUTCHA K JUCTPUOYTUBHOCTU CKAJISPHOIO U BEKTOPHOI'O IIPOU3-
Besiennii. Hampumep, 1o BTopoMy apryMeHTy:

(a,b; +bs,c)=(ax (b; +by))-c
(axb;+axbs)-c
(axby)-c+(axbsy)-c
(a,b1,c) + (a, b, c).

Bai muayc nabd

VYeranoeum Teneps Gopmyny a X (b x ¢) =b(a-c) —c(a-b).

IIpeamomoxxum caagasta, 91o b x ¢ = 0. Torma COMHOXKUTEN KOJITHHE-
apsbl: b + yc = 0. Beipasus orciofia OiuH U3 BEKTOPOB U [OACTABUB B
IPaBy0 YacTh UCKOMOIO DaBEeHCTBa, HailjéMm b(a - c¢) — c(a-b) = 0, tax
9TO B 3TOM Cjiydae bopMysia BepHa.

IIpeamnosnoxkum Temepn, aro b X ¢ # 0. Torna mo onpeseeHn0 BEKTOP-
HOT'O TIIPOM3BEIEHNsT BEKTOPHI b X ¢, b, ¢ 06pa3yioT 6a3nc mpocTpaHCcTBa.
Paznoxum a = ab X ¢ + b + y¢ u npoBepum GHOPMYILy OTIAEIBHO JJIst
KazKJI0fi KOMIIOHEHTBI, IOJIb3YsCh AUCTPUOYTHBHOCTHIO BCEX CJIAraeMbIX.
3HAYUT, 3Ty IPOBEPKY JOCTATOYHO CHEJATH B TPEX «BA3UCHBIX» CJIydasX:
a=bxc,a=bua=c.

IIpu a = bXc Bce caraeMble pABHBI HYJIIO BBH/LY IIOBTOPEHUS BEKTOPOB.
ITpn a = b nepenumem nckomoe pasercTso b x (b x ¢) < b(b-c)—c(b-b)
B Buge (b - b)c L (b-c)b+ (b x c) x b. Pazgenum va b - b # 0, BBEIEM
e/IMHNYHBIA BeKTOp N = b/|b| n yBuauM yKe 1aBHO 3HAKOMYIO (DOPMYITY
c=(n-c)n+(nxc)xn ms paznoxenns ¢ = cl® ¢t Tpr a = ¢
[POBEPKA aHAJIOIMYHA, TOJIHKO b U C MEHSIIOTCST POJISIMUL.
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1.5. BAJAHUE MIPSIMOI U IJIOCKOCTH \

®Durypbl 1 ypaBHEHUSI

Bribepem B mpoctpancrse Touky O B KadecTBe Hadaja OoTcYéra. 1o-
rJa KaxKIoil Touke A [IpoCTpaHcTBa COOTBETCTBYET e€ paauyc-sektop r(A):
910 BekTOp ¢ HadajioM O u koHioMm A. IlosiyuaeMm B3aMMHO-OIHO3HAYHOE
COOTBETCTBHE MeXKIy TOYKaMmu U BekTopamu. llogpasymeBasi BBIOpaHHOE
HaYaJI0 OTCYETA, OBIBAET yIOOHO TOBOPUTH O PAIUyC-BEKTOPE, MMesl B BU-
Iy COOTBETCTBYIOIIYIO TOUKY, MO0 HAODOPOT.

VpaBHEHUSIMU T€OMETPHYECKOi (DUT'YPHI B BEIOPAHHON CHCTEME KOOD/IU-
HAT HA3BIBAIOT YCJIOBUsA (B BHJE DABEHCTB) HA KOODMHATHI IIPOU3BOJIBHOI
TOYKHU, KOTOPhIE BBIIIOJIHEHBI TOTA U TOJBKO TOTJA, KOIJ/a TOYKa IIPUHA/I-
siexkut durype. Cucrema KOOPINHAT BEIOMPAETCS MIPEKIE€ BCErO, HO MbI HE
OyeM HAIIOMUHATH PO TOT STAIl B KAXKJOW CUTYAIIUH.

VpaBHenusi npsiMoii OO IJIOCKOCTU 3AIMCHIBAIOT B PA3JIAYHBIX (HOpP-
Max. Boizesnnm geTsipe criocoba: mapaMeTpudecknii, HOpMaJIbHbIH, OOTIHiA,
[IOTOYEYHBI; IIPU STOM IIEPBBIE JIBE (DOPMbBI UCIIOIB3YIOT PAJIYC-BEKTOPHI,
a ToCJIeIHIE JIBe — KOOPJMHATHI. B BEKTOPHBIX ypaBHEHUsIX 00enx dhopM,
Oyab TO Ha MJIOCKOCTH WJIA B IPOCTPAHCTBE, 0DO3HAYUM Yepe3 I' Pajuyc-
BEKTOD IPOU3BOJIbHOI (Hem3BecTHOl) Touku. OcTajbHble y9acTBYOIINE B
YPABHEHUSIX BEKTOPBI [IPEIIOJIAraeM U3BECTHBIMU.

ITapamerpuyeckoe 3agaHue

Bosbmém Ha marHOM mpsiMoii £ TOYKY W 0DO3HAYNUM €€ paJinyCc-BEKTOD
1epes rg. Jlasee, Bo3bMéM mapaJsiesbubiit £ BekTop v. Torma st Karxkioro
BEIIECTBEHHOI'O 4ucja ¢ BEKTOP Iy + tV eCTh Paiuyc-BEKTOP HEKOTOPOIA
Toukn Ha npsamoit £. [Toaromy

=Trg+ iLV7

rje t — mepeMeHHbIN NapaMeTp, HAa3bIBAIOT NapamMeTPUYECKUM 3afaHNeM TIpsi-
moit. [locTosTHHBIM BEKTODP V HA3BIBAIOT HanpaBfsiOLMM BEKTOPOM STOM TIpsi-
MOIf, & TOUKY (COOTBETCTBYIOILYIO) Iy — €€ HavanbHoii Toukoi. Korna ¢ mpo-
Oeraer Bce BEIECTBEHHBIE YNCJIA, KOHEI[ PA/IINyC-BEKTOpa I' IIPOberaeT BCe
TOYKU TPsAMOil £. PU3NYIECKN MOXKHO TPAKTOBAaTh I'g U V KaK HAaJabHOE
MOJIO2KEHNE W CKOPOCTH «MaTE€PHAJILHON TOYKU». Beskasd mpsiMas UMeeT
OECKOHEYHO MHOIO MAapaMETPUIECKUX 3aJIaHUN C PA3HBIMU Io U V.
Bozbmém Ha mannoit tockoctu 11 ToUky 1 0603HAYMNM €€ PaIIyC-BEeKTOD
qepes rg. Jdanee, Bozpmém B 11 qBa HEeKoMIMHEAPHBIX BEKTOpa Vv, W. Torma
JI7IsT JTIOOBIX BENIECTBEHHBIX UHCEN t, § BEKTOD tV 4+ SW JIEKUT B ITOH 2Ke
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mnockocTu I, mpuaém Bce BEKTOPHI B HENl UMEIOT TAKOE MPEICTABIEHUE, &
ro + tv + sw ectb paguyc-ekTop Toukn ma II. IToatomy

r=rg+tv-+sw,

rae t m § — IlepeMeHHble IIapaMeTphl, Ha3bIBAIOT IIapaMeTPUYEeCKUM 3a-
JAHUEeM TLTOCKOCTH. IloCTOSTHHBIE BEKTOPHI V. U W HAa3BbIBAIOT HAITPABJIS-
OIIIMHU BEKTOPAMH 3TOH IIOCKOCTH, a TOYKY Iy — €€ HadaJIbHOU TOY-
koit. Korna ¢t u s He3aBuCcHMO IpoOeraroT BCe BEIECTBEHHBIE UNCIA, KOHEI]
paauyc-BeKTOpa I' mpoberaeT BCe TOYKH ILIOCKOCTH [I.

HopmasnbHble ypaBHEHUSI

Hopmanblo K mpsimMoii M K IJIOCKOCTH HA3bIBAIOT BEKTOP, OPTOrOHAJIb-
HBIH KaXKJIOMY BEKTODY, JIeKaIleMy B 9TOil npsmoii/miockocru. Hopmans-
Hble ypaBHeHus n - (r — rg) = 0 B ciydasx IPAMON Ha [JIOCKOCTU U ILJIOC-
KOCTH B IIPOCTPAHCTBE OTPAXKAIOT TOT (PAKT, 9TO OJHA TOUKA Iy Ha IIPs-
MOI1/IIOCKOCTH U HOPMAaJIb Nl K Heil OlpeIesIsioT IPsIMYIO/IIOCKOCTh. [1o-
CKOJIbKY 3JIeCb Il U Iy U3BECTHbLI, MOXKHO IIO/ICTaBUTH UX CKaJIAPHOE IIPDO-
U3BEJCHNUEC B ypaBHEHUE U IIOJIYIUTH €ro BapUaHT Il - I = D

,H.HH Hpﬁl\lOﬁ B IPOCTPAHCTBE PEJIKO roOBOPLAT O HOpMaJILHOM YPaBHCHUN,
XOTA MOXKHO BbI6paTb ABa HEKOANUHEAPHDIT HOPMAJIbHBIX BEKTOPa 11, M 1
3alluCaTb CUCTEMY

n-(r—rg) =0,

m-(r—rg) =0.
Omna paBHOCWIbHA ypaBHeHUio vV X (r —rg) = 0, B KOTOpOM V = n X m
ABJIAETCA HAIPABJIAIONIAM BEKTOPOM IPAMOil. 376Ch TOXKe MOKHO HOJICTA-

BUTH & = V X I'g U MOJIyIUTh BapuauT v X r = a. OJHAKO OJTHO ypaBHEHUE
C BEKTOPHBIM I[IPOU3BEJEHUEM JIMIIb Ha IIePBbIil B3IJIA]] 9KOHOMUYHEE CU-
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CTEeMbI U3 /IBYX CKaJIAPDHBIX, BE€/Jb B KOOPD/IMHATaX OHO IIpEBPaIllla€TCd B TPpU
YpaBHEHUSs, & 3HA9UT, OJHO U3 HUX BCEr/la OKa3bIBaCTCA JIMIITHUM.

IIpumep. Haiiném ypaBuenue purypbl, Kaxias TOUKa KOTOPOH paBHOY/ 1A~
JICHA OT TPEX 33 IAHHBIX PA3JIMYHBIX TOUEK I';. [[pupaBHsIeM KBaipaTh! pac-
CTOAHUIT OT IPOU3BOJIBHOI TOYKH I JI0 ABYX JIAHHBIX:

(r—r) (r—r;)=(@r—1j) (r—rj).
ITpeobpasys, npuBeJéM ero K BHIY N;j - (r— cij) =0, e n; =r; — 14
U Cij = % DT0 HOPMAJILHOE YPABHEHHUE IIJIOCKOCTH, TPOXOIIAIIEH Te-
pes3 cepeluHy OTPe3Ka C KOHIIAMU T'; U T'; IEPIeHIUKY/IApHO eMy. Ecim
WCXOJIHBIE TOYKM JIEXKAT Ha OJ[HON MPSIMOIi, TO PEIleHnii HeT, OO ITU Tph
ILUIOCKOCTH TTapaJLebHbL. VlHatwe Bce TPHU IJIOCKOCTH MIEPECEKAIOTCH 110 00-
el mpsiMoii; Tora JII00bIe IBa U3 TPEX yPABHEHU JAIOT OTBET.

Ilepenuiem HOpMaJIBLHOE YpaBHEHUE IJIOCKOCTH B JIEKAPTOBBIX KOOPIU-
HaTax. BeKTop HOpMa/ B 3TOM cCiiydae yIAOOHO BBIOMDATH €IMHUIHBIM:
n = n1i+ngj+nsk ¢ yerosuem n? +n3 +n3 = 1; nsa Bapmamnra, mveronT-
ecs JIJIsT KayKJIoW IJIOCKOCTH, OTJIMIAIOTCs o0IuM 3HAKOM. KoopamHaTh
€JIMHUYHON HOpMaJjii N PaBHBI KOCUHyCaM yIJIOB «, (3, 7 MeXKJy HE U
[TOJIOXKUTEJIbHBIMIA HAIIPABJIEHUSIMU OCEIl, IIOTOMY MX HA3BIBAIOT HaNpaBs-
IOLWMUMMN KOCMHYCaMN:

n =icosa+ jcos 5+ kcos~.

3areM BO3bMEM JIIOOYIO TOUYKY I'g HAIeil IJIOCKOCTA U BBIYUCJIMM €€ IpO-
eKIINI0 Ha HOPMAaJib Kak p = n - rg. Ecim nmonyuuiocs p < 0, TO cMeHUM
3HakK HopMmasin. Hakomer, mpegcrasiisis paaunyc-BeKTOP IIPOU3BOIHHOM TOU-
KM Kak I = xi + yj + zk, npeBpaimaeM ypaBHEHHE N - ' = P B UCKOMOE:

rcosa+ycosf+zcosy=p, tmep=0.

OO6i1mue ypaBHeHUsI

Teopema. B x00pdunamar ommocumesdbho npouseosvho2o basuca
(1) 6 npocmpancmee 6caras NAOCKOCTG 3a0a€Mces YpasHeHueMm 6uda

Az + By+ Cz+ D = 0;
(2) ma naockocmu 6caxas NpAMas 3a0aémca YpasHeHueM 6uda

Az + By + D = 0;
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(3) 6 npocmpancmee ecaras npsmas 3adaémes cucmemoti 6uda

{A1$+B1y+C1Z+D1=0,
Asx + Boy + Coz + Dy = 0.

Onpedenenue. VIx Ha3bIBAIOT 00LWMMU ypPABHEHUSIME MIPSIMOM MJIM ILJIOCKO-
cTu. 3a caM BUJ — 0€3 MPOU3BEJIEHUI U CTEIEHeH MEPEMEHHBIX — TaKue
YPaBHEHUS Ha3BIBAIOT NUHENHBIMU.

Jokasameavemeo. (1) TlopcraBum pasioxkenue r = rej + yes + z€3 HEM3-
BECTHOI'O PaJNyC-BEKTOPA B HOpMaJjIbHOE ypaBHenue n-(r—rp) = 0 u cpasy
MIOJTy9IMM BBIPaXKeHUs 111 KOI(DDUITMEHTOB NCKOMOTO OOITIET0 yPABHEHIUS:

(n-ej)z+(n-e)y+ (n-es3)z+ (—n-ry) =0.

(2) AHayIOrnYHO NEPBOMY CJIy4aio, HO I' = X€] + yes.
(3) Anasorun4yno epBOMy CJIydaio, HO HOpMaJieil JBe. |

Teopema. B k00pdunamar omHocumesvHo npoudeorvho2o 6asuca Kaitc-
doe aunetinoe ypasrerue, 6 Komopom Toms Ov. 00uH Koapduyuerm npu
HEUSBECTIHDIT HEHYAEE0T, 3a0aéM NAOCKOCTIL 6 NPOCMPAHCMEE AUOO NPA-
MY HA NAOCKOCTIU.

B ciayvae cucreMbl U3 ABYX JIMHEWHBIX YpaBHEHUIN yCJIOBUE, TPU KOTO-
POM OHa 3aaéT MPSIMYyIO0 B IIPOCTPAHCTBE, OOJiee CIOKHOE: ITO YCJIOBHE,
YTO JIBE IIJIOCKOCTHU II€PeceKaloTcd 110 IPAMOIi.

Loxazameavcmeo. Tenepsb, HA0OOPOT, HY?KHO IO JIUHEHHOMY yPaBHEHUIO
Ax + By + Cz + D = 0 naiiTu HOpMaJb K THIOTETUYECKH 3a[aBaeMOi
UM IUIOCKOCTU. B eKapTOBBIX KOOPAMHATAX, TO €CTh OPTOHOPMHUPOBAHHOM
6azuce, rogurcsa BekTop ¢ Koopaunaramu (A, B,C'), HO B IPOU3BOIBHOM
Gasuce {ey, es, €3} orBeT HeoueBUIeH. BO3BMEM BEKTOD

Aeg X93—|—B83 ><el+C'e1 X €2
(e1,e2,e3) '

s r = xe; +yes + zesz nonyunm n-r = Az + By + C'z, ubo B uncaurese
obpazyrores 9 CMEmaHHbIX TPOU3BEICHNN, U3 KOTOPBIX 6 Coep:KaT MOBTO-
psIIoIUecs: BEKTOPDI, a OCTaJbHbIE PaBHBLI 3HaMeHaTe 0. Jlaiee, BO3bMEM
rg = —DZ%; Torma D = —n-rp, TaK 9TO HCXOJ[HOE yPaBHEHNE PaBHOCHIIb-
HO HOPMAJILHOMY YPaBHEHMIO ILI0cKocTu 1 - (r — rg) = 0.

K ypasuenuto Az + By+ D = 0 noctapaeMcst IpUMEHUTD TOT YK€ TPIOK,
cuurasi, 910 oHo umeer Bug Ax + By+ Cz+ D = 0, vo C = 0. ITockoJibKy
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cuUTyalldsi IJI0OCKasi ¥ TPeTbero 0a3UCHOIO0 BEKTOPA HET, MOXKHO BBIATH B
IIPOCTPAHCTBO U BHIOPATH €3 OPTOTOHAJIBHBIM K €1 U €5. 1or1a 3arajouHast
dopmyita gactT n = niej +nqoes + 0es u 0 MPOCTPAHCTBE MOXKHO «3a0BITh>.
Pagmyc-BekTop HagaabHON TOYKM HAXOIUTCA Tak ¥Ke: Tg = —D . O

Ecimm D = 0 B ypaBrenun miockocru Ax + By + Cz 4+ D = 0, To oHa
MPOXOJIUT Yepe3 Hadas o KoopauHat. MHade miepenuineM ypaBHEHUE B BUJIE

T Y __Dy__D_ __D
a+ +c71’ e a = A’bi 5'C= "

(=

Ha3bIBAEMOM YPaBHEHWEM B oTpe3kax. Ero K03 uimenTsl paBHbl KOOPIH-
HATaM TOYEK IIepecevdeHus ITOi IIOCKOCTH ¢ ocsMu Koopauuar: (a,0,0),
(0,5,0), (0,0,c). Korma miockocTh napajiesbHa OCH, COOTBETCTBY O
KO3 DUIMEHT TPUHUMAETCsI PaBHBIM OeckoHeuHOCTH 00. Takasi popma
YPaBHEHUS IJIOCKOCTU OYeHb YJI00HA, HAIIPUMED, B KPUCTAJLIOrPAUH.

Yupaxkaenune. B dekapmosvix kK00puHamar 3anuume YpasHeHUE npo-
U360ALHOT NAOCKOCTIU, NPoxodawet uepes mouky (Lo, Yo, 20)-

Tabsuia crrocodboB 3agaHusI

[Tepem TeMm, Kak 3aHATHCA YPABHEHUSIMHA TI0 TOYKAM, COOEPEM B TabJIHITY
HauboJIee yImoTpeOUTeIbHBIE CITOCOOBI 33 IaHUs MPAMBIX U ILJIOCKOCTeH u
HEKOTOPBIE JIOTIOJIHUTE/IbHbIE CBEIEHUS:

(1) pasmepHOCTB;

KOpPa3MePHOCTb;

obIree ypaBHEHUE;

HOPMAJIbHOE YPaBHEHUE;

mapaMeTpUIeCcKoe yPaBHEHUE;

ypaBHEHHUE 10 TOYKaM OOBIYHOE;

YPaBHEHUE 110 TOYKAM 4Yepe3 OIIPEIeJIUTeIb /~1;
(8) ypaBHEHHE IIO TOYKAM Yepe3 PAHT.

NN N N N~
~N O Ol i W N
—_ D=

Buaukn A, {, © V B TAKOM KOHTEKCTE COBEPIIEHHO HECTAHIAPTHBI, HO B
3TOM IJIaBe s HaXO0xXy y,l:[‘O6HI>IM II0JIb30BaTHCA UMM J1JId CCBIJIOK.

C BHUJIOM ypaBHeHI/IfI, 3allUCaHHBbIX B OCTAJIbHBIX CTPOKaXxX Ta6JIHH,bI, TeC-
HO CBsI3aHbI 4¥ciIa B cTpokax (1) u (2): 9T0 COOTBETCTBEHHO Pa3MepHOCTb
7 KOpa3MepHOCTb durypsl. PazmMepHOCTh paBHA KOJWYIECTBY APAMETPOB, &
KOPa3MepPHOCTh paBHA KOJUIECTBY OOIMNX ypaBHEHUN U JOMOJTHSIET pas3-
MEpPHOCTH 710 00bemAioLell pa3MepHOCTH.
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A O v
IIJTIOCKOCTBH HpﬂMaH HpHMaH
B IIPOCTPAHCTBE Ha IJIOCKOCTHU B IIPOCTPAHCTBE
2 1 1 1)
1 1 2 (2)

Az +Bly +Ciz+D1=0 (3)

A B D = A B =
x+By+Cz+ 0 x+By+C =0 {A2x+Bgy+sz+D2:O

noror) =0 | nem=o | {Rror=s (4)
r=rg+tv+sw r=rg+tv r=ro-+tv (5)

Tr —X — z —Zz

1Yy~ 1 T —I Yy -y | T —T1 Yy —n z —z1

T27EL Y21 22721 0 T2 —T Y2—Y1 | T2—21 Y2 —Y1 Zo—21 (6)
—1 _ _ _ _

T3—T1 Y3—Y1 23—=Z21

§1Z1z1} z y 1 z y 1 y z 1
x =0 1’1y11 =0 3311/11 = y12’11 =0 (7)
2y2Z21 l‘z’yzl Igygl yngl
Z3 Y3z 23 1
1
iyzl z y 1 z y z 1
rk 1Yz =3 rk xr1 yll =2 rk T1 Y1 z1 1 =2 (8)
oz yz 72 1 T2 Y2 1 T2 Y2 22 1
3 Y3 23 1

VYpaBHEHUsI 10 TOYKaAM

Yepes gBe pazinudnble GUKCUPOBAHHBIE TOYKHU HA IIJIOCKOCTH WX B IIPO-
CTPAHCTBE, C PaJNyC-BEKTOPAMU I'y U 'y, IPOXOAUT €IUHCTBEHHA IIpAMadl.
VpasHeHust no Toukam (6Q) u (6V) 910l IPsIMOil BBIPAXKAIOT KOJUINHEAp-
HOCTb BEKTOPOB I' —I'| U I'y —I'] KaK IIPOIIOPIIMOHAJIBHOCT UX KOOD/IMHAT.
Amnajsiornuno, ypasHenue 110 TodkaM (6A) eIUHCTBEHHON IJIOCKOCTH, IIPO-
XOJIsIIel Yepe3 Tpu (PUKCUPOBAHHBIE TOYKHU B IIPOCTPAHCTBE, HE JIEXKAIIIIe
Ha OJIHON IPAMOIi, BbIpazkaeT KOMILJIAHAPHOCTb BEKTOPOB I' —I'j, 'y —I'y U
rs — I KakK 3aHyJIeHHe UX CMEIIaHHOTO IIPou3Be ieHusi. Ajirebpaniecku 5Tu
yCI0BHs B ¢TpOKe (6) TabmIpl KaxKyTCs PA3HOPOIAHBIMU, HO, IepedopMy-
JINPOBAB WX, MOYKHO CJIEJIATH MX MOXOXKMMH BO BCEX TPEX CIIydasX. DTOMY
HOCBAIIEH (HeOOA3aTeIbHBIN) [IOCJIeHNUI IIyHKT TEKYIIEro pasieJa.
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CwMmeHa criocoba 3ajaHust

Kaxkaprit u3 nmepednciieHHbIX CII0CO00B 33/1aHNs IPSIMOi NJIU IIJIOCKOCTH
B OIIPEIEJIEHHBIX CUTYAIUSX JIyUIle JIPYTUX, TIOITOMY [IPU PEIeHUH 38189
peryaspHo TpebyeTrcs MepexoauTh OT OJHOTO K apyromy. s GomabimH-
CTBa TIEPEXOJIOB JeificTBus c1abo 3aBucaT or BapuanTa (A,0,V).

o UIeM
(3) (4) (5) (6)
A Ol aga
3 [0 o6 CImcaTh n HpORTH yrasate
obrriee yepes BE WM TPU
(3) e yrajaTh ro P A P
v TOYKU TOYKU
A = n ol
A PaCKpBITH v, W = () TpotTH
= n
4|0 ckOBKI HopMasibHoe | v = (X)) uepes
v v=nxm apaMeTphbl
A | mpoiiTr nN=VXWw [OJICTABUTH
(5) | O | uepes = (X)v napaMerpbl | 3HAYCHUS
V | HopMmasibHOe | n,m = (X)V napamMeTpoB
A Ol ro=r
PACKPBITh HpOHTH o=
6) | ¢ i uepes V=rg—Tr; | 0 TOYKAM
v napamMeTpbl W =Tr3—1I]

IHostcanm HEKOTOpPbIC TUIIUYHBIC IIE€PEXO/IbI.

(3«»»4)

(5w4)
(6~3)

Kaxnasi HopMasb N BBIIKCHIBaeTCsl u3 ypasHeHus: n = (A, B)
um n = (A, B,C). Ytobbl yragarh TOUKY I, MOKHO MOJCTABUTD,
nmanpumep, * = 0, a takxke y = 0 B caygae (3A). Ecom A = 0,
cJIejiyeT 3aHyJIUTh JPYTYI0 KOOPIUHATY.

VYrajplBaTh MOXKHO TaK, KakK B (3~>4), HO HCHOJIBb3YS JBE WA TPU
pa3HbBIE O/ICTAHOBKH.

O6o3Hauenue (<) MpU3BaHO HAIIOMUHATH IIPOCTOH CIIOCOG HAXOXK-
JIEHUSI BEKTOPOB, OPTOTOHAJIBHBIX JIAHHOMY: ecau n = (a,b), To
v = (b,—a); eciu n = (a,b,¢), o v = (b,—a,0) u w = (0,¢,—b)
upu b # 0, a unave, 83416 (¢,0, —a) 3a v wim w.

Dror nepexos, cuMMerpryeH (4~ 5).

PackpoiTh onpenennrens n coopaTh KOIDDUITNEHTHI.
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Ipumep. Haitmém yrom Mexxmay AByMsi ILIOCKOCTSIMU, 3aJaHHBIMU TIapa-
METPUYECKHU: I' = T; + tV; + sW;.
VckoMmpblit yrosm paBeH MEHBITEMY U3 YIVIOB MEXKIYy HOPMAJISIMHU K THM

IIJIOCKOCTAM. HOSTOMy CHa4daJia BbIYHCJ/IsAEM HOPMaJIA 1; = V; X W;, 3aTeM
|ny-no|

Tox sl Moynb B uucauTese 06ecrednBaeT HETYIION YToJT.

arccos

JomnoHeHne 06 ypaBHEHUSIX IO TOYKAM
[TepBbiM sestoM nepenwiieM ponopruio (60) Kak

T w1 Y~y g

)
T2 —T1 Y2 — Y1

YTO yrKe IOXOJUT Ha BBIPAKEHHE KOMILUIAHADHOCTH (6A): OTM4Me JINIIb
B HOpsKe onpenaesnuTens. Janee, 3aMeTHM COBIAJEHIE (¢ TOYHOCTBIO JI0
3HAKA) 3HAYEHUi TOro onpejesnuTess u oupegeauresd (74):

z y 1 T Y 1 T Y
ziy 1| =1z Y1 l{=|lz1—2 y1—y |0
T2 Y2 1 To—T1 Y2—y1 O To—71 Y2 —¥y1|0

AmnajiornyHoe siBjieHHE 3aMeTHO U B cToJ101e (A), Ijie HOsBIIseTCs Olpeie-
JIATENb 4emeépmozo nopsiaka. la, or 60JbIoii, 3aTo 110 cpaBHeHu:o ¢ (6A)
aJleMeHThI ero 3aBuHo mpoire! [losryuaem 3a1anue npsiMoiil Ha IJIOCKOCTH
¥ IJIOCKOCTHU B IIPOCTPAHCTBE yPABHEHUEM « KPAaCUBbIA ONpefenunTenb paBeH
Hyntoy. B ciyuae mpsmoit B IPOCTPAHCTBE U3 JABYX MPOIOPIINIA Oy IaeM
JiBa Takux ypasuenus (7V).

O tHaKo MOYKHO TOUTH Jasibiine. PaBeHCTBO onpeenTesis KBapaTHON
MaTPHUIIBI HYJIFO, KAK MbI [I03Ke YCTAHOBUM, SKBUBAJIEHTHO TOMY, 9TO OJHY
13 e€ CTPOK MOXKHO BBIPA3UTh Yepe3 JAPYTHUe, a 3TO O3HAYAET, 9TO PAHT ITOM
MaTPHUIIBI MEHbBIIIE MAKCHMAJIBHO BO3MOXKHOTO: «paHr nagaety. C mpyroi
CTODOHBI, PAHI HU OJHON MATpUIlbl B CTPOKe (8) He MOxkKeT ymacTb 6ojiee
JeM Ha eJUHUILY, ©0O0 TO UCKJIOUEHO MPEIITOI0KEHNEM 00LEro NoaokKeHns
3a(PUKCUPOBAHHBIX TOYEK: €CJIM MX JIBE, TO OHM PA3JIMYHBI; €CJIU UX TPH,
TO OHU He JIexKaT Ha OAHOHN IPAMOM.

B camom meste, nyis ABYyX CIydaeB MPSMBIX YCIOBUS OOIIErO MOJIOKEHMS
mapbl TOYEK 3AMUCHIBAIOTCS C MOMOIIBIO PAHIOB B BUIE

S A TS R LR
T2 Y2 1 To Y2 22 1

DTu paBeHCTBA rapaHTUPYIOT, YTO paHru mMarpull B Kierkax (80) u (8V)
HE MeHbIIe JByX. [109TOMy yC/IOBHME, 9TO PAHT TAKOH MATPUIHI HE PABeH
TPEM, TO €CThb IaJIAeT, 33/ Ia€T UCKOMYIO IIPAMYIO.



30 VYabsauos A. I1. Teomerpusi u anrebpa

YcoBue 00IETo MOIOKEHNsT TPEX TOUYEK B MPOCTPAHCTBE TAKKE 3aIlh-
CBIBAETCsl C ITOMOIIBIO PAHTa B BUJIE

1 Y1 21 1
rk |22 y2 220 1| =3,
T3 Ys z3 1
10O B COOTBETCTBUU C YK€ OOOCHOBAHHBIM YPABHEHHEM IIPSIMOit (SV) 3TO

O3HA4YaeT, UYTO IlepBasd TOUYKa He JIe2KUT Ha OpsMOil, Ipoxojdieil uepe3
BTOPYIO 1 Tperbio. UTak, B cTpoke (8) ypaBHeHHsl CTaju eJIuHOOOPA3HbI.

1.6. BBAUMHOE PACIIOJIOXKEHUE TTPSMBIX U IIJIOCKOCTEN

BapwuanTbl pacnoJsioykeHust mapbl GuUuryp

BsanmHOe pacrioyioKeHne JByX HPSIMBIX/IIJIOCKOCTEH B NPOCTPAHCTBE,
KOIJIa IPsIMbIE 3aJIaHBl B [IAPAMETPHYECKOM BHJIE, a IJIOCKOCTH — B HOD-
MAaJIbHOM, MOYKHO ONpPEJIETNTD 110 WX HAIPABJSIONINM BEKTOPaM Vi, Vg,
HOPMAJISAM 17, Ng U BEKTOPY Ar = Iy —I'; MEXKJIy UX HAYAJIbHBIMI TOYKa-
mu. Beero 3xech Tpu corydasi: (1) mBe mwiockocTy; (2) mpsiMasi 1 IUIOCKOCTD;
(3) nBe npsiMBIX. B Ka)KJ0M U3 HUX yKarkKeM IIPOIEIyPy JJIsi BBISCHEHUS
PACIIOJIOXKEHHsI B BUJIE AJTOPUTMA, & TOYHEe ero GJI0K-CXeMbl Ha CJIeJyIo-
el crpaHurie.

Paccrosgausa

Paccrostauem mex ity jBymst (purypaMu Ha3bIBAOT KpaTdaiiliee paccro-
sIHAE OT TOYKM Ha, OJHOI (DUType 0 TOUKU Ha APyroii. PaccrosHus Mex Ty
TOYKAMHU, IPAMBIMEA U IIJIOCKOCTSIMA HAXOMIAT Yepe3 Pa3jIudHble IPOU3Be-
JIeHUsT; cCOOEpEM Bce cirydan B TaOJUILy, a GOPMYJIBI /I YKA3aHHBIX B HEl
BeJIMYINH HaitéM moszke. B aTom pasmese 60IbITMHCTBO OPMYJIT COIEPIKAT
BEKTOp Ar = ro — ry.

ecin || ecom |f
e | D, |Ds|Ds| D,
A | Ds | Dy Ds |0 0
O | Ds Dy 0
V | Dy | Dg D, |0 D,

Ecnu durypsr napasuienbabl, TO [J1si BBIYUCIEHAST PACCTOSHUS OTHA U3
HUX 3aMEHSIETCS JII000i CBOEH TOUKOM; IPU 9TOM B CJIydae MPsIMON ¥ TLTOC-
KOCTH B IIPOCTPAHCTBE 3aMeHdAeTCs IIpaAMasd, IIOTOMY 4YTO PacCCTOAHUS OT
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(COBHa,Z[aIOT) (HapaJIJIeJH)HbI) (HepeceKaIOTCﬂ)

[HpHMaﬂ BJIO}KQHE].) (Hapannem)ﬂm) (Hepece}(a}oq‘cx)

(COBna;LaIOT) (Hapannenbﬂm) (HepeceKa}oTcs{) (CerH_LI/IBaIOTCH)

31
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€€ ToYeK [0 IIOCKOCTU OJIMHAKOBBI, HO He HaobopoT. Be3 napaJurespHOCTH
HETPUBHAJIEH TOJIBKO CJIyYdaii CKPENTUBAOIINXCS MPSIMbIX.

Haiiném obemanunie paccrosuus. Pasencrso D, = |Ar| ects mpocto
OTIpesie/IeHne PACCTOSTHIS MEXKIYy TOYKaMH, & (hOpMYIIbI

Dy =2 "1 D, = —2-—1 Dt:M.

|V1 X V2|
ns paccrosauit Dy, D, u Dy cmeayioT n3 reoOMeTpUIecKuX CBOMCTB CKa-
JISIPHOT'O, BEKTOPHOI'O ¥ CMEIAHHOTO [TPOU3BEICHNUI.

(D,) D10 paccrosame pasuo mmune (HopMe) mpoekrmm Arl2,

) O6BEM mapasuTesienuneia IeJUTCs Ha TUIOIMAh er0 OCHOBAHMUSL.

2 b I

IIpoekiuu

Kak y3naTh mosiozkeHme NPOEKUMA — TOYEK, PEAJU3YIONNX KpaTdaii-
mme paccrosinusi?! IIpuBiekaercss TpoeKTUPOBAHUE HA BEKTOPDI, 33 IAI0IIIE
JAHHYIO MPSIMYIO WM IJIOCKOCTh. [lo9TOMy BO3HHKAIOT [1Ba Ciiydas: IPHU
pa3MepHOCTU PUTYDPBI, PABHOI 1, NCIOJIB3YEM €€ HAIIPABJISIONINI BEKTOD,
a IIpu KOPa3MEepHOCTH, paBHO 1 — HOpMAaJb K Heil.

Tosiokenue OPOEKIMU T'| TOYKH Iy Ha NPAMYIO I' = Fo + tvae Kak (Q)
HA [JI0CKOCTH, Tak u (V) B mpocTpaHcTse, 1aéT dhopmysia

Ar - Vo

ro—r; =@ —r)V? = r; =ry - ArlVe = py - = 2y,
Vo - V2
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[MonozkeHre NPOEKIMU ¥ TOYKHU Iy HA IJIOCKOCTH (A) miu npsamyio (Q) ¢
HOPMaJIbHBIM ypaBHEHUEM Nj - (r — ry) = 0 maér dopmysa
Ar - ny
r;—r;=(r2— rl)lln2 — ry =r;+ Arlnz — ry + ———no.
no - 1o
B cayuae () oHEM maayT ONUHAKOBBIE OTBETHI, MO0 Ar = Arllvz 4 Apline
HOTOMY YTO Vg M Ny OPTOTOHAJILHBL.

OO0muii nIepneHANKyIsap K CKPENIUBAIOIIUMCS TPSIMbIM

Ha xaxk 101t n3 m1aHHOIT TPl CKPEIUBAIONTNXCA MPAMBIX I' = r1 +11V] 1
r = ro+1oVo ecTh TOUKA, OyinzKaiiiast K jpyroii npsmoit. Cojepzkalily o 5Tu
JIBE TOYKU IIPSIMYIO HA3BIBAIOT 0OLUM NEpneHANKYNSPOM K JIAHHBIM [IPSIMbIM,
a TOYKHU 9T HA3BIBAIOT €ro oCHoBaHusamu. HopmasbHoe ypaBHeHue 001Iero
HEePIEHINKYIAPa MOXKHO HATH, HE 3Hasd CAMUX OCHOBAHUIA:

(Vl XVa,Vy, I —1‘1) = O,
(ViXvg,ve, T —r3) = 0.

Kaxoe u3 aByx ypaBHEHHil BbIpaykKaeT depe3 CMEIIaHHOe ITPOU3BeICHUE
yCJIOBHE KOMIIJIAHAPHOCTH U TaK 33/Ja€T IJIOCKOCTb, COAEPKAILYIO OJIHY U3
CKPEIMBAONINXCS PSAMBIX 1 MCKOMBIH 00Imnii mepreHInKy/isip. Tomy, KTo
3aIIOMHMJI 9TO CBOICTBO, HEe IPUIETCS 3AIIOMUHATD CaMi (DOPMYJIBI.

TloacTaBisiss B 3TH ypaBHEHHsl T = Iy +11Vi U T = Iy + taVva, cpasdy
HAXOIWM 3HAYCHUS t}, OTBEYAIOIINE ITOJIOXKEHIAM OCHOBAHMIA:
(Arxvy) - (viXva)

tl = u t2 = — .
(Vl XVQ) . (Vl XVQ) (Vl XVQ) . (V1 XVQ)

(viXxva) - (v1xAr)

31ech, Kak u npexue, Ar = ro — r1. OTMeTnM, 9TO IJjId HAXOXKIEHUS
UMEHHO PACCMOAHUS MEXKIY CKPEITUBAIOIUMUCS IIPAMBIMEI [OPa3I0 IIPO-
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IIe [OJIb30BAThCS YKa3aHHOMN Bbie (opmynoit (Dy), 4eM nckaTh OCHOBa-
HUs OOIIEro MePIEeHUKYJISIPa.

VckaTh ocHOBaHUS MMEHHO TaK TOXKe HE OUeHb I(DHEKTUBHO: TOTPEDY-
€TCsl BBIYHUCJIATH TPU BEKTOPHBIX MPOM3BEIECHUS W TPU CKAJIAPHBIX. [Ipo-
JeaeM 3TO JApPYyTUM crocobom. BekTop obImero meprieH uKy/Isipa paBeH
(ro + tove) — (r1 + t1v1). Sanmmmem ycsioBue ero mepreHIuKyIsIPHOCTH
KaykJIOMY U3 HAIIPABJISIIOIINX BEKTOPOB V;:

{ (Vl . Vl)tl — (Vl . V2)t2 = V- Ar
(V2 . Vl)tl — (V2 . Vg)tg = Vg - Ar.
Pemas sty cucremy, MOXKHO HaiiTu t; MCKJIIOUUTEIBHO YEPE3 CKAJISPHBIE
[IPOM3BEIEHMUSI.

Yopaxkuenue. Jlokaotcume mootcdecmaeo

_|a;-by a;-by
(a1 x az) - (b1 X by) = N

Yupaxkuenue. Yb6edumecv, 4mo:

(1) nocaednas cucmema ypashenutds Ha t; umeem eduncmeenHoe
pewenue mozda u Mmoavko moada, koz2da vi X vg # 0;

(2) dsa npusedénnvix eviwe cnocoba omvickanua t; ecezda darom
00UHAKOBBIE OMBEMDL.
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Mnasa 2. MATPULLbI, KOMMNMAEKCHBIE YNCNA, MHOIO4Y1EHbI

] 2.1. CUCTEMBI JIMHENHBIX YPABHEHUN 1

Perium HecKoOJIBKO 33124 O IepecedeHnn IPSIMbIX U IIJIOCKOCTEH, 33, 1aH-
HBIX 00IUMHU ypaBHeHUME. KOOPINHATHI TOYKHU HA OTHON (DUTYPE TOJIK-
HBI YJOBJIETBOPSTH €€ YPaBHEHUIO, & KOOPUHATHI TOUYKU Ha ME€PECeIeHnn
JBYX wu Oosiee GUTYP JOKHBI YIOBJIETBOPSTH YPaBHEHUIO KazK10it. B Ta-
KO CHUTyalluy TOBOPSAT O CHCTEME YPaBHEHUIl; Mbl yXKe BUJIEIU 3TO, 3a/1a-
Basi IPSIMYIO0 B IPOCTPAHCTBE KaK IepecevdeHne ABYX IJIOCKOCTEN, YTO HaéT
CUCTEMY JIBYX JIMHEHHBIX yPABHEHUIA C TPEMs HEU3BECTHBIMU.

BosibmuacTBY CTYIEHTOB yKe HTPUXOAMIOCH PEMIATh HOI00HBIE CHCTe-
MBI, HO HEDOJIBININE; BCE 3HAKOMBI C METOJIOM, [IPUTOJHBIM JJIsi HUX. DTOT
pa3ies CIyXKWUT MPaKTUYECKUM BBeJIEHHEM B 0OJiee MOIIHBINA, JayKe YHU-
BepCAJIbHBII METOL UCK/IOYEHUSI HEN3BECTHBIX.

IIpumep 1: eMHCTBEHHOE peEIlIeHUE

Haiiném mepecevernne nByX IpsMBIX Ha ITOcKocTH. Ha aiarebpanmaeckom
SI3BIKE — PEIUM CHCTEMY U3 JIByX JIMHEHHBIX YPABHEHUH C JIBYMsl HEU3-
BECTHBIMHU:

T1+2x9 = 3,
31’1 +4(£2 = 5.

Eciu napa (1, T2) y/0BIeTBOPSAET 060MM yPABHEHHSIM, TO OHA, YJOBJIETBO-
psieT Jo6oit ux guHeiHoi KombuHammy. Onupasich Ha 3TO, CIeIyeT HCKATh
KOMOWMHAIMH, TOCTENEHHO IPUOIMZKAIONIHE HAC K OTBeTy. Hampumep, MOXK-
HO BBIYECTDb U3 BTOPOTO yPABHEHUS EpBOe, YMHOKEHHOE Ha, 3, U IOy IUTh
(Tperbe ypasHeHNe)

— 2272 = —4.
Hpn6aBm{51 €ro K Ie€PpBOMY, NOJIYyYNM (‘IeTBépTOQ ypaBHeHI/Ie)
X1 + = 71.
HO,ZLe.)II/IB em'é TpeThe YypaBHEHHE Ha *2, CUYUTBIBAEM OTBET:
X1 -1
BN

3ech u gasiee HAOOPHI HAIMNX HEM3BECTHBIX, OHU YK€ KOOPIMHATHI HCKOMBIX
TOYEK, PACIOJIaraeM B BHJIE CTOJIONA 10 CKPBITOI IT0Ka IIPUYIHE.
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IIpumep 2: penieHne ¢ OOHUM IIapaMeTPOM

Haiiném mepecedenne aByX INIOCKOCTEHl B TPEXMEPHOM IIPOCTPAHCTBE.
Ha anrebpamnteckoM si3bIKe — PENIUM CHUCTEMY U3 JIBYX JIMHEHHBIX ypaB-
HEHUU ¢ TpeMs HEU3BECTHBIMU

X =+ 2%2 +4£L’3 = 4,
3x1+4x5+ 623 = 8.

KOS(beI/ILLI/IeHTI)I Ipu r1 U T B3ATBI TaKHe »Ke, KaK B IIEPBOM IIpHMepe.
Takue xe JIBa JIefCTBUs, KaK TaM, JAal0T TpeTbhbe yYpaBHeHUE
- 21’2 - 6£C3 =—4
" 3aTeEM quBépToe YpaBHeHnue
xr1 + - 21‘3 =0.

Hy>xHo jsmu Ham crosibko ypasrenuit? Her! Ha kaxkaom mrare npubapjieHust
WJIA BBIYUTAHUSI MOXKHO 3aMEHSITh TO ypaBHEHUE, Kyja NMPUOABJISIOT WA
BBIYUTAIOT, Ha HOBOE (KAK OOBLIYHO IIPOUCXOIUT B KOMIBIOTEPE). SHAUMT,
[IOCJIe TIEPBOTO IIara MMOJIy9IuM CACTEMY

T +2x2 +4IL’3 = 4,
0£C1 - 21’2 - 6%3 = —4,
a I1ocJjie BTOpOro — Cucremy
1+ 0x2 — 223 = 0,
0x1 — 229 — 63 = —4.
[Tomenmmm emg nocieiHee ypaBHeHue Ha —2:

x1 +0xs — 223 =0,
O0x1+ 22+ 3x3 = 2.

Hawm ynaérca BeIpasuTh r1 U Xo 1U€pe3 X3,

x1 =04 23,
To = 2—31’3,

HO He yIa6TCsl OIPEJIE/IUTD €IMHCTBEHHBIE TTOIXO/IAINNE 3HaYeHus. ['eomer-
putecKoe 0ObsICHEHNE TOrO B TOM, 9UTO JIBE 3a/[aHHbIE IIJIOCKOCTH IIepece-
KaroTcs 1o npsmoit. Harmma mesib Teneps 3a7aTh 9Ty TPAMYIO apaMeTpHU-
YEeCKHUM ypaBHEHHUEM I = I+ {V, TOJIbKO He B BEKTOPaX, & B KOOPJINHATAX.
[TapameTpoM MOXKET CIIYKHUTD ¢ = X3, IOCKOJIBKY OCTAJIbHbIE HEM3BECTHBIE
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BbIpazKEHbI 9Yepe3 Hero:

X 0 + 2(173
) = 2— 3(E3
T3 04+ x3

Cro/1a HCKYCCTBEHHO JI00ABJIEHO TPEThE yPaBHEHUE, BBIIIOJHEHHOE BCETIA.
3ammncpBaeM OTBET, BBIIEJsIs HAYAIBHYIO TOUKY U HAIIPABJISIIONINIT BEKTOD
HalJeHHOo! IIPAMOIL:

I 0 2
zo | =24+ | =3 | z3
I3 0 1

IIpumep 3: peunieHue ¢ AByMsl MapaMeTpaMu

31ech CHOBaA JIBe IIJIOCKOCTHU:

X + 2%2 +4£L'3 = 47
2x1 + 4w + 8x3 = 8.

Beraurast u3 Broporo ypaBHeHUsi yiaBoeHHOe mepsoe, yBuguMm 0 = 0. Cu-
creMa, M30BITOYHA, MO0 JIBA MCXOIHBIX YPABHEHUs 3aJ[al0T OJHY U Ty Ke
IJIOCKOCTD; BBIUYEPKHEM BTOPOE.

Haiiném mapamerpmaeckoe 3aJaHme r = g + tV + SW 9TOH IIJTOCKOCTH,
TOJIBKO B KOOpAWHATaX. Beipazum x; depes To U T3:

I :4—21'2 —4%3.

Kak u Bbimre, mepemenHble B MPaBOil YacTH 0epPEM B KAadeCTBE MMapaMer-
POB — TYT UX OKa3bIBaeTcs fBa. JlobaBiseM ypaBHEHUS To = To U T3 = T3,
3aTeM BblIeJIseM HadajbHYIO TOYKY U HallpaBJAIONe BEKTOPDI:

X1 4 — 21‘2 — 4503 4 —2 —4
zo | = |04+ 294023 | =0+ 1| 20+ 0| z3
r3 0+ 0x2+ z3 0 0 1

IIpumep 4: n3b6bITOYHAA CHCTEMA
BosbpMmém Tenepn aBe miaockocTu u3 [lpumepa 2 n 106aBUM TPETHIO:

1+ 2x9+4wg = 4,
3$1+4:L’2+6£173 = 8,
2.%1 + 3£U2 + 51’3 = 6.

Berunrast U3 TpeThero ypaBHeHuUs epBoe, noaydnM (deTBéproe)

1+ 29+ 13 = 2.
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Berunrast u3 Broporo ypasHeHHUs II€PBOE, TIOJIyInM (IIsTOe)
2x1 + 229 + 223 = 4.

Buano, uro u3 aByx mocieaHux omHO JuiiHee. VcxomaHass cucreMa ToXKe
M30BITOYHA, HO 9TO MPOSIBJIAETCS TOJHKO TIOCTE €€ TTPeodpa3OBaHMIA (XOTH
[pUMEpP HECJIOXKEH, II09TOMY OIIBITHOMY IJIa3y U30BITOYHOCTH TYT 3aMeT-
Ha cpa3y). BoamoxkHO, HApuMep, Takoe OomucaHue 3TOH TeOMEeTPUYIECKO
CUTYAIINN: TPEThS IJIOCKOCTD IIEPECEKAET ITEPBBIE IBE BIOJb UX OOIIe mpsi-
Moit. OTBeT COBIAJIAET C OTBETOM B IIpUMepe 2.

IIpumep 5: HecoBMecTHasi cucTeMa
Bozbmém Teneps miockoctu u3 Ilpumepa 4 u caBumeM TpeTHIO:

1+ 2x9 +4xg = 4,
3I1+41’2+6:173 = 8,
2.%1 + 3£U2 + 51’3 = 0.

BoruuTas u3 Tperbero ypaBHEHUs IIE€PBOE, MOIyIUM (9eTBEPTOE)
Ty + To + 13 = —4.
Berunrast u3 Broporo ypasHeHHUsl II€PBOE, TIOJyInM (IIsTOe)
2x1 + 229 + 223 = 4.
Boraurast u3 ISTOr0 ypaBHEHUs YIBOEHHOE YETBEPTOE, HOJIYIUM
01’1 + 01’2 + 0(E3 =12.

3uaquT, permenuii HeT. Toraa roBOPSAT, YTO UCXOTHAS CHCTEMa HECOBMECTHA.
leomerpudeckn — TPHU INIOCKOCTH HE MMEIOT ODIIMX TOYEK; IMOMAPHO IKe
OHU IIePeCceKaIOTCsI 110 TPEM I1apaJlleSIbHbIM IPSIMbBIM.

IIpumep 6: Tpu IIJIOCKOCTH B OOIIEM IIOJIOYKEHUU
CuoBa Bo3bMEM JiBe 1tockocTu u3 IIpumepa 2 un 106aBuM K HUM TPETHIO:

X +21‘2 +4l‘3 = 4,
3x1+4x9+6x3 = 8,
r1— X9 —4x3 =—1.
HOBTOpHH BbIYUCJICHUA HpI/IMepa 2, MOZKHO IIOCTEIIEHHO 3aMEHUTDH IIepPBhIC
JIBa ypaBHEHHs 60Jiee MPOCTHIMU:

x1+0xe — 223 = 0,
0x14+ x2+3x3 = 2,
T — l‘2—4.’133 =-1.
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[Ipomoszkum yrpornenue. I3 TpeTbero ypaBHEHUsI BBIYTEM IIEPBOE:
— X9 — 203 = —1;
3aTeM K 9TOMY IpHOABUM BTOPOE:
+x3 = 1.
Haxkomerr, ¢ mOMOIIBIO MOy I€HHOTO YIPOCTUM OCTAJIbHBIE YPABHEHUSI:

I1:2,

To = —1.

OtTBer: cucrema uMeer €IUHCTBEHHOC peIIeHne

X1 2
o = -1
xIs 1

Tpu 3aaHHBIE TIJIOCKOCTH TIEPECEKAIOTCS B OJHOM TOYKE. DTOT Crydail —
obuiee noaoCceEHUE TPEX TIIOCKOCTEMA.

VYaanenue OyKB

Brmosiaus JdazKe OTHOCHUTEJILHO HEOOJIBIIIOE KOJIMYECTBO TAKIX HECJIOXK-
HbIX, PYTUHHBIX ,ZLefICTBHfI C JUHEHHBIMI YpaBHEHUsIMU, OTMETUM JIBa 00-
CTOATEJIbCTBA.:

® BCe OIepallii COBEPIIAIOTCS HaJ[ YUCJIOBBIMEU Ko3dpuimenramu, a
HUKCBI» IIPOCTO JIOIHUCHIBAIOTCS B HY?KHBIX MeECTaX;

e 9TOOBI TIOHATH KAXKJIBIN IAT, IIPOU3BOINMOE JeficTBre TpedyeT KOM-
MeHTapHs ¢ yKazaHueM HOMEPOB yUYaCTBYIOMNX B HEM YpaBHEHHII.

VKaxkeM Ternepb MPUEMbI WHOM 3aIUCU MPOIECCA PENTEeHUs], TO3BOJISO-
e BECTU €ro HaMHOTO 3pdeKTuBHee marke BpyuHyio. [IpoBumaeckn, Mbl
¥ TaK yKe CTAPAJIMCh 3AlUCHIBATH KaXK/IyI0 EPEMEHHYIO B CBOEH KOJIOH-
Ke, ¥ MBICJICHHAsI CBSI3b IIEPEMEHHOM U KOJIOHKH mMmeercst. JlaBaiite Tenepb
BBIHECEM [I€PEMEHHBIE B 3aI'0JIOBKH KOJIOHOK, 8 BMECTO ypaBHEeHUil OymeM
nucaTb cTpoku Kodddurmentos. st [Ipumepa 1 mogyamnm rabuiy

1 2|3 A
3 415 A

KommakTHbIle KOMMEHTAPUN MOYKHO YCTPOUTD, HyMEPYs CTPOKA TAOIUIILI 1
CCBLJIASICh HA OIIEPAINU C HUMU, OYJITO C BEKTOPpaMU. 3/1eCh Mbl BBIUUCIISIEM
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nocenoBarebio Az = Ay — 341, Ay = Ay + As, A5 = A3/ (—2):
Ty T2

1 2] 3 A

3 4 5 A,
0 —2|—4 Az = Ay — 3A,
1 0] —1 Ay = A1+ Az
0 1 2 As = A3/ (-2).

Takag 3ammch BecbMa 9KOHOMHUYHA, W IIPU ITOABJCHHUN HOBBLIX CTPOK HET

0c000# HYKJIbI YIAJIATH CTAPbIe, BEllb MOXKHO MPOCTO JIOMUCHIBATH HOBBIE
cuu3y. 37ech cTpokn Ay m As MHTEPHPETUPYIOTCs Kak X1 = —1 U xg = 2,
TO €CTb COJIepPKaT UCKOMBINA OTBeT.

Ilepenumem B TakoMm Bujie BhIUnCHeHust B [Ipnmepe 2:

X T2 T3
1 2 4 4 Ay
3 4 6 8 Ay
0 -2 —6|—4 Az = Ay — 3A;
1 0 -2 0 Ag= A1+ As
0 1 3 2 As = A3/ (-2).
3arem Boraucsienust B [Ipumepe 4:
r1 Xo I3
1 2 4|4 Ay
3 4 618 Ay
2 3 5|6 As
1 1 112 Ay = Az — Ay
2 2 214 As;=As — Ay
0 0 01]0 Ag = A5 — 24,

1 naxownern, soraucienus B [Ipumepe 6:

X T2 I3
1 2 4 4 Ay
3 4 6| 8 A
1 —1 —4| -1 A4
0 -2 —6|—4 Ay = Ay — 34,
1 O —2 0 A5 = Al + A4
0 1 3| 2  Ag=A4/(-2)
0 -1 —2|-1 A;=A;—As
0 0 1 1 Ag = A7 + Ag
1 0 0| 2 Ag=As+24s
0 1 0] -1 Al() :A6—3A8.
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JlobaBJiieHre KPECTUKOB

Kak ormedeno B [Ipumepe 4, cyinecTBeHHBIX ypPaBHEHUI B CHCTEME MO-
2KeT OBITh MEHBIIE UX MCXOIHOro obimero KoamdecTBa. OnucaHHbBI METO,
3allUCA BBIYUCJICHUN He MO3BOJAECT CJIEIUTH 3a 3TOU BAXKHOII BEJIMYUHOMN,
0CODEHHO KOT/[a OIEPAITHil CO CTPOKaMU TPeOyeTCst OOJIBITE, OIHAKO BHECTH
B HErO 3Ty BO3MOKHOCTH HETPYIHO.

JlocraTo9HO OMEeYaTh Ha KasKJIOM Iare BBIOBIBILYIO CTPOKy. CTpoka
BBIOBIBAET B TPEX CJlydasix: K Hell HpubaBum JpyTyio CTPOKY (yMHOXKUB
Ty HA YHUCIO); €6 YMHOXKWJIM HA YHUCJIO; OHA COCTOUT TOJIBKO U3 HyJIeii.
IIpu mepBBIX ABYX ONEpaIisaX UHUCJIO HEBBIOBIBIIMX CTPOK COXPAHAETCH, a
TPEThsl YMEHBIIMAET 9TO IUCIO HA €TUHUILY.

CraTuyHasi JIEMOHCTPAIUsi ITOTO He OYeHb 3(PPEeKTUBHA, 3/1€Ch HYKHO
BUJIETH CaM IIPOIIECC.

2.2. CMEHA KOOPIUHAT Y MATPUYHBIN A3bIK

IIpocreiinine Turibl mpeodbpasoBaHMin

Heobxoanmo 3HATHL MpaBuiia mepecaéra KOOPAUHAT TOUEK U BEKTOPOB
U3 OJHOI IPSIMOYTOJIBLHON CUCTEMBI B IpyTyio. JIBe Takux cucremsr K u K’
MOI'YT OTJINYATBhCs PACIIOJIOXKEHUEM Havasla, eQUHALEH JJINHBI, HallpaBJIe-
HUsIMU Oceil M OpueHTaIlueil napaJuiesjiorpamMma Ha optax. Ilpotre Bcero
CBA3aTh CUCTEMbl, OTJINYAIOIHUECH JINIIb B OJHOM U3 3TUX aCHEKTOB.

Hepexod K ~ K’ Omaunue K' om K
Ilepenoc Pacrniosnoxxkenne nagasia
Pacrskenue nim cxkarre | Eaununa muHb
ITosopor Hanpasnienust oceit
Orpazkenue Opuenranust

Beimimem npasmia nepecaéra (z,y) — (2, y') KoopauHaAT KaxKI0H TOU-
KU B TAKHUX Caydasx. KoopaImHaThl BEKTOPOB IIPU MEPEeHOCe HEM3MEHHBI, a
IIPU OCTAJBHBIX MEPEXOJAX BEIAYT CeOsT MICHTUIHO KOOPIMHATAM TOUEK.

/
e

(eXel

€ €9 €

e e er e €

IIepeHoC pacTsKeHue IIOBOPOT OTpaKeHue

aHumauus!
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e IIpu mepeHoce, ecam HaYaI0 cucTeMbl K uMeeT KOOpAUHATHL (U, v) B

!
cucreme K':
2 =x4+u,
/ .
Yy =yt
® IIPU PACTSI?KEHUU UJIU CoKATHH:
2 = cx,
I
Yy =cy;

® IIPU [IOBOPOTE OCeil Ha YroJI (¢ IPOTHUB YaCOBOI CTPEJIKU:

2’ = zcosa+ysina,

!/ .
Y = —xsSIna + Y Ccosq;
® IIpU OTPAKEHUU, MEHSIOMEM OCH MECTaMU:

’
r =Y,

/

Yy =zx.

Kowmrmosunust TuHeHBIX Tpeobpa3oBaHUii

B nocieaanx tpéx ciydasx «crapas» cucrema K u «HOBast» cucrema K’
WMEIT 00IIee HAYAJI0, 8 TPU COOTBETCTBYIOIINX MPABUJIA MOXKHO 00beIU-

HHUTH B OOHO: ’

x' = ax + by,

/

Y = cx+dy,

C TIOJIXOJTSATIINMY 3HAYEHUSIMUA KOIDDUITNEHTOB.
TTockombky cucrembl K’ u K coBepiienno paBHOIpaBHbI, TaKyI0 2Ke (op-
MY JOJI>KHO UMETh BhIPasKEHHe CTAPhIX KOOPIUHAT Yepe3 HOBBIE:

z=dz + b/y/7

(.) y — c/x/ + d/y/-
Hajiee MBI OyzemM m3y4daThb (pOPMYJIBI TIEPEX0Oa UMEHHO B 9TOM (dhopMe.
IIycrs Tenepb mmeerca Tpu cucrembl Koopauaar K, K/ u K" ¢ obmam
nagasoM. Ilenouka us3 aByx nepexonos K ~» K ~» K naér Tor e pesyin-
TaT, 9YTO U HEIOCPEICTBEHHBIN 1epexox K ~» K. Tloxcrasisas B BbIpazKe-
Hust (M) s iepexoia K~ K aHasorndaHble BhIpasKeHHsl JJIsl TIepexojia
K" ~ K", MBI HOIydaeM cBsA3b KO3 DUIMEHTOB HEITOCPEICTBEHHOTO ITepe-
X0J1a ¢ Koo pUIHEHTaMH ABYX INAIOB SKBUBAJICHTHOM eMy IIeIOYKH:

T = (a/a//+b/0//)x/l+(a/b//+b/d//)yl/,

(&) y — (C/a// _|_ dlcll)xl/ + (Clb// _|_ d/d/l)y//.
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TyHO 3allOMHMHATDb HOILO6HI)I€ CbOpMyJII)I OIlIaCHO, HO K CHaCTbhlO, HE HY2KHO,
IIOTOMY YTO JIsI HUX €CTh boJtee y,ILO6HbIIU/I A3bIK.

Marpuiibl 1 nepBble onepannun HaJ HUMHI

Onpedesenue. TIpsaMOyTOTBHBIN MACCUB 9UCE]T HA3BIBAIOT MATPULLENA.

IlepBble xapaKTepUCTUKN MATPHUIIBI — KOJUIECTBO €€ CTPOK M KOJIMIe-
CcTBO €€ CToNbUOB, TPUIEM OHM MOTYT OBITH HE PABHBI. BBIMUCHIBasg BCIO
MATPHILY WK YIOMUHAs €€ OT/IeIbHbIE JIEMEHTBI, HOMEPa CTPOK U CTOJIO-
OB YKA3bIBAIOT JBONHBIMU WHIEKCAMU, HAIIPUMED:

ai; aiz a
A= 11 a1z a13 |
a1 Q2 Qa23
JlBe MaTpUIbl COBITAIAIONINX PA3MEPOB CKJIAJIBIBAIOT, IPOCTO CKJIAIbI-
Basl 3JIEMEHTHI B COOTBETCTBYIOIINX ITO3UITUAX:

an iz | bir bz | _ | a1 +bix a1z +bio
az1 a22 ba1 bag a1 + ba1 azz + bao

MaTpunpbl HeCOBIAJAIONMX Pa3MepoB 6e3 Kpaiineil HyzKIbl He CKJIaIbIBa-
1OT. BhlumuTanne moIHOCTBIO aHAJIOTMYHO CJIOYKEHHIO.

Bosee XuTpo yCTPOEHO yMHOMKEHME MATPHIL. Bech CMBICT XHTPOCTH B
TOM, 4T0 (hopMyJIbl (M) U () IEPEHUCHIBAIOTCH B BHJIE

Mt

y T\ d y/ )

x a b a' b 2!
|:y]|:c/ d/]'[c// d//:|'{y//]-

3/1eCch KOOPIMHATHI TOYEK 3allMCAHBI CTOJIONAMU, a WH(MOPMAIUS O Iepe-
X0/1aX, COXPAHSIONIUX HAYAJI0 KOOPIMHAT, cOOpaHa B KBaJIpaTHBLIE MaTpULbl
nepexofa, KOTOpPBIE OT CAMUX TOYEK HE 3aBUCAT. JTO IO3BOJISET U3ydaTh
TaKue MEePEXOJIbl MEJIbHO, abCTParupysch OT KOHKPETHBIX TO4YeK. Komro-
3UIUA TAKUX IIE€PEX0/I0B COOTBETCTBYET IIPOU3BEICHUIO UX MaTpPHII.

Ipumep. OueHb BaXKHYIO POJIb UT'PAET €AUHNYHAS MaTpULa

== [2]

OHa 3a786T TOXKIECTBEHHOE IIPE0DPa30BaHNe, COXPAHSIOIIEe CUCTEMY KO-
OpPJIMHAT M OCTABJISIIOILYO0 BCe TOUYKH Ha MecTe. [[0 OTHOIIEHUIO K yMHOXKE-
HUIO MATPHII, OHA BEJET cebst aHajorndno eaunnne: AE = FA = A.
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IIpumepvr. MaTpuirbt
A0 cosa —sina 01
0 A’ sina  cosa |’ 10
COOTBETCTBEHHO 33JIaI0T IIPeoOpa30BaHUsl TPEX MPOCTEHIINNX THUIIOB, CO-

XPAHAOIMAX HAYAJIO KOODIMHAT: PAaCTsKEeHHEe OO CyKaTHe; MOBOPOT HA
YTOJI (v; OTParyKEHNE OTHOCUTEIBHO OMCCEKTPUCHI IEPBOTO KBAIPAHTA.

Bomumem IIPpaBUJIO IIEPEMHOXKEHUA B MH/IEKCHbBIX 0003HAYCHUIX:

air aiz || b bia | _ | a11bin +a12bar anibiz + aizbos
az1 Q22 ba1 bao a21b11 + azzbor az1biz + agebaz |

Ob6paruM BHMMaHUE Ha CTPOEHME BBIJIEJIEHHOI'O JIEMEHTA IIPOU3BEIEHUsI:
JIJIsL €TI0 BBIYMCJIEHUS HYZKHBI JIUIIb 3JIEMEHTHI COOTBETCTBYIONIEHl CTPOKHI
MATPUIBl A 1 COOTBETCTBYIOIIErO CTOJOIA MATPUIILI B; ecyin cauTaTh, 4T0
B 9TOI CTPOKE U B 9TOM CTOJIOIE 3aIINCAHBI KOOP/IMHATHI JIBYX BEKTOPOB HA
wiockoctu B HeKoTopom OHB, TO pesynbrarom siBisieTcs MX CKaJsIpHOE
npousBejieHne. Tak yCTPOEHBI BCE 3JIEMEHThI IPOU3BEICHUS MATPHIL.

IIpumep. Jlerko mpoBEpPUTH, YTO ONEPAIUN IMOBOPOTA U OTPAXKEHUS IPsI-
MOYTOJIbHBIX CHCTEM KOOD/IMHAT HE IepecTaHoOBOUYHBI. [Ipwm moBopore Ha
YTOJI ¢ BOKPYT HYyJIsI U IIPA OTPAXKEHUH OTHOCUTETHHO ocu QX KOOPAUHA-
THI CBA3aHBI COOTBETCTBEHHO ITPABUJIAMU

x] _[cosp —sinp| [ ] _[1 0] [
y| | sinp cosp y |’ y| |0 —1 v |
[TepeMHOKast MATPUIIBI EPEXOJIOB XOTS OBI JJIsA (0 = 5, TIOTydaeM
0 -1 B 0| |01 1 0 ) 0 -1 | 0 —1
1 0 0 1| |10} 0 —1 1 0| |-1 0]
[Tomumo mpeobpa30BaHmil KOOPAUHAT, IPYTOe BarKHEIIee TPUMEHEHIE
MATPUYHOTO TTPOU3BEJIEHUsSI OTHOCUTCS K CHCTEMaM JIMHEHHBIX YPABHEHUIA.

B sroit ritaBe MBI He yrityOJ/IsieMcst B HUX, HO MTO32Ke 9acTo Oy/IeM TOBOPUTH
o cucreMe Buna AX = B ¢ marpuneii A u cronbuamu X u B.

Hpumep. 3anumem B marpudnoM Bujge AX = B cucremy ypaBHEHU u3
TIEpPBOTO IIPUMeEPA ITOM TJIABBI:

T, + 229 = 3, 12 REZN 3
3r1 +4xy = 5; 34 o | |5
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Yupaxkuenune. Januwume 8 mampuurom eude AX = B dpyeue npume-
Pl NEPB020 pasdena Imoti 24a6bL.

TpasHcnoHupoBaHue

Matpuiry ¢ OIMHAKOBOM KOJIMYECTBOM CTPOK W CTOJIOIOB HA3BIBAIOT
KBafpaTHOI; TAKOBBI BCE MATPUIIBI JIMHEHHBIX TPeOOpPa30BaHuil, BBEJIEHHBIE
BoIie. [Ipon3BoIbHYI0 MATPHUILY OOBITHO HA3BIBAIOT NPSIMOYIONbHOW TOJIHKO
C TIeJBIO TOMMEPKHYTh, UTO OHA He 00s3aTebHO KBajpartHas. Haubosee
YaCTO BCTPEYAIOIIMECS] YACTHBIE CJIyYau I[MOCJIEJHUX — CAMOCTOSITE/IbHBIE
crpoku (MaTpuiel 1 X n) u croabnst (Marpuinst 7 X 1).

B ui060it MaTpurie HAOOp BCEX MO3UIUN C COBHAIAIONIMMUA HOMEPAMU
CTPOKHU U CTOJIOIA HA3BIBAIOT IMABHOW AnaroHanbio. OHa UIET W3 BEPXHETO
JIEBOT'O YIJIa BIPABO M BHU3, HO MOMAJAET B IPABBII HUKHUIA yTOJ TOJIBKO
B CJIydae KBaJIPATHBIX MaTPWII.

CoBepINeHHO HOBasi, IPUTOM BechMa mpocras omeparms A — AT Ha
MaTPHUIAX MEHSeT POJIA CTPOK U CTOJIONOB. Bu3syasbHO 9TO OTpaxKkeHue ot-
HOCUTEJLHO TJIABHON JIMATOHAJIM, HO HA3BIBAETCS OHO TPAHCMOHMPOBAHUEM
(CMyTHO «CTaBUTD IIONEPEK» C JIATHIHU). B MHIEKCHBIX 0O03HAYEHUSIX 11U~
myT (AT);; = (A)j;, TO €CTh MEHSIIOT MECTaMH HHIEKChI CTPOKH 1 CTOJIOA.

IIpumep.

14
A:[igg}ﬁfl—r: 25
3 6

Vupakuenne. [Iposepvme mampuynoe mosicdecmeo (AB)T = BTAT .

JIuHeiiHbIe IpeoOpa3oBaHUsI U OOPATUMOCTD

Haxas 3ToT pasmesn ¢ 9eThIpéX MPOCTERIINX TUIIOB ITPEoOPA30BaHUi KO-
OpP/IMHAT HA IJIOCKOCTHU, MBI IIPUIILINA K 3aIMCHA TPEX ¢ MOMOIIBIO MATPHIL.
Heobxomumo 106aBUTH Teleph HEKOTOPBIE JOMOJHUTE/IbHBIE fdeTasau. Jle-
JIO B TOM, 9TO 2 X 2 MaTpuIl o0IIero BuIa OOJIbINE, YeM Hpeo6pa30BaHHﬁ
JIEKAPTOBBIX KOODJAMHAT HA ILUIOCKOCTH (AHAJIOIMYHO B npOCTpaHCTBe

. naa
‘ 1) ‘ ) 2,1)

17T
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Ecnu B OJTHUX ITPUJIOZKEHUAX yg06Hee OI'PaHNYIUBATHCA IIPAMOYT'OJIbHBI-
MU JJE€KapTOBBIMH KOOpJAWHATaMH, TO B JIPDYT'UX y,zgo6Hee JAO0IIYCKaTh IIepe-
XOOblI K CHCTEMaM KOOPAHMHAT C IIPOU3BOJIBHBIM basucoMm. Ceituyac MbI He
CTaHEM yI‘J’Iy6JI$ITI)CH B 3THU BOIIPOCHI, HO IIO32KE OHU IIOABATCA BHOBb.

IIpumepvr. VIcXoIHYIO IPSIMOYTOBHYIO JIEKAPTOBY CUCTEMY MATPHUITHI

2 0 11
w=[38] w=[o]

MIEPEBOJIAT B «3aIPENIEHHbIE» CUCTEMBbI KOOPJIUHAT. B mepBoM cirydae Me-
HSIETCs JJIMHA OJIHOTO OA3MCHOIO BEKTOPA, HO COXPAHSIETCS JIJINHA JPYTOro.
Bo BTOpoMm ciydae meHsieTcst €mié u yrosi MexKIy Oa3MCHBIMEA BEKTOPAMHU.
Ha pucymke ormMedeHbl KOOPAWMHATHI OJHOW W TOH K€ TOYKH B MCXOIHOI
CHACTEME U B JIByX HOBBIX:

x=[1]| = x=ax=|1]. x-ax-[}].

Kpome toro, nonsitue npeobpazosarus mojpadyMeBaeT, 4To JefiCTBHE
00paTUMO, a MpPU YMHOXKEHUU MATPHUI[ OOPATUMOCTH HE TapaHTUPOBAHA.
Vmuoxkas o0y Marpuity A Ha MaTpUIly U3 OJHUX HyJeil, MBI BCerja
[IOJIY9UM MATPHUILy U3 OJHUX HYJIel, 10 KOTOPOil HMKAK HeJIb3s BOCCTAHO-
BuTh A. IloMuMO HyJIEBOI MaTPUIIBI, €CTh U JIPYIUAe KBaIpaTHbIE MaTPUIIbI
TAKOTO THIIA; UX HA3BIBAIOT BbIPOXAEHHbIMU. HeBbIpOXK IeHHAST MATPUIA —
TO 2Ke camoe, 9To obparumasi. st Takoit MATpuUILl S BCETrIa NMEeTCs Ta-
Kas marputia 1, aro npoussenenns ST u T'S paBHBI €IMHUTHON MATPUIIE.

VYupaskuenne. Hatidume obpammsie mampuyv, A~1 x mampuyam mpéx
npocmetwWur npeodpa3osanull U K MAMPUUAM U3 NOCACOHE20 NPUMEDQ.

st 2 X 2 matpurt ¢popmyaa obpaleHusi BeCbMa MpOoCcTa:

Cfa b L1 d —b
A_{cd}éA _ad—bc{—c a]'

Ob61muit 3HaMeHaTeTh BCEX JIEMEHTOB YJI0OHO BHIHOCUTH HAPYKY. 3aMETh-
Te, 9TO UM SIBJISI€TCS OmpejeanTeab MaTpuisl A. Beixomnt, ato obparn-
MOCTb MaTPHIbl paBHOCUIbHA ycaoBuio det A # 0. [lo3:ke MBI BbIsICHUM,
9TO 9TOT ACIEKT (DOPMYJIbI OOPAIIEHUsI OCTAETCS B CUJIE JJIsi HEBBIPOXK-
JIEHHBIX KBaJ[PaTHBIX MaTPUIL JIO60TO pa3mepa, a kpome det A B bopmyny
BOMIYT ONpEJIeINTEN MEHBIIETO MOPSIIKA.
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VYupaxkuenwue. [Iposepvme gopmysy obpawerus 2 X 2 mampuy.

AKTUBHBIE U ITIaCCUBHbBIE HpeOGpa3OBaHI/IH

Paccmorpennbie Boilie mpeobpa3oBamus KOOPAUHAT He 3aTParuBaioT ca-
MHUX TOYEK U BEKTOPOB; BCE OHU OTHOCITCS K 3a/a9€e OMMCAHUST HETIOIBIK-
HOTO OOBbEKTa B PA3JIUIHBIX CUCTEMaX KOOpAnHAT. Takue mpeodpa3zoBaHust
HA3BIBAIOT NACCUBHLIMU.

Iisi onucanust (pU3NIECKOTO O0OBEKTA, JIBUXKYINETOCs B HEIOIBUXKHOMN
cucTeMe KOODJIWHAT, HYKHBbI aKTUBHble mpeobpaszoBanusi. Popmysbl mpu
9TOM ITOJIyIaroTCs moxoxue. /leraab, KOTOpOil OHU OTIIMIAIOTCS, 3a9ACTYIO
YCKOJIB3aeT 3a TPeJIebl BHUMAHUsI, YTO TIPUBOIAUT K OMuOKaM. A MMEHHO,
dOopMyJIbI AKTUBHBIX U TTACCUBHBIX MTPe0OPa30BaHuil 0OPATHDI APYT JAPYTY.
Hampumep, ipu moBopore Gpurypbl BOKpYT HadaJja KOOPAUHAT HA YIOJI
IIPOTUB YaCOBOIl CTPEJIKU KOODIUHATHI BCEX €€ TOUYEK U3MEHSIOTCS TAKUM
Ke 00pa3oM, Kak ecian Obl (hUrypa ocraBajgach HA MECTe, a CHCTEMa KOOD-
JIMHAT MMOBEPHYJIACH HA TOT K€ yTOJI [0 YaCOBOI CTPEJIKE.

IIpumepvi. B axTuBHON Bepcuu, B TMPEILIIYINEM IIPUMEpPE MEPBOe IPeod-
pa30oBaHUe OCYIIECTBIISIET CXKATUE B JIBA Pa3a BIOJb OCH I.

Bropoe nipeobpazoBarue TamM HOBOTO THIIA — 3TO CABWUF: TOYKH KaXKJIOH
TOPU30HTAJIBHON JINHUU Y = C CIBUTAIOTCS IO mpaBumiy & — & — c. Capur
HE HaJIO MyTaTh ¢ MEPEeHOCOM!

Yupaxkuenue. /Jlasa 08yx Aunetinoix npeobpaszosanuti u3 nociedHe20 npu-
MEPQ 3ANUULUME 6 MAMPULHOM GUIE:

(1) swpasicenus HoBUT 6A3UCHHIT BEKMOPOE 6 cmapom basuce;

(2) npasu.so nepecuéma KoopOUHAM MOUEK U3 CMAPO20 6A3UCE 6 HOBVL.

Addunnubie peodbpaszoBaHusa U pacIlIUPEHHbIE MAaTPUIIbI

Bozsparmascs Kk Hadagy paszesia U I€THIPEM IPOCTEHIIMM TUIIAM IIpe-
obpaszoBaHmii, 3aMeTHM, YTO CPa3y Ke OCTABUIN 0e3 BHUMAHWS IEPEHOCHI.
OnHu moka 49To He BHUCHIBAIOTCS B MATPUYHBIN sI3bIK, MO0 Jaxke Gosee 00-
1yie NnHelinble peobpaszoBanust X — AX COXpaHSIIOT HAYAJIO KOOPJIUHAT.
ITozBossist BMecTe ¢ HuMu riepeHocbl X — X + B, ¢ OMOIIBI0 KOMITO3UIIHT
MBI rTostyauM auHHblie peobpazosanusa X — AX + B.

[ToznakoMmMCst TEEph ¢ MPUEMOM, TTO3BOJISIIOIINM IIPE/ICTABUTH YMHO-
JKeHMEeM Ha MaTpHILy U MEPEHOCHI TOXKe, Jia U BoobIie Jobble addunnbe
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Hpeo6pasoBaHI/151. Brorancimm IIpou3BeJIeHe MaTPpUIbl 1 BEKTOpPA:

1 0ju x T+ u
Oljv|-ly|=|ytvw
001 1 1

CpasuuBas ¢ GopmyJoil 1epeHoca Ha BeKTOD (U, V), 3aKJIOYaeM, 4TO eé
yIa€Tcs 3anucaTh B MATPUYHOM BHJIE IIEHOI BBEIEHHUS TPEThell KOMIIOHEH-
T, Beerja papuoii 1. Cunue JIMHUN B MaTPUIE PA3JIENIAIOT €€ Ha JIOTHYe-
cKue OJIOKH, IO/ TIEPKNBasI CTPYKTYPY. JIeBblil BepxHMit OJIOK — e€INHUTHAS
MaTPHUIA; OHA OKA3bIBAET COXPAHEHUE P IIEPEHOCE BCEX XAPAKTEPUCTUK
CHUCTEeMBbI KOOpJWHAT, KpoMe Hadasa. JIaa obmmero addunnoro mpeodbpa-
30BaHMUA B 9TOM OJIOKEe HY>KHO HAIIMCATHh MATPHUILy €ro JIMHEHHON YacTH.
3aMeHNUB KaK/Iplit OJIOK MaTpUIleil, oIy IiuM PaBEHCTBA

EB| [x]_[Xx+B AB] [X]_[AX+B

0 1 1| 1 ’ 0 1 1| 1 ’
Yupaxkuenne. Hatidoume adpunnoe npeobpasosarnue, obpammoe K npeob-
pasosaruro X — AX + B.

Matpuanyio opMyJIy JJjisi MepeHOca MOXKHO MHTEPIPETUPOBATHL KaK
YACTHBIN CJIydail IMHEHHOrO Tpeodbpa30BaHus B IIPOCTPAHCTBE. DTO CIABUT,
MMOXOXKUI HA BTOPOE Ipeobpa3oBaHue IpuMepa Bhiie. B ak THBHOI Bepcun,
TOYKHU KarKJI0if TOPU30HTAJIBHOI IIJIOCKOCTH 2 = C CMEIAIOTCs 10 IIPABUILY

r—x+cu, Yr—y-+co.

OrpaHvYMBIINCH IJIOCKOCTBIO 2z = 1, MBI BUJIUM B HEW HAII UCXOJHBIN I1e-
peroc. AnajioruaabiM 00pa3oM Kazk1oe adpOUuHHOE Mpeobpa3oBaHue I1I0C-
KOCTH TIOJIy9aeTCs U3 JTMHEHHOro Ipeodbpa30BaHus MPOCTPAHCTBA.

O6i1mue cBoiicTBa YMHOXKEHUsT MaTPUIL

MHCneKTupyst MPaBUIIO MIEPEMHOXKEHUS, CJIEAYET 3aK/IIOUYATh, 9TO B 00-
eM CJIydae MaTpUYHOe Ipou3BeieHne A B olpejie/leHo, TOJIBKO KOTJa KO-
JIMYECTBO CTOJIONOB A paBHO KojimuecTBY ¢Tpok B. Torna AB umeer cToJib-
KO K€ CTPOK, CKOJIbKO A, U CTOJIbKO Ke CTOJIONOB, CKOIbKO B. MTak,

(MaTpuma m X s) - (MaTpuna s X n) = (Marpuna m x n),
a sjeMeHT MaTpuilbl AB, crosmuii B CTPOKe ¢ U CTOJIOINE j, BEITUCIISIETCS
o popmyJie
(AB)ij = E aikbkj.
1<k<s

Eciin npoussenenne AB ompeeieHo, TO BOBCe He 00si3aTe/IbHO IIPOU3Be-
nenne BA Takike JI0J2KHO OBITH OllpejiesieHo. JlJisi KBapaTHBIX MaTPHI]


https://en.wikipedia.org/wiki/File:Affine_transformations.ogv
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CUTyallusd IIpomie; TeM He MeHee, Cpa3dy HY>KHO 3allOMHUTb, 9TO U JIJIsd HUX

obbraHO AB # BA.

Teopema. Ymmnoorcenue mampuy, accoyuamueno: (AB)C = A(BC).

Hoxazameavemeo. IlycTs cHavuaIa HAIM MATPUIIBI COOTBETCTBYIOT JINHEH-
HBIM [IPeobpa30BAHUAM CUCTEM KoopaumHAT. Torja yTBepKJIeHUe CJeyeT
u3 AuarpaMMbl

]C % IC//

ANFA

IC/I/

B 0611em citydae Hy>KHO MTOBO3UTHCS C 3AIMACHIO TPABUJIA IIEPEMHOYKEHH S
B MHJIEKCAX, IJle CyMMUPOBaHUE OyIeT IBOWHBIM:

((AB)C)Z] = Z(AB)ikaj = Z (Z ailblk)ck]—.
k k l

PackpriTue snemenTa (A(BC’))U, Ia€T TO Ke caMoe, TOJBKO MeHAeTCHd II0-

PAI0K CyMMUPDOBAHHUS. (]

VYoparkaHeHue. Ymnooicenue Mampuy JUCmpubymueHo OMHOCUTEALHO
caoorcernus: (A+ B)C = AC + BC v A(B+C) = AB + AC.

2.3. KOMIIJIEKCHBIE YUCJIA

Ouenb 3 dEKTUBHBIN CITOCO0 OTMCAHUS TPEOOPAZOBAHUI IIJIOCKOCTH 110~
SIBJISIETCSI C BBEJICHMEM HA PAJIMyC-BEKTOpaxX €€ To4YeK 0coboii omepanun
YMHOXKeHUs. BMecTe ¢ uX CJI0yKeHHeM KaK BEKTOPOB 00pa3yercsi 3ameda-
TeJIbHAsL CTPYKTYPa KOMMIEKCHbIX YUCeN, BO MHOI'OM IIOXOXKUX Ha, JIefiCTBU-
TeJbHBIE, & KOe B UéM marke Oojiee yIOOHBIX.

Anrebpanvueckasi (popMa u oreparuu

Ob6o3nadnM Hadasa0 KoopauHat depe3 0, a KOHIBI opT — 4epe3 1 u i.
Teneps Touke (a,b) IIOCKOCTH COOTBETCTBYET KOMILJIEKCHOE YUCIIO a + ib;

{Touknu npamoit} <> R, {rouknu mrockocru} <> C,
a CJIO’KeHHe U BBIUUTAHNE BBIIOTHIIOTCS 110 POPMyJIe
(a1 + Zbl) + (CL2 + ZbQ) = (a1 + CLQ) + Z(bl + bg)

OHpe,ZLe.HI/IM Ha HUX YMHO2K€HHE — a II032Ke U JleJieHnue — Tak, 9TOOBI:
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® BBINOJIHAJINCH [IPUBBIYHBIE YHCJIOBBIE 3aKOHBI ACCOIUATHBHOCTH, KOM-
MYTAQTUBHOCTH, JUCTPUOYTUBHOCTH (B IMKOJE WX HA3BIBAIOT «COYE-
TATEJIbHBINY, «II€PEMECTUTEIbHDI», «PACIPEICTUTEIbHDIHY ), HyJlsd 1
€JINHUTIDI;
e mpsimasi, mpoxossitiast depe3 Touku 0 u 1, npesgcrasisuia R C C.
BBumy TpeboBamus AuCTPUOYTUBHOCTH JOCTATOUHO HAYIUTHCSA MTEPEMHO-
2KaTh OPTHI, & CBONCTBA €IMHUIIBI

1-1=1 u 1-i=i-1=4

OCTaBJIAIOT HEACHBIM JIMINL 3HAMEHIE IIPOU3BEIeHHS i2 = i - i. CTOSIIyIO

3a/1a9y pernaeT BHIOOp 5
i°=—1.

JII0OOIBITHBIE MOTYT CAMOCTOSITEJILHO HCCJIEOBATD, K UEMY BEIYT JIPyTHe
BapUAHTHl — OHMU JIE?KAT YyTh B CTOPOHE OT HAIIET'O CETrOJIHAIIHETO IPeJ-
Mera. VTak, mojrydaeM MpaBUjIO yMHOYKEHMS KOMILIEKCHBIX YUCEJT:

(a1 + ib1)(a2 + Zbg) = (a1a2 — blbg) + i(agbl + albg).
DakTUIECKHU, IPU YMHOKEHUU HYKHO IIPOCTO PACKPBIBATH CKOOKH, & 3aTeM
3aMeHaTh 2 Ha —1.

B mouckax (opMysibl jtsl JIeJIeHrs, PACCMOTPUM CHAYATIA
1 a—1b a w —b
— = - — = i .
a+ib  (a+ib)(a—ib) a?4+b>  a®+b?
[Toaromy, menenre BO3MOKHO Ha JIIOO0€ KOMILJIEKCHOE 9uCyIo a + ib # 0 u
BBITIOJTHSIETCST TI0 (bOPMYIIe

a1 + ’Lbl aias + blbg _Qle — a1b2
o = ?
az + ibo a3 + b2 a3 + b3
YTO BeCbMa HEYI00HO /I 3anoMuHaHus. [Ipore moMHUTS npuéM, mpume-
HEHHBIN B IIPEJILIIYINEM PABEHCTBE sl N30aBJICHUS OT ¢ B 3HaAMeHAaTeJe U

Ha3bIBAEMbIN AOMHOXEHUEM Ha COﬂpﬂ)KéHHOE.

)

Ilokazarenpuas dpopma
[TonsipHbIe KOOPAMHATHI, CBI3aHHBIE C IIPSIMOYTOIBHBIME (hOPMYIaMU
T = pcosp,
{y = psing,
JIAIOT JIPYTYIO yA0OHYI0 GOPMY 3aIiCh KOMILIEKCHBIX YUCEJI:

e TIPSAMOYTOJIbHASA CHCTeMa <> anrebpanyeckas dopma z = a + ib;
e TOJISIpHASI CUCTEMa <> NoKa3aTtesnbHas dopma z = pe'?,
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b=lme | i=a+ib 2= pef

55 = arg(z)

a=Rez p =zl

rae e uz bopmysn Ditnepa (Cotes, 1714; Euler, 1748)

’ei‘p :cos<p+isin<p‘

IIOKa MOKHO CYHTaATh IIPOCTO YIAaIHBbIM O603H&‘I€HI/I€NI.

Baecro €*% gacrto MUTITY T eXp . ZIBHAS 3aNKCh ¢ KOCHHYCOM U CHHYCOM,
Ha3bIBaeMas TPUroHomeTpuyeckoin copmoit, oueBuaHo Oojiee TPOMO3IKA, B
0CcobeHHOCTH KOrJia BMECTO @ IIOJCTaBJ/IACTCA OY€Hb OoJIbITIOE BbIpazKeHue

(aro Tummuno B dusuke). [TosroMy peKOMeH/[yeTcsi IPUBBIKATH UMEHHO K
oKa3aTeJbHOI (opme.

Onpedenenue.
a = Rez pelcTBUTENbHON 4ACTbIO
TIpu sToM b=Imz MHUMOIA YacTblO O TTEECROTG
HasblBAIOT | p = |Z] Mozaynem IHCIIa, 2.

(p =argz apryMeHTom

Conpsi>keHue U CBOHICTBA MOZYJIs

JacTo BCTPEYAETCs ONepaluss KOMIJIEKCHOrO COMPSKEHUs:
z=a+ib=pe¥— z=a—ib= pe ¥,
KOTOPYIO MBI y?K€ YBUJIEJIN BBIIIE B OMCKAX (DOPMYJIBI I JeJIeHud. [ eo-

MEeTPHUYECKHU ITO OTPaXKeHNe OTHOCUTEJBHO BEIECTBEHHOI ocu. JIerko mnpo-
BEPUTh, UTO COMPSIKEHNE YBaXKAET apudMETHICCKUE OIEPAITNN:

lel:ZQZZl:tZQ, Z129 — 2122, 21/22:2’1/22.
Quzukn J1obaT nucath 2* Bmecto zZ. Kpome Toro,
z+2zZ=2a=2Rez €R;

z-Z2=a’>+b* = |2]* € Rso.
Orcroma cemyer MynbTUNAUMKATUBHOCTb MOJLYJISL:

|z122| = |21] - [22].
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TlousiTre MOTyJIst BIIEPBBIE TTOSIBUIOCH UMEHHO JI7IsI KOMIIJIEKCHBIX TUCEJT
(y Beiiepirpacca) 1 JIMIIb 3aTeM CTAJO MOJIE€3HBIM U JJIsl BEIECTBEHHbIX.

VYopaxkuenne. Onuwume 2eomempuiecku npeobpasosanue z — 1/z.

B ormmame or R, B C Her nopsijika: 3amuch 21 < 2 HE UMEET IO0JIE3HOIO
CMBbICHIa, st 21, 2o € C. CpaBHUBATH KOMILJIEKCHBIE YMCJIa MOYKHO TOJIBKO
110 MOJLYJIIO, IIPUYEM BBIIIOJTHEHO HEPAaBEHCTBO TPEYronbHUKa

|21 + 22| <[] + |22/

T .

Z1

VMHOX>KeHUEe U TOBOPOT
OneHnM, HACKOJIBKO YJIa9HO 0GO3HAMEHNe %% | BLITHCTss:
eet = (cos p + isinp)(costh + isina))
= (cos @ cos ) — sinsiny) + i(sin g cos ¥ + cos sin )
= cos(p + ) +isin(p + )

— oilety)

[TosTomy mokazarenbHas hopMa 3aMUCA KOMILIEKCHBIX YHCeJT YI00HA JIJIst
YMHOKEHUA U JIeJICHU:

pler . p2€i§02 _ plpzei(¢1+tp2); pleiipl/pQQiWZ _ (pl/pg)ei(%’“”?).

Yupaxkuenune. J[ii mpeT pasausHbT KOMNAEKCHOLT wucen o, 3, v Hali-

oume 2eoMEMPUMECKUTE CMDICA BEAUMUH aTE ﬁ, arg %, arg T::{y

Teopema. Ymmoorcenue 1a Komnaexcroe wucto w = e asiaemca noco-
DOMOM KOMNAEKCHOT NAOCKOCTNY MG Y204 ) = argw 80KPYe HYAH.

Iepsoe dokazamesvbcmeo. YMHOKUM z = T + 4y Ha W = cos 1 + isin .
zw = (zcosty —ysiny) + i(xsiny + ycos ).

Teneps cpaBauM ¢ HOPMYIIOiT TOBOPOTA IIOCKOCTH. [IPOTHBOIIOIOKHOCTD
3HAKOB MPU CHHYCAX OODbICHSIIETCS TE€M, YTO 3/IECh Mbl BEDTHM CAMU MOUKU
IJIOCKOCTH, & B TOI (pOpPMYyJIe TIOBOPOTa — CUCTEMY KOOPJIMHAT. O
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Bmopoe doxazameavcmeo. EcTecTBeHHO, MOISIPHBIE KOOPJUHATHI YI00HBI
JIs1 3armcn 1oBopoToB. IIpeobpasosanue z —+ ze'¥ coxpamsieT HauamO KO-
opmuaar (wmcno 0) u Bee aymmbr |z | = |2] - [e®¥| = |2|. Hyxno Takxke
yOeIUTHCS, 9TO OHO COXPAHSIET OPUEHTAIINIO. O

ITIpumep (reopema Borrema). Ha croponax tpeyronbuuka ABC Ha mioc-
kocru nocrpoennl KBajparsl ADEC u CFGB (BepmuHbl yKa3aHbl 110 9a-
coBoii crpesike). Touka M ssisercsa cepepunoii orpeska DG. Jokaxewm,
aro M wme 3aBucut oT nosoxkenns Touku C'.

CunraeM BCIO KOHCTPYKITHIO JIeXKAlllell Ha KOMIUIEKCHOM IJIOCKOCTH.
Toukam A, B, C 1mycTb COOTBETCTBYIOT KOMILIEKCHBIE dncia «, (3, 7. Ilo-
CKOJIBKY YMHOKeHMe Ha i = ¢'™/? 3aaé1 mosopor Ha 90° IIpOTHB 4acoBOii
crpesiku, roukam D u G coorsercrBytor yucia a+i(y—a) u f—i(y—0), a
UCKOMOI1 cepejinHe orpe3ka DG ux morycyMmMa, [”TO‘ —I—iﬁfTa
OT 7y, 9TO U TPEOOBAJIOCH.

QopmMmyia Tak¥Ke TMOKa3blBaeT, 94To TpeyroibHuk AM B paBHOOEIpEH-
HBI U npaMmoyroybabid. Touka C' mazxe MOXKeT JieXKaTh Ha TpsiMoit AB:
MOJIBUT'ATE TOUKHU.

, HE 3aBUCAIIA

Marpuunasa dpopma

Jpyrue mpocTbie JeCTBUS ¢ KOMIIJIEKCHBIMU YUCJIAMU TOXKE JTAl0T IIpe-
00pa30BaHus IIJIOCKOCTH YK€ N3BECTHBIX HaM TUIIOB. COOTBETCTBUE MEXKILY
HUMU YKa3aHO B TAOJIUIE: CJ0KEHNE TPOU3BOIUT IIEPEHOC; YMHOKEHHUE Ha,
II0JIOZKUTEJILHOE BEIEeCTBECHHOE YHUCJIO IIPOU3BOJUT PACTAXKEHUE WU CXKa-
THE; KOMILJIEKCHOE COIIPsA2KEeHUE ITPOU3BOJUT OTPaKEeHUe OTHOCUTEIbHO Be-
ECTBEHHOW OCH.

IIpeobpasosanue naockocmu C | Qopmysa

ITepenoc z—z+w, tnew € C
Pacrsxenne nim cxxarue z+— zp, e p € Ry
TToBopor zw ze'W, toe P € R

ISy

OrpakeHne MHUMOI ocH Z



https://www.cut-the-knot.org/Curriculum/Geometry/Bottema.shtml
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R
B

Bormnmem MaTpUIbI, 3aJaI0Inue paCTH)KeHI/Ie/C)KaTI/Ie 1 IIOBOPOT:

P {p O]; & o {c9s<p —sing@].
sing  cosg

.
C

B wactHOCTH, yMHOXKEHME HA MHUMYIO €IUHUILY COOTBETCTBYET ITOBOPOTY
Ha 90°: 0 1

. i /2 -

1=e€ < .

Tak MBI IPUXOANM K IPEACTABICHHUIO JIIOOOTO KOMILJIEKCHOI'O YHCJIA MaT-
pureil cnennaabHOrO BUIA:

psinyp  pcosyp b a

OTMeTHM, 9To yCJIoBHe 06PATUMOCTH TAKOH MATPUIIBI Uepe3 OIpeIe/Ti-
TeJTb COBIAJIAET C yCJIOBHEM BO3MOYKHOCTH jlefeHus: p° = a? + b% # 0.

VYupaxkuenune. Kaxue onepayuu ¢ KOMNAEKCHOMU YUCAGMU 8 MATDUY-
HOU POPME PEANUSYIOMES ONEPAUUAMY C MAMPUUAMU?

YupakHeHnue (nyaibhble qucia). Asywume apupmemuneckue onepayu
€ YUCAAGMU UHO20 6UAA, NPEICTNABAAEMBLMU TPOCTIBLMYU MAMPUUAMAU:

a b
a+5b<—>[0 a]

Yemy pasro wucao €22 Koz0a 603m0otcHo deaerue Makux wucens?

CreneHu U KOpHU

IIpaBusio yMHOXKeHUsT BIEYET IIPABUJIO BO3BEJICHUS B IIEJIYIO CTEIIEHb:
(pe*f)* = p"e'™ muan € Z.
®opwmysoit Myaspa (de Moivre) Ha3biBalOT Gojlee IJIMHHBIN BAPUAHT

[p(cos ¢ + isinp)]" = p™(cosny + isinng).
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Haiizém Ternepb Bce 3HAYEHUS BBIPAXKEHUs /2 JJIA IIOJIOKUTEJIHHOIO

mejioro n. I3 mpaBujia BO3BeJIeHUsI B CTEleHb OJHO PeIlleHre OYeBUTHO:
n/pei(p — {L/ﬁeup/n'

Koneuno, 310 He MOXKeT JaTh Bcex pelreHuil. Jlaxke cpejin BeIecTBeHHBIX
YHces MBI BUJIAM HEOJHOZHAYHOCTD: Harmpumep, (—1)2 = 12, tak 4uro xBajI-
PaTHBIX KOpHEH HaBEpHOE JIBA.

XUTPOCTh, OTKPBIBAIONIAS BCE PEIIEHUs, B TOM, UYTO apPIyMEHT ( OIpe-
JIeJIEH He OJTHO3HAYHO, & JIMIIb C TOYHOCTBIO JIO 277, IOCKOJIbKY €'F =

n

eilet2mk) Juist Beex nentbix k. CrrefoBarensHo, 1/ pel¥ ecTb mHoocecmeo
{/pelet2™in | g =0,1,...,n—1}.

Kaxkmoe HeHysrleBoe KOMILIEKCHOE UUCJIO MUMEET POBHO 71 PA3JIUYHBIX KOD-
Hell cTermeHnu n. DTO BarXKHOE siBjieHne, monobnoro koropomy B R mer. Ha
KOMILJIEKCHOU TIJIOCKOCTH KOPHU CTEIeHU 1 U3 JAHHOro HenyJsiesoro z € C
PACITOJIOXKEHBI B BEPITUHAX [TPABHJIBHOTO N-yTOJbHUKA C IIEHTPOM B HYJIE.

vi+1

MuTepecuble BNy BBIABISIOTCS IPU JOTOITHOM PACCMOTPEHUN KOPHEH
u3 enauHUIBl («yHUIIOTEHTOB» ). IIpOM3BeJ/IeHNe YHUIIOTEHTOB CTEIeHH N
€CTh TaKOH Ke YHUIIOTEHT, U JJaXKe IIPOU3Be/IeHNEe YHUIIOTEHTOB HEPABHBIX
[EeJIbIX CTeleHed — ONATh YHUIIOTEHT.

Yupaxkuenue. /laa xkaocdozo kKopua u3 edunuydv, cmeneny 12 natioume
HAUMEHBWUT NOAOHCUMENLHDIT NOKA3AMEAD CMENEHU, 8038edeHue 6 KO-
mopyro daém eduruyy.

KomiuiekcHast akcrioneHTa

Bepuémcst k bopuyiie e’V = ¢! ¢HY) Oynxmua F(z), obranaomas
cpoiicrBoM E(x1+x2) = E(x1)E(x2), obsizarenbHo umeer Buj E(x) = e,
IIpu 3TOM KOHCTAHTY (v MOXKHO OIIPEJIESIUTH U3 IIPaBUJIA %(em) = ae*”.
[Mpumenum 3710 K Gynkuun E(x) = cosx + isinx:

4 (cosz +isinz) = (—sinz + icosz) = i(cosz + isinz).

3uauur, B 3T0M cityuae E(x) saBisercs IKCIOHEHIUAIbHON QyHKIMelh e'F,
9TO U ONPAB/IGIBAET UCIIOJIH30BAHIE TAKOIO 0003HAYEHNUSI CPA3y, C MOMEHTA
BBEJIEHUS [T0Ka3aTeJIbHON (DOPMBEIL.
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K TaKOMY 2K€ BbIBO/LYy IIPUBOJAT PAIJIOZKCHUA Tefmopa:
- L @? @) o) ()
1T
e =1+ (ixz) + o Tt T
_ ] ZL‘Q _.TS IL'4 ] ZS

=cosx +tsinzx.

[ToscraBiisisi B 9KCIIOHEHTY 3HAYEHUE apryMeHTa 77, BHIBOAUM 3HAMEHUTOE
TOXKJIECTBO Dilnepa:
e 4+1=0.

OTMernM B KadecTBe HeoOS3aTeIbHOIO JOIOJHEHHSI, YTO TElePhb JIer-
KO OIpeJe/uTh (PYHKIMIO €° KOMILJIEKCHOI ITepeMeHHOi z, 00JIaIaioILy o
CBOIICTBOM

e1tze — o271 | 22
s Beex z; € C. JocTaToyHO IOJIOXKUTH st Beex a, b € R
exp(a + ib) = e = % = ¢%(cos b + isinb).
Ectb u npyrue, anajimrudeckne CriocoObl BBEJIEHUS €7, aHAJOTUIHBIE CITy-
Yai0 BELIECTBEHHOH IepeMEeHHOM: KaK IIpeiesl IIOCIeI0BATEILHOCTH, KaK
CyMMa psifia; B Pe3yJsbTaTe IOJIyYaeTcs OJHa U Ta Ke PYyHKIUS.

IIpumep. Oyuxrus w = e* orobpaxkaer npsamoyroabHuk 0 < Rez < 1,

0 < Imz < 7 va nomykobio 1 < jw| <e, 0 < argw < 7.

Iy

Z=w=¢€*

OmpeiesiuM Tak2Ke KOMILUIEKCHBIE (DYHKITIT

62’2 + 671'2 e? +672

COSZZ#, ChZ:T,

) eiz _ e—iz e? —e %

smz = ——, shz= ———.
24 2

Ilo CyTH, HE TOJIbKO FI/IHep6OJII/I‘{eCKI/Ie, HO W OOBLIYHBIE KOCHUHYC U CHHYC
OKa3bIBAIOTCS BCETO JIUIIb TEHAMHN KOMIIJIEKCHOI 9KCITIOHEHTBI; €€ HCII0JIb-
30BaHNE 3pUMO YIIPOMIAET BBHIBOJI MHOTNX TPUTOHOMETPUICCKUX TOXKICCTB.
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2.4. OCHOBHA¢ TEOPEMA AJITEBPHI MHOI'OYJIEHOB

MHuoroujieHsl u orrepanunu HaJld HUMHU

O6o3uaanm depe3 F omguy u3 uuciosbix cucreM Q, R wmm C, to ectnb
YHCJIa PAIMOHAJIbHBIE, BEIIECTBEHHbIe N KOMILIEKCHbIe. MHorounetsom ot
OyKBBI T ¢ Ko3ddunuentamu B [ HA3bIBAIOT BbIpaXKEHUE BHUIA

2
ag + a1z + asx” + - - - + apx”,

e Bce arp € F. Ecim O6ykBe x He mpuaaBaTh HUKAKOTO CMBICTA, TO €€
CTEIEeHU IIPOCTO yI00HO OPraHU3yIo0T MOBeeHe KO3 MUIIMEHTOB IIPU CJIO-
JKEHUU U YMHOXKEHUU MHOTOUJIEHOB 10 3HAKOMBIM IPABUJIAM: CllIaraeMble
C OJIMHAKOBON CTEMEeHBIO CODUPAIOTCS BMECTE, a CTEIEHU CKJIAIbIBAIOTCS
npu nepeMHOKeHnn. MHOXKeCTBO BCEX MHOTOYJIEHOB C KO3 dUIIHEeHTAMA
B F o6osnagaror yepes F[z]. Ungekc n nocieaaero HeHysieBoro (CTapLuero)
ko3 duImeHTa MHOTOUYJIeHa f HAa3bIBAIOT CTENEHbIO f u mumyT deg f = n.

Oneparun JejieHns Ha MHOTOYJIEHAX HET, IIOTOMY YTO YACTHBIM SIBJIsI-
ercs, BoobIme ToBopst, Apobb. OIHAKO MMeeTCs JIeJIEHIE C OCTATKOM.

Jlemma. FEcau danve mHozounenvs f u g # 0, mo 00HO3HAYHO HATOOAMCSH
maxue mmozousenv, ¢ u r, wmo degr < degg u f = qg+ 7.

Jloxazameavcmeo. Ilo anropurmy jeeHusT «CTOJIOUKOM. ([l

KopHu MHOro4IeHa U X KPAaTHOCTU

BMeCTO & MOXKHO TIOJICTABJIATD PA3JIMIHbIE BHIPDAYKEHHsI, 1 B 1aCTHOCTH,
qucsa. KopHem MHOrowieHa f(x) HasbIBalOT Takoe 4mciio ¢, 9o f(c) = 0.
MHuorme 3a3/ja91 MaTeMaTHKHA TpeOYIOT OTBICKATH KOPHH MHOTOYJICHA HJIH
ONHUCATD UX COBOKYITHOCTb.

ITpumep. Muorouren z2 + 1 € R[x] He umeer kopreit B R, HO nmeer jBa
kopus +i € C.

N3zyuars MeTo/1bI TONCKA KOpHEH MBI He OyeM. [l MHOTOYIEHOB TIep-
BOI U BTOPO# CTEIICHEHR 3TO JIeIaeTCd B IIKOJIE U IIOJIy4alOTCA U3BECTHBIC
dopmystsl yepes KoahduImeHTs MHOro4IeHa. POpMyIIBI JIJIs PeleHns 00-
X YPABHEHUl TPEThell M YeTBEPTOIL CTEIIeHell CI0YKHEee; OHM ObLIN Hali1e-
HBI HECKOJIBKO BeKOB Ha3a 1l Kapmano n Tapramabs, HO IPIMEHSIOTCS PEIKO.
[Tomobubre bopMyIIBL 1yt ypaBHEHHUI O0JIee BBICOKUAX CTEIEHEl HEBO3MOXK-
Hbl (M3BJICUEHUsT KOPHEll BMecTe ¢ ajarebpandecKuMU OlePalUsgMU OKa3a-
JIOCh HEJIOCTATOYHO, TPEOYIOTCsl HedJIeMeHTapHbIe (DYHKIIUH).
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Ha npakTuke KOpHU OOBITHO HAXOJIAT TPUOIUKEHHO, JJIsT IET0 PA3BUTHI
COBCEM MHBIE METO/IbI, OCTABIITUECS JTAJIEKO 33 PAMKAMU HAIEro Kypca. Mbr
K€ BO BCEX 3aJadax, IJe BO3HUKAIOT KOHKPETHbIEe MHOI'OYJICHBI U YTO-TO
HY?KHO IIOCYUTATH, Oy/IeM OrPAHUYIEHBI IPUMEPAMU, B KOTOPHIX OTHICKAHIE
KOpHEIt JIEIKO CBOJUTCH K PEIIeHUIO JIMHEHHBIX U KBa/IPATHBIX yPaBHEHUIL.

Teopema (Bezout). Pasnocuavhbs ymeepocoerus:

(1) wucao ¢ € F ecmwv xopens f(x) € Flz];
(2) aunetnoii mmuozousen (x — ¢) deaum f(z) 6 Flz].

Jloxasameavcmeo. Tlo menernmnro ¢ ocratkom, f(z) = (x — ¢)g(z) + r(x) n
degr(z) < deg(z — ¢) = 1, nosromy r(x) = const = r(c) = f(c). O

k+1

Ecmm f(z) memnres na (z — ¢)*, 5o ne ma (x — ¢)**1, rae k € Z~, To ¢

Ha3BIBAIOT KOpHeM f(z) KkpaTHOCTH k.

CaencrBue. Bceakxutl mHO20uAeH cmeneHu T umeem we boaee n KopHed,
YHUMBLEAA KPAMHOCTNU.

OcHoBHas1 TeopemMa

IIpumep. Mb1 y2Ke BUen, YTO ¥ MHOTOUIEHA 2" — @ BCerja n KOpHeH.

Teopema (Gauss, 1799; Argand, 1806). Beaxuli muozousen f(x) € Clz]
cmenenu n umeem 6 C

(1) zoms 6w, 0dun Koperv;
(2) 6 mounocmu N KopHed, YHUMBEAs KPAMHOCTIU.

o cux mop, To ecthb yxke Oostee 200 JieT, 3TO yTBEPAKIEHNE HAZBIBAIOT
«OCHOBHasi Teopema anrebpbi» . Bosiee TouHbIM ObLI0 OBI TOBOPUTH « PYHAA-
MeHTanbHast» (kak Ha 3amaje). Vcropuueckn, mpeaMer ajareGpbl COCTOSLI
BO MHOT'OM B DeIlleHUN ypPaBHEHUI, a 3HAYNT, MMEHHO B OTHICKAHUU KOPHEIi
MHOTOWIEHOB. B acTHOCTH, STUM U 0OBSICHSIETCsI 0COD0 MOYETHBIN CTaTyC
OCHOBHOI T€OpEMBbI aJredpbl MHOTOWIEHOB.

[Hoxasameavemeso. (2) Ipsimo caenyer u3 (1) o Teopeme Besy.

(1) Hng mamero Kypca 3TO TPYAHO; YUCTO aJreOPAndecKoro J0Ka3a-
TEILCTBA BCE €IE HET, U BEPOATHO, HeT Boobme. IIpocToe moKasaTeabeTBO
TaéTesa cpeacTBaMu KoMImekcHoro anaan3a B Kypcax TOKIIL. Tem me me-
Hee, UJIEN JOKA3aTeIbCTBA HATJISIHO [IPEJICTABIEHBI HUKE. O
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CaencrBue. Beaxul muozounen f(x) € Clz] packaadusaemes na auned-
HOLE MHOIHCUTNEAU:

J(@) = an(z = 21) (@ = 22) (& = z2),

2de x; ecmwb Kopru f(x), NOBMOPAIOWUECA COZAACHO KPATNHOCTAM.

Joxasameavcmeo. Bepém nMeromuiicst 10 OCHOBHO TeopeMe KOPEHb X1 U
110 Teopeme bBesy BbIIesIsIeM MHOXKUTE/Ib T — T'1. BTOPOl MHOXKUTEJIH UMEEeT
MEHbIILY10 cTenenb (n— 1) u Kopenb xo. Tak OJuH 3a JAPYIUM BBIIEIUM BCE
MHOXKHUTEJIH.

Bouiee popmasibHO 910 paccyzxkeHne MOXKHO 0DOPMUTH (XOTs HY Kb
HET) B BUJI€ UHJIYKIIUW 110 CTENEeHN PACKJIAIbIBAEMOI0 MHOIOUJIEHA. O

PazJjio>keHne MHoOrod4JjieHa Ha HellpuBOAMUMbIE

HenpuBogmmbiM Ha3bIBAIOT MHOrOYJIeH 6e3 COOCTBEHHBIX JeJIUTejeil u
OTTOrO HE PA3JIOXKMMbII Ha MHOXKHUTEN MEHBINUX CTeleHeil. B ajrebpe
MHOTOYJIEHOB 9TO AHAJIOT MPOCTOro dncia. [1oje3no nmers onucanme Bcex
HENPUBOJIUMbIX MHOIOWIeHOB B [F[x]. Pemenus aroii 3amaun st pasimd-
HbIX F pa3suTepHO OTIMYAIOTCS, IOCKOJIBKY HEIPUBOIUMOCTH KOHKDPETHO-
0 MHOTOYJIEHA CUJILHO 3aBUCHUT OT TOrO, Kakue Kod3hPUITHEHTHI BOOOIIE
JIOIIYCKAIOTCS TIPU PA3JIOXKEHUH; [IO9TOMY TOBOPAT O HEIIPUBOJIUMOCTHU, Ha-
npumep, Hag C, nag R, sagx Q. OcHoBHast Teopema ajaredOpbl MHOTOYJIEHOB,
BMecTe ¢ Teopemoit Besy, permaer Bompoc Has C n manx R.

CuaencrBue. Bce nenpusodumoie had C mrozousenv 6 Clx] — aunednwvie.

JIemma. Jlas scarxozo mnozouaena f(x) ¢ sewecmsentomu kosgduyuen-

mamu ceoticmso f(z) = f(Z) ewnoaneno das ecex z € C.

,ZZO%‘GSCL?TL&/L’bC?TLGO. HO.Hb3yeMCH TEeM, 9TO COPAZKEeHNE yBazKaeT Ollepallnu:

f)=a+ar1z+a22+ -+ apz"
=g+ Wz +agz® -+ anz”
=g+ @z + 22 4+ 2"
—ag+ a1z + asZ’ + -+ a,z"
= f(2).

Ha nmocsiennem mare ax = ag, n6o ap € R. O
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CaencrBue. Bcee nenpusodumvie 1ad R mmozouaenv, 6 R[z] — aunetinve
UAU KBATPAMUYHBE C OMPUUAMENLHBM OUCKPUMUHGHIMOM.

Jokasamesvcmeo. Paszmoxum MHOrowreH f(x) € R[z] Ha nuneliHble MHO-
xkuresn Hay C. BemecrBeHHbIE KOPHU IIPUHOCAT JIMHEHHBIE MHOXKHTEJN
unaji, R. TTockoabky E = f(2), Bce kopuu BHe R HOSIBIAIOTCS CONPSIKEH-
HBIMA [IAPAMH Z, Z, TaK YTO B KOMIIJIEKCHOM DA3JI02KEHHHU [IPUCYTCTBYET

(x — 2z)(x — ). Opgnako s xaxzaoro z € C \ R mMuorowien
(x—2)(x—2) =2 —x(z2+2)+22=2%—22Rez + |2
€CTh BeIeCTBeHHbI! KBaIpATHIHbIH ¢ muckpuvunanTom —(2Im2)2. O

He uzBecTHO HUKAKOTO IPOCTOTO ONMMCAHUSA HEITPUBOIUMBIX MHOTOIIE-
woB Hayt Q; mmeroTcst TakoBbIe JTI000iT cTenenu, Halpumep, T — 2.

Nzo6parkenne (pyHKIUN KOMILJIEKCHOM mepeMeHHO

2Kenanue napucosars rpaduk Jazke Ipocreiineli KOMIIEKCHO3HATHOI
GYHKIMM 0/THOM KOMILIEKCHOI IMEPEMEHHOM HATAJIKHBAETCS Ha CEPbE3HOE
NPEINATCTBAE: HEOOXOMMOCTh PHCOBATH B YeThIpEX m3Mepenusax! OmHaxo
€CTh OYEHb KPACUBOE PEIEHNE ITOH MPOOIEMBL.

JBa mMeromuxcs y HAC N3MEPEHUs OTJAIIM HE3ABHCUMON IIePEMEHHOI,
a 3HaYeHMAM (DYHKIUU COLOCTABAM Bapualuy IBera. VIMEHHO, IpecTa-
BuM |f(z)| u arg f(z) COOTBETCTBEHHO SIPKOCTBIO M OTTEHKOM TOYKH Z.
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Nnero nemoHcTpUpyeT KapTuHKa 1Jist f(2) = z; Ha OCTAJIBHBIX KApPTHH-
KaxX IIPUMEHEHO TaKoe YKe COOTBETCTBHE MeXKly 3HadeHuneM f(z) u 1seToMm,
TOJILKO Ha HEKOTOPBIX U3MEHEHBI MACIITad M YaCTOTa BCIIOMOraTeIbHBIX
smauii. Ha mectoM prCyHKe XOpOIIO BHJIHO, KAK B 9TOM CTHUJIE OTJIMYATH
cTpeMieHne 3HaueHus f(z) K HyJIO U K GECKOHEUHOCTH.

Drotr npuém shdeKkTuBeH u s APYyrux QYHKIMA, U 3/1eCh yXKe BeJINK
cOBJIA3H COBEPIIUTH MO3HABATEILHBIN 9KCKYPC B KOMILIEKCHBIH aHamn3. Ho
npexjie CTOUT MOSICHUTH Ha KAPTUHKAX WJICI0 JIOKA3aTEeJILCTBA TOrO, UTO
BCSAKUI KOMILIEKCHBI MHOTOYJIEH CTENEHN 7 IMEET POBHO 7 KOMILJIEKCHBIX
KOpHEl ¢ y9€TOM KPaTHOCTENR.

B KOMILIEKCHOH TIOCKOCTH € M300parkeHneM MHOrowieHa f(z) Bo3bMéM
KOHTYD 1 06paThM BHUMaHUE Ha u3MeHeHune arg f(z) npu o6xone KOHTYDa,
9TO JIEFKO OTCJIEJIATH 110 U3MEHEHUIO OTTeHKa. [IpuHsaTO BCerna 00XOauTh
KOHTYD TaK, 9TOObI OXBaTbIBaeMas UM 00JIacTh ObLIa ciieBa mo xomy. [lpu-
Mepbl IOKa3bIBAIOT, YTO Hpuparienue arg f(z) mpu omIHOKpATHOM 00Xo7e
pasHo 27i - N, rae N ectb cymMMa KpaTHOCTel KopHeii f(z) BHyTpU KOHTY-
pa. IlockosbKy amciio KopHeil KOHEYHO, B KA9eCTBEe KOHTYPA MOXKHO B3SITh
OKPYZKHOCTBb HACTOJILKO GOJIBIIIONO PAJIINyCa, ITO [0 CPABHEHUIO C HUM BCe
KOpHH OyyT ouenb 6m3ky K Hysmo. Kaprunka f(z), BMeImaoas KoHTyp,
Oyzer He orauduMa OT KapTudku (yukuuu z", rae n = deg f(z), a upu-
pamienue arg f(z) Oyzer paBHO 27i - n. 3HAYUT, CyMMa KpaTHOCTeHl Bcex
KOMILJIEKCHBIX KOpHEIl MHOTO'WJIeHa BCerja paBHA ero CTEeIeHN.

f(z)=nz f(z) = arcsin z fl2)=V1+23


http://www.phys.nsu.ru/ulyanov/AU-lecture-170518.pdf
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Masa 3. ®UI'YPbLI BTOPOI'O NMNOPAOKA

3.1. DJLIUIICHI, TTAPABOJIbI U TUIIEPBOJIBI

®Durypbl U ypaBHEHUs

AHanutnyeckas reometpusi — 06JIaCTh NEOMETPHUH, B KOTOPOl IeoMer-
pudeckue (bUrypbl u3ydaroTcsi ¢ IOMOIIBIO JUHEIHONH aJredpbl HA OCHO-
Be IpUMEHEeHUsI KoopawHaT. [IpuioxkeHunst K reomMeTpuu 0oJiee CI0KHOM
ayrebphl OTHOCAT B OBJIACTH anrebpanyeckoil reoMeTpuu, a MPUIOKEHUs
MAaTeMaTHIECKOr0 aHaJn3a — B 00J1acTh AuddepeHLmnanbHOi reoMmetpun.
STI/I npeaMeTbl SHaAYUTEJIbHO IIPEBOCXOAAT aHAJIUTUIECKYIO I'eOMEeTPUIO 110
CBOel TPY/THOCTH U O0BEMY; JIOCTATOYHO CKa3aTh, YTO 00a OHU B YHCJIE aK-
TUBHO Pa3BUBAIOIINXCS 00JIACTEll COBPEMEHHON MaTeMaTHIeCKOH HAyKH.

TpaaunuroHHO BBIIEISIOT JBE 33291 AHAJTUTUIECCKON reOMeTpHUn:

(1) durypa ~» ypasaenus (3apatue duryp);
(2) ypaBuenusi ~ durypa (uccnegosanue duryp).

Hammn e/ IIpu u3y41eHuun aHAJUTUYIECKOMN reoMeTpumn BeCbMa CKPOMHBI:

Dueypovi
Vpasrenus yp
HQ MAOCKOCTIU | 8 npocmpancmee
JIMHETHbIe MIpsIMbIE IJTOCKOCTHU U TIPSAMBIE
KBaJIpaTUIHbIE | KOHUKHI KBaPUKN

JIuHuy 1 TOBEPXHOCTH MEPBOTO MOPSIIKA Mbl H3y4YaJid B IIEPBOii TJIaBe, & B
9TOI 3afiMEMCS JIMHUSAMU BTOPOT'O MOPSIKa, OCTABUB ITOBEPXHOCTHA Ha KO-
Her cemectpa. Bazkueiiie JIMHUI BTOPOrO TIOPSIKA — JLIAICHL (U OKPY K-
HOCTH KaK WX YaCTHBIA WM UPeeabHbI cirydail), mapaboJibl U rumepbo-
Jibl. JIJ11 oty ueHus OJTHOTO CIIMCKA K 9TUM TPEM THUIIAM HYKHO J00aBUTH
IIeCTh PA3JIMYHBIX TUIIOB paclaJeHNs UJIN BBIPOXKJIEHN, IIPOSBIISIONINXCS
KaK Iapa IPsSMBIX, IIpsMasd, TOYKa U IIyCTOE MHOXKECTBO.

HOJISIprIe N KaHOHUYEeCKHEe ypaBHEHUA

BadukcupyeM Ha IIIOCKOCTH NPSAMYIO § (ANPEKTPUCY) U HE JIEIKAIILYTO Ha
Heil Touky F (chokyc). Beibepem qmciio e > 0 (3KCLEHTPUCUTET) U paccMoT-
PUM reOMeTPUIECKOe MECTO TOUeK X , PACCTOSHUS OT KaXKI0U M3 KOTOPBIX
10 § u F ceazanst coornomenuem d(X, F) = e - d(X,9).

U3 ompenenenns HECTOXKHO BBIBECTH ypaBHEHHWE 3TON (UTYPHI B IO-
JIIPHBIX KoopauHaTax (@, p), HoMelas Iooc B GOKYC U HAlpaBJids OCh
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poub ot gupekTpuckl. Torma d(X, §) = p+ pcos ¢, TJe p eCTh pACCTOsTHAE
ot dokyca j0 aupekTpuchl. OTCIO/IA TOIyYaeM MMOJISPHOE YPABHEHNE

_ €p
(%) P=1 "ecos 7

3HadeHne SKCIEHTPUCATETA OIIPeIessieT TUI U (hOPMY JIMHUH, & HA3BAHUS
UX IIPOUCXOJIAT OT TPEYECKUX CJIOB, O3HAYAOIIIX COOTBETCTBEHHO (HUKE B
TabJIMuKe) HEJOCTATOK, CDABHEHUE, U30BITOK.

ITpumep. Nmenno sruvu popmamu (ecm IpeHebpedsb Pa3JInIHBIMU MAJIbI-
MU BO3MYIIEHUAME ) 06J18/1a10T OPOUTHI IJIAHET U TPACKTOPUY 3aPSZKEHHBIX
YACTHIL B TIEHTPATHLHO-CHMMETPIUTHOM JIEKTPUIECKOM TOJIE.

B npsiMoyroJibHO# crcTeMe KOOPJMHAT T = pCOoS @, Y = pSin ¢ ypaBHe-
mme () mact 22 +y? = e?(x+p)?, HO 3TO He Ta 3aMmuch, KOTOPYIO TPUHATO
[ponarasIupoBars. Jlajbine 0ObIYHO BEAYyT aHAJU3 OTIEIbHO JJIs KayK 10~
o Tulla, IIepeHOCOlVI Ha4daJIia HepeXOﬂ‘H K KAHOHU4YE€CKUM ypa.BHeHI/IHM. B HHUX
V/I00HBI HOBBIE ITapaMeTpsbl a u b, Kpome ciydas napabossl. Ocs Oy KaHO-
HUYECKOU CHCTEMbI KOODJIWHAT HE COBIIAJIAET C JIUPEKTPUCOI.

Dueypa Dumic [Tapabomna TI'unepGousta
Ixcuenmpucumem e<1 e=1 e>1
Kanonuveckoe TS 2 2y
—+= =1 —2px=0| = -5 =1
ypasHerue a? + b2 Y pr a? b2

Caydait ¢ = b B KAHOHUIECKOM YPABHEHUU BMECTO JJIIUIICA TAET OKPY K-
HOCTh. 3HAYUT, HJUIAIC I[TOJIYIAETCS W3 OKPY’KHOCTHU DPACTSKEHUEM WJIN
CKaTHeM BJIOJIb OJHON OCH, YTO ABJIAETCS NPUYUHON ero MHOI'OYHUCJICH-
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HBIX TpUMeHeHuil. Kpome Toro, s/mmIc mpeBpamaeTcs B OKPYKHOCTDb IIpU
CTPEMJIEHUH SKCIIEHTPUCUTETA K HYJII0. B TONIpHBIX KOOpAMHATAX ypaBHEe-
HUEM OKDYKHOCTHU CJIy2KUT p = const, oguako (') B Ipejesie CKUMaercs
B TOYKY, & YTOOBI IIPEJIOTBPATUTH ITO, HY?KHO COOTBETCTBEHHO yBEJIUYIU-
BaTb IlapaMeTp p, JiepzKa I0CTOAHHBIM IIDOU3BE/IeHIE ep, paBHOE II0JIOBUHE
JIJTMHBIL XOPIbl Yepe3 (POKYyC HEPIEHIUKYISPHO OOJIBIION OCH.

Teopema. I[loaaphvie YypasHeHus NPuBOOAMCA K KAHOHUMECKUM.

Jloxazameavcmeo. Packpoem KBapaT CyMMbI U CODEPEM TIOIO0HBIE:
(e? — 1)a? 4 2e%xp + e2p* = o>

IIpu e = 1 sro ympomaerca g0 2p(x + 5) = y?, TaK 9TO It HApabOJIBI
HY?KeH TOJIbKO C/IBHT Ha £ BIIOIL ocH .
IIpu e # 1 BbIYUCIEHNST HEMHOTO JiyMHHee. J[OmoHuM 710 KBajpara.;
e? 2 2
=D+ 550 —v' = 5
Capur o ocu z Ternepb BujieH. OCTaéTes MOIEIUTh HA YUCIO0 B TPABOI Ya-
CTH, 3aTeM 0D03HAYMUTD TOTYIeHHbIE KOIMDDUIMEHTHI Yepe3 a U b, TpUIEM
or 3HaKa uncia e — 1 6yxer 3aBuceTh 3HaK Koddduimenta upu y>. O

He 3nas merona xkoopauHat, yaénsie Ipesneit ['perinm oTKpbLM OrpoM-
HOE KOJIMIECTBO CBOWCTB JUIAIICA, TAPabOJIbl U TUIEPOOJIBI 9UCTO TEOMET-
PUYECKAMU PACCYKJIEHUSMI; ATIOJUTOHA TOCBATHII UM TIEJIYI0 KHUATY. MbI
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MMOJIy9uM JIAIIb PAJT CBOIU/ICTB7 HauboJIee U3BECTHBLIX U U POKO IIpUMeEeHsAe-
MBIX B HayKe€ U T€XHUKE.

dokaJIbHbIE CBOMCTBA JIJIUICA U TUIEPOOJIBI

Qokyc F nexur Ha ocu Oz, a B CIydasix JUIAICA U TUIEPOOJIBI Ka-
HOHUYECKNE yPABHEHUsI HEM3MEHHbBI [IPU OTPAYKEHUN OTHOCUTEIHLHO 00emX
oceit. CienoBaTesibHO, 3T DGUIYPHI UMEIOT U 10 BTOPOMY (DOKYCY.

Teopema. /s xaoscdot mouku P wa ansunce uau eunepbone paccmosnus
d; = d(P, F;) do gpoxycoe Fy u Fs ceasanv caedyrouumu Gopmyramu:
(1) das anaunca dy + do = 2a, nesasucumo om mowky P;
(2) Odan eunepboave di — dy = +2a, Hezasucumo om mouwku P, npuuém
PasHble 3HAKY COOMBEMCMBYIOM J68YM BEMBAM 2UNEPOOLDL.

Jloxazameavcmeo. (1) JIupeKTpuchl TapasuleqbHbl APYT APYTY, TOITOMY
CyMMa paccTognuii or P 0 HUX IIOCTOAHHA, & 110 U3HAYAJLHOMY OIIPEJIe-
JIeHWIO 3Jutaiica oHa paBHa (di + da)/e. JIerko yBuieTh, 4TO OHA YKe paBHA
2a, T. e. 60nbLWON OCK, ecsin BEIOpaATh P B BepIIMHE SJIIUIICA.

(2) Amanormuno. PasHOCTH BO3HHWKAET, TIOTOMY UTO 00€ JUPEKTPHCHI
JIEZKAT MEXKY JBYMSI BETBAME THIIEPOOJIBL. O

IR

pra)KHeHI/Ie. Buisedume xanonuveckue YpasHeEHUSA IAAUNCA U 2unep60—
AbL U3 UL &0%‘&#’()%?#33 ceoticme.

OpTOoroHaJIbHOCTH CO(POKYCHBIX ceMeiicTB

Onpedenenue. YTJIOM MEXIY JBYyMsl JUHUSMU B TOYKE WX [IE€DECEUCHUS
CUUTAIOT YIOJI MEXKJIy WX KACATEJbHBIMU B 9TOM TOUKE.

Teopema. anunc u eunepboaa, y Komopvx cosnadarom oba gokyca, ne-
DECeKaOmMecA opmo2oHGALHO.
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Jokasamesvemeo. O6osnaunm vepes d; = d(P, F;) paccrosinust oT o6rmei
Touku P 3jumrnca m omgHON BeTBU runepbobl 40 X obmmx (Hokycos Fj.
Paccmorpum B Mukpockon BO/m3u ToUKn P mapbl OKPY2KHOCTEH € IEHTPa-
Mz B OKycax u pajguycamu d; & € i 09eHb MaJieHbKoro € > 0.

IIpu jmocTaTodHO GOJIBIIOM yBEJIMYEHUU 3TH OKPYKHOCTU HE OTJINIU-
MBI OT JBYX ITIap MapaJjijIeIbHBIX IPSIMbBIX, PA3JIeJEHHBIX PACCTOSHUEM 2€,
a TOYKW UX IepecevdeHusi 0Opa3yroT KPOIIEYHBI POMOUMK. DJLIAIC YKe U
rurepbosa, bsrarogaps cBOUM (DOKAJIHHBIM CBOWCTBAM, [IPU 9TOM HE OTJIU-
YUMBI OT JUaroHaseil poMOuka, KOTopble OpTOrOHAIbHBL. [Ipu cTpemienun
€ — 0 auaroHasu JAIOT B IpeJiesie KacaTeIbHble K 9TUM JIMHUSIM. |

Yupaxknenue. Hatidume zeomempuueckoe Mecmo Mmouex NA0CKOCU,
Kaotcdas U3 KOMopwvlx pasHoydaseHa om 3a0aHHHT Puzyp:

(1) mouku u oxpyorcrocmu;

(2) npamoti u okpyorcrocmu;

(3) dsyx oxpysrcnocmed.

Ornruyeckue cBoiicTBa

Teopema. Ilomecmum ucmowruk ceema 6 Gokyc saaiunca, napaboabl, uL
2unepbosvl.
(1) Ompasuswucoy om sanunca, ay4u npotidym wepes dpy2ot doxyc.
(2) Ompasuswucy om napabosvl, AY“W CMAHYM NAPAAAEALHDL €€ OCU.
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(3) Ompasuswucoy om 2unepboavi, Ay“u GYOYM KA3AMBCHA BOINYULLHHbL-
MU U3 dpye020 doryca.

Joxazamesvcmeo. (1) Boibepem na sjuiice Touky P u npoBenéM B Heit
KacaresibHyI0. Besikast Touka K # P KacaTe/bHOM JIEXKUT CHAPY KU SJIJTHII-
ca, a MOTOMy — Ha CO(POKYCHOM 3JLIHUICE ¢ DOJBITEll OOMBINON TOTYOChIO,
TakK 4ITO

d(K, Fy) + d(K, Fy) > d(P,Fy) + d(P, F).

Temepnb 3a0y1€M TIPO SJIIUATIC, OCTABUB TOJBKO €10 (POKYCHI U KACATETHHYIO.
U3 1oy 9eHHOro HEPAaBEHCTBA T€OMETPUIECKH BBIBOJUTCS (YIIPArXKHEHME ),
9TO CPeJii TOYEK ITOH MPsIMOit UMEHHO B TOUKe P peajim3yeTcst ONTHIeCcKuii
3aKOH «YTOJI TIAJICHUsI PABEH YTJIy OTPaYKCHUSI.

(3) CulencTBHE OPTOrOHAJIBHOCTH M OIITUYECKOIO CBOMCTBA JIJIUICA.

S




3a
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(2) Bmecre ¢ napabos10ii paCCMOTPUM SJUIAIICHL U TUepbostbl (7)) ¢ TeMu
xe (pokycoMm u jmpekTpucoil. Beimycrum jyd u3 ¢okyca. Ecau emé 10
11apaboJibl OH OTPA3UTCS OT KAKOI'O-TO JIINIICA, EMY CY2K/JIEHO ITIepecetb OCh
BO BrOopoM dokyce. Eciu ya nmpoitaér cKBo3b Ipo3padnyo napadosry, HO
OTPA3UTCS OT KAKON-TO TUepOOJIbI, TO OH MPOJIOJIKUT YIAAISATHCS OT OCH.
Yro ocraérest fgesiaTh JIydy, €CJIH OH OTPA3UTCst UMEHHO OT mapabossi? [

VYupaxknaenue. M3 mouxu na napabose nposeden ayy 6 eé dokyc u nep-
nendukyasp x e€ dupexmpuce. Iokasicume, wmo buccexmpuca 06pa306aH-
HO20 UMU Y2A0 ABAACTCA KACAMEALHOT K napabose, u eveedume omcroda
onmuveckoe ce0Ucmeo napabosvl.

VYpaxkaeuue. [loxasxcume, wmo napabosv. ¢ 06uwum Goxycom u obwet
0CBHIO CUMMEMPUL NEPECEKAIOMCEA OPMOLOHAALHO.

Konnueckue ceueHust

HTepec K KOHUYECKUM CEUEHUSAM BO3HUK y JIPEBHETPEYECKUX MaTeMa-
THKOB B CBSI3W C 3ajadeil ynsoenns: Ky6a. Criepsa 9mcio x = /2 mocrpo-
WM KaK pelleHHe CUCTeMbI YPAaBHEHHIl Ty = 2, iy = x2; 3aTeM 3aMeTHIIH,
9TO 3a/1aBAeMble STUMH YPABHEHUSIME JIMHUU — TANIEpOOsIa 1 napabosia —
SIBJISTFOTCS TLJIOCKUMU CETEeHUsIMU KOHYCA. DJIJIUIIC TOXKE TAK IMOJIYIAETCS.
[TosToMy u Ha3BaHWS STUX JUHUI rpedeckue. Kpome Toro, mHOIIA UX BMe-
CTe HA3BIBAIOT KOHUKAMU.

Tlon xoHycoM moHMMAaeTCss OOBIYHBII TPAMOIl KPyroBoii kKouyc K. dTta
[IOBEPXHOCTH 3aMeTaeTCsl BpalleHrueM OjHO npsamoii (obpasytowei koryca)
BOKDYT JpyToif (0cn KoHyca), mepecekaromieii eé momx yrmom 0 < o < Tfa.



http://www.phys.nsu.ru/ulyanov/webgl/fig-conics-4-cuts.html
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Teopema. Ceuenue xkonyca K, munyrowet ezo eepuwuny niockocmoio 11
nod yeaom 3 ¥ 0cu KOHYCA ABAACTNCH:

(1) npu a < B 2nauncom;

(2) npu a = B napaboaot;

(3) npu a > B 2unepboaof.

Camoe KpacmuBoe J0Ka3aTeT-CTBO 9TOTO YTBEPXKICHUS O KOHUKAX CUH-
TaeTcs mopasuTenbHo HemapauM — Beero 200 et Hazan. KiroueBas uies B
HEM 9TO TIOCTPOEHUE JIOTOJTHUTETbHBIX huryp, cdep Hanmenena. lamee u3
PaBEHCTBa, JIJIMH BCEX KaCATeIbHBIX K cdepe M3 OXHON TOYKU BBIBOIUTCS
OJHO M3 U3BECTHBIX CBOMCTB JIMHUU, OIPEIEIsIoniee e THIl.

Hoxasameavcmeo. Obo3HaUnM BepIInHy KOHyca depe3 X.

(2) B sTom ciryuae epuncrsennas cepa KacaeTcs U KOHyCa, U IIOCKO-
CTH; KacaHWe KOHYCa MPOUCXOIUT TI0 OKPYZKHOCTH S, & IJIOCKOCTH B TOY-
ke F'. Ilinockocrs X, comepxkammas S, nepecekaer I 1o mpsimoit .

st jiro6oit Touku P Ha ceuenuun C' = K, NII Bo3bméM Touky A Ha nepe-
cedenun orpeska X P u okpyKHOCTH S 1 TOUKY B B OCHOBAHUU II€PIICH M-
KyJspa u3 P k npsamoit §. Orpesok P B napaJutenien obpas3yroieii, a orpe-
30K PA jexxut Ha Ipyroi oopas3yioleii, I03ToMy X IJIMHbI paBHbL. dajee
|PF| = |PA| o cBoiicTBy KacatesabHbIX K cdepe, To ects |PF| = |PB).
Takum obpasom, F' u § siBJIsitOTCsE (POKYCOM U JUPEKTPUCOI T1apabOoJIbI.

(1) Bo3sbMméM BCro KOHCTpYKImIO JlaH eseHa jiyisi 1apabosibl U IOIIeBe-
JIIM IIJIOCKOCTh, YBEJINYNB €€ yIoJl ¢ 0cblo KoHyca. PaBercrso |PF| = |PA]|
COXpAHUTCs, HO 0Tpe30K P B teneps Oyuer jnunnee, deM P A, moCKOJIbKY
|PA|cosa = |PB|cos 8 paBHo paccrosiauio oT P 110 mwiockoctu Y. Takum
obpazomM, F' u § sBistiorcest hOKYCOM U JUPEKTPUCON SJUIAIICA € IKCIIEHTPH-
CUTETOM € = Egzg .

B sTom ciyuae mmeerca Bropas chepa lanpenena. [lnockocts I ot-
CEeKaeT OT KOHyCa KOHEYHYIO 00JIACTb, B KOTOPOIl JIEXKUT mepBasi cdepa.
Bropas cdepa 6Gosbinie; ona Kacaercsl ILIOCKOCTH C JIPYTOi CTOPOHBI, a
Tak»Ke, KOHeIHO, Kouyca. OIHAKO BCE paccy:K/eHre MPUMEHUMO U K Hel.
Tak mposiBJISIIOTCST BTOPOil (DOKYC U BTOPast JUPEKTPUCA IJLIATICA.

IIpu 8 — 7/ mnockoctu I u 3 cTaHOBSATCS TAPATLIEIbHBI, TUPEKTPHUCH
yJIeTaloT Ha OECKOHEYHOCTb, (POKYCHI CIAUBAIOTCS. DJIIUIC MPEBPAIIAETCS
B OKPYKHOCTb.

(3) AnasiormyHo JUIKIICY, KPOME YTBEPXKIEHHsI O KOHEUHOH 00JIACTH.
B stom ciyuae minockocts II mepecekaer obe mosinbl KoHyca. B kakioit
JIEXKUT OjiHa cepa, KAcaomasicsi KOHyca U ILIOCKOCTH. ]

Dandelin 182

3a

3n

3n

3a


https://www.youtube.com/watch?v=pQa_tWZmlGs
http://www.phys.nsu.ru/ulyanov/webgl/fig-conics-Dandelin_p.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-conics-Dandelin_e.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-conics-Dandelin_ee.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-conics-Dandelin_hh.html

Kepler 1609

Newton 1687

Bernouilli 1710

Maxwell 1877
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Yupaxkuenune. Bupasume paduycv, chep Jlandesena weped yeav, o, 5 u
pacecmosnue om cekyuset naockocmu 11 do eepuuns, xKonyca.

Yopaxkaeaue. J[okasxrcume meopemy 0 KOHUKAT GHANUMUYECKU, UCTO0A
u3 ypashenud konyca (6 pazdeae 3.3) u naockocmu.

3akonbl Kenmepa u HeioToHa

3BE3IHBIN Yac KOHUK B Hayke HacTynmia Ha pydexke X VI u XVII Bekos.
AnTrvaHas MoJes b MUPO3IaHus ¢ 3eMJIEI B IIEHTPE ONMCHIBaJIA HAOII01ae-
Mble JIBUKEHUS IIJIAHEeT 110 HeOY C ITOMOIIBIO CHCTEM OKPYXKHOCTEMH, CTaHO-
BUBIIIUXCSA BCE XUTPEE C yBeJINIeHNEM TOIYHOCTH Hab/onennii. KomepHuk B
1543 romy 6pocut eit BbI30B, iomecTuB B 1ieHTp COJTHIE, HO OH CIUTAJ, ITO
IJIAHETHI JBUKYTCs BOKpYT COJIHIIA IO OKPYKHOCTSIM, TIEHTPBI KOTOPBIX
cmerrieHbl. HoBble ckpytyné3uble HabsOAeHNs Bpare cxoquimmch ¢ 3TuMm,
3a uckaouenneM jaBrkenusa Mapca. U3ydas namnbie, Kemtep coydaitao
3aMeTUJI B YMCJIaX 3HAYEHUs KOCUHyca u upuinéna K dopmyie (7). Tlocie
HECKOJIBKUX JIET YCUJINN OH BBIIBUHYJ TPHU 3aKOHA!

(1) Inanersl ABMKYTCA 110 ymunTHIecKUM opbuTtaM ¢ CosHieM
B OJTHOM 13 (hOKYyCOB.

(2) Kaxzasg mwianera 3a paBHble IPOMEXKYTKU BPEMEHH 3aMETAeT
CEKTOPBI PABHBIX ILJIOMIAJIEH.

(3) Ksazspars! mepro/ioB o6palennst mponopIuOHAIBHbL KybanM
GOJIBININX TIOJIyOCceil opouT.

Bcekope Tammiieit 3a10Kui1 OCHOBBI MEXaHUKHY, a 3aTeM HbIOTOH 3a1ascs
[EJIBI0 B UX paMKaX 00bsiCHUTE 3aKOHBI Keriepa. OH BbIBEJI BTOPOIt 3aKOH
Kemepa mysa 060t eHTpaabHON CUJIbI, & B OOPATHYIO CTOPOHY U3 I€p-
BBIX JIBYX 3aKOHOB Keruiepa BbIBes, 9TO CHJIa 9Ta IIPOIOPIHOHATbLHA ' 2.
Tem cambiM HbroToH pUInén K 3aKOHY BCEMUPHOTO TSITOTEHUSI.

Cgoit Tpyn HboTOH M3/10:KMJT B BHJIE T€OMETPUIECKUX DPACCYKIEHUN,
OJTHAKO CaM yKe OTYACTH IEePEBEJ UX Ha sI3bIK MOy THO UM YKe CO3aHHOIO
muddepeHnuaIbLHOTO ncancaeHus. ['eoMeTpuaecKuit BHIBO TEPBOTO 3aKO0-
Ha Kermepa n3 3aKkoHa BCEMUPHOIO TSATOTEHHUsI JIOJITO HE yjaBaJjicd. bep-
HYJIJIU TOJIY9HJT JIOKA3aTeILCTBO € TOMOIIBIO i depeHITHaIbHOTO NCIUC-
JIEHUsT; IMEHHO €TI0 PACCKA3bIBAIOT B HAYAJIBHBIX KypCcaxX MEXaHWKH. JIuiib
MaxkcBesutr 00HAPY KT IMCTO T€OMETPUIECKHIT BBIBO/I, & MO3KE €0 TOBTO-
puit Qeiinvan. OJHIM U3 KIIIOYEBBIX IATOB SIBJISIETCS CBOWCTBO JLIATICA
U3 TIepBO YaCTH yIPaykKHEHUsI PO PABHOY/IAJIEHHOCT.


https://www.youtube.com/watch?v=xdIjYBtnvZU
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3.2. OBIIEE YPABHEHUE BTOPOI'O TTOPSIIKA

3amava KJaccupuKamum

AxTyasbHa clleayomas reoMeTpudecKasl 3ajada: OHpeJeTuTh BUJ H
DACITOJIOXKEeHHEe JIMHUH HJIH MOBEPXHOCTH BTOPOI'O MOPSIKA, 3a/aHHOH 00-
muM ypaBHEHHEM. 17151 3TOr0 HYKHO TI0 00IIeMy YPaBHEHHWIO HAUTH KAHO-
HUYECKOE U CBSI3b KAHOHUYECKOU CHCTEeMBbI KOOD/IMHAT C MCXOJHOM.

Onpedesenue. JInnnelt BTOPOro Nopsigka Ha3bIBAIOT (DUTYPY HA IJIOCKOCTH
RQ, ypaBHEHHE KOTOPO# 33/ IaéTCA KB IPATUIHBIM MHOTOYJIEHOM:

Ax? +2Bxy + Cy? + 2Dz +2Ey + F = 0.

[Tpuunna ymobcTBa BKIIOYEHUS JBOEK MPOSICHUTCA B KOHIE pas3jiesia.

B zaBucumocT 0T TOro, CKOJILKO MH(MOPMAIMH O KBaJIpHUKe HEOOXOIu-
MO y3HaTh, IPUMEHSAIOTCS Pa3jndHble MeTo bl. Hanbosiee pe3oK KOHTPacT
MeK/]ly TEeMHU, IJIe CUCTEeMa KOOPAMHAT II0BEPraeTCs JIUIIb IIePEeHOCaM U 110~
BOpPOTaM, U TEMH, TJI€ BMECTE C IIEPEHOCAMU JOIMYCKAIOTCH TPOU3BOJIHHBIE
JmHeiHbIe mpeobpa3oBanus. I BTOporo BapmaHTa JOCTATOTHO ITOMUMO
IIOBOPOTOB MMO3BOJIATH PACTAYKEHUE BIIOJIb OHOI u3 oceii. CoOTBETCTBEHHO
TOBOPAT O MeTpuyeckoit 1 achthUHHON KitacCUPUKAIIAAX JUHAN U TTOBEPXHO-
cTeil BTOPOro MOPSIJIKA.

IIpu npuBeneHnr K KAHOHUYECKOMY BHJIY JOIIYCKAETCsl TOJIBKO M3MEHe-
HEe HaIlpaBJIEHUs Oceil M HadaJia KOOPAWMHAT C COXPAHEHNEM BCEX YTJIOB 1
nnua. [TosTomy KaHOHWYECKas W MCXOAHAs CHCTEMBbI KOOPINHAT CBI3AHBI
ITOBOPOTOM W TIEPEHOCOM, TIPUIEM: IIPHU IMOMOIIN TOBOPOTA U3 YPABHEHUsI
Bcerja yaaércst yoparh MPOU3BeIeHNs PA3HBIX [T€PEMEHHBIX; [IPU IOMOIIN
IepeHoCca yAaéTCs COKPATUTD KOJIMIECTBO HEKBAIPATUIHBIX CJIATAEMBIX IO
omHoro. Birarosapst Bcerjia MpUCYTCTBYIOMEN Y 9TUX JUHAM OCEBOM CHM-
METPHUU, TPYAHOCTH W3-38 OPUEHTAIINN B 9THX BOMPOCAX HE BO3ZHUKAIOT.

IIpumep. Tunepbos1a OOBITHO TOSIBIISETCS B IIKOJHHOM MaTeMaTHKe KakK
rpaduk byskinun y = 1/z. Irobbl npuBectn ypasHenue ry = 1 K KaHo-
HUYEeCKOMY BHUTy, BBEJIEM HOBBIE IIEPEMEHHBIE TTOICTAHOBKAMUI

/ / / /

z=z'+y, y=a' —y.
[onyanm ypasrerne (z')? — (y')? = 1, uMeronee KaHOHUICCKUH BUJL B
HOBOI1 cucreme KoopauHaT. OHAKO 06a GA3UCHBIX BEKTOPA HOBOMH CHCTEMBI

HMEIOT JUIMHY /2, MOSTOMY TaKIe 3aMeHbI JOIyCKAIOTCs IpH adduHHOI
KJTaccuUKAIUT, HO He IIPU METPUIECKOM.
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Y Y)

HO.HO)KeHI/Ie MOZKHO HUCIIPaBUTH, BBOAA HOBBIC II€PEMEHHBIC MHAYEC:
_ 1 / / _ 1 / /
r=5@+y), y=750"-y).
o]
D710 1npeobpa3oBaHKe MMOBOPOTA CHCTEMBI KOODJAMHAT Ha yroj 45°, m oHO

2 2
x vy
IIPUBOAUT K KAHOHMYIECKOMY YPaBHEHUIO 5 — 5 = 1.

Merpudyeckasi KjaccuduKanus JTUHUA

Teopema. [losopomom u neperocom obwWee YpasHEHUE AUHUL 6MOPO20
nopadka npusodumcs K 00HOMY U3 NAMU 6UJ08 CAIYULET, MAOAULDL.

Kanacc | Ypasrernue

2+ )\1232—1—/\23/2 +p=0
2 Mz? + Xy’ =0

2— Mz?+2py=0

1+ Mz + p=20

1 Mz? =0

Jloxasameavcmeo. TIoBOPOT ILIOCKOCTH Beerya UMeeT BHL
x = a' cosp — 1 sin p,
y = 2'sing + 3 cos p.

[ojcTaB/sisa 3Ty CBsI3b B ypaBHEHHe, MOJyIHM MHOTO HEHYKHBIX Cllarae-
MBIX, HO HOTpebyeM paBeHcTBa HyJto KodbdduuenTa npu x'y’. Beixomur
—2A cos psin ¢ + 2B(cos? p — sin? ) 4 2C'sin  cos ¢ = 0.
[Tosb3ysch hopMyIaMu JIBOIHOTO yIiIa, IpH ycaosun B # 0 Haxoamum

A-C
2B

Ecnu xxe B = 0, TO TOBOPOT cUCTEMBI KOOPIUHAT U HE HY2KEH.

ctg2¢p =
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Temnepb ypaBHEHUE JTUHUU YIPOCTUIIOCH JIO
A/(CIL‘/)2 + C/(y/)2 + 2D/$/ + 2E/y/ + F/ — O7

npu4IéM XOTsI ObI OJIUH 13 KO(D(MUIMEHTOB IIPpK KBajpaTax HEHYJIEBO: nHa~
9e ypaBHEHUE CTAJIO Obl JIMHEHHBIM U OOPATHBIN ITOBOPOT HUKAK HE CIIEJIAJ
OBbI U3 HEr0 MCXOTHOE KBaApaTUIHOe. Bhimesisist mogHbIe KBaapaThl, n30aB-
JiieMcs XOTd ObI OT OIHOTO 13 JIMHEHHBIX ciaraeMblx 2D u 2E’. OcTtanerca
TOJIBKO TO U3 HUX, KOTOPOE SIBJIIETCS CTAPIINM II0 CBOEIl IT€pEMEHHOI; 3TO
ciayqait A’ = 0 mu60 C’ = 0. Torga BTOpbIM IEPEHOCOM MOYKHO U30aBUTHCS
OT TIOCTOSTHHOT'O CJIAraeMoro. O

Ha npakTnke MOXXHO COKPATUTH BBIYHUCJIEHUs, Jejasi IMePEHOC BIEPELT
MOBOpOTa ¥ mpuberas K JOMOJHATETLHBIM TaOIUIAM C PA3JINIHBIMU CJIY-
qasimMu. OOOCHOBaHIE 9TOrO METOa CyIIEeCTBEHHO JIJINHHEE.

Ilo 3HaKaM KO3 PUIIMEHTOB Oy YeHHBIE B Te€OPEMe KJIaCChl yPaBHEHUIA
MOTYT PaclaIaTbCs HA HECKOJIBKO THUIIOB, YKA3AHHBIX B CJIEIYIONIEH TabIu-
1e. YMHOYXKEHIE YpaBHEHNs Ha HEHYJIEBYIO KOHCTAHTY HE MeHseT (pUryphi,
Mo3TOMY y OOJIBIIUHCTBA TUIIOB €CTh JIBA BapUAHTAa KOMOWHAIMN 3HAKOB
K03 PUINEHTOB, OIUH U3 KOTOPHIX BKJIIOYEH B TAOJIUILY.

Snaxu
Kaacec uw mun aunuy
M| p
2+ | MuuMBII 35171M1IC + |+ |+
I'uniepboiia — |+ |+
Dauic — | = |+
2 Muumble npsamble, epecekatomueca | + | + | 0

B BEIIECTBEHHOU TOYKe

Ilepecekaroruecs: IpsiMbie -
2— | Ilapabosa +

14 | [TapasieapHbIe MHUMBIE TTPSIMbIE +

[TapaJsienbable TpsiMble -

|
olo|ol|lo|o|+
o+ |+ ||+ |+ |2

1 | IBoitnas npsmast +

pra)KHeHI/Ie. ObsacHume HA36AHUA TUNOE CO CAOBOM < MHUMDBITL> U
pa36epumect;, KaKUue 6eWECMBEHHDLE éueypm 603HUKAIOM 6 IMUX Munax.

Yupaxknaenue. C mounocmuio do dsuoicenuti (1o ecms noeopomos u ne-
penocos) u npeobpazosanuli nodobUs uMeEENCs MoAvKo 00Ha NApabosa.
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MeTtpuueckas KiaccuduKaius IOBEPXHOCTEMH

Teopema. /las noseprrocmets mabiuya yYypasheHutl codepaicum me otce
CAYUAU, HO NOABAAIOMNCA EWE MPU (Cambie UHMEPECHBLE):

Kaace | Ypasrenue

3+ Mz + )\gy2 + A32? +p=0
3 Mz + )\ng + 2322 =0

3— Az? + Aay? +2p2 =0

Hoes doxasamenvcmea. OmmcaTb TOBOPOTHI TPEXMEPHOTO ITPOCTPAHCTBA
CYIIECTBEHHO CJIOXKHEE, U 3aHSTHCS aJTOPUTMOM IIPUBEJICHUS YPABHEHUS
[MOBEPXHOCTH K KAHOHUYECKOMY BUJLy ceiiuac Mbl He MoxkeM. K rmoBoporam
[PEJICTOUT BEPHYTHCS IMOCJE HEOOXOIUMOMN IOJIOTOBKH, KOTOpasi MO3BO-
JINT 3aKJIIOYUTH, 9TO MMOBOPOTOM BCETIA MOXKHO M30aBUTHCSI OT CJIATAeMbIX
xy, xz, u yz. Ilocae 5T0ro nepeMeHHbIe OKA3BIBAIOTCS «PA3BI3aHbI», U 110
KaKJION M3 HUX OTIEJIbHO BBIMIOJIHSIETCS HYKHBIN TIEPEHOC.

3aMeTuB OOIIHOCTH CTPOEHUS CTPOK B TAOJIMIIE KJIACCOB KBaAPATHIHBIX
[MOBEPXHOCTEH, €CTECTBEHHO MPEJIINOJIOKNATh, UYTO MabJIOH MOBTOPAETCS U
B IIPOCTPAHCTBAX OOJIBIINX pa3MEpPHOCTEH. DTO JeHCTBUTEILHO TaK, TIOTO-
My UTO TeXHHKA, HEOOXOMMMAs IS «PA3BI3bIBAHMST» IIEPEMEHHBIX B R°
OKaXKeTCsT CTOJIb »Ke mpurogHa B R™ Jj1st Bcex TEeabIX n > 3. O

BoJtee Toro, BBuy MpOCTOTHI IIEPEHOCOB, JJIA MTPAKTUIECKUX ITPUMEHE-
HUII B HayKe OJHU IIOBOPOTHI I'Opa3/0 BayKHee UX COYeTaHUdA C IepeHoCca-
MU, IIO3TOMY BO3BPAIlaThCs K IIOJHON 3aJla49e O IOBEPXHOCTAX BEJIMKOT'O
CMBICJIa, HE TPEJABUIUTCA. B ciejyiomeM pazjiesie Mbl IPUMEM MeTpUde-
CKYIO KJIACCU(DUKAIINIO TOBEPXHOCTEH BTOPOrO IMOPSIKA KaK JTAHHOCTb W
KPAaTKO MO3HAKOMHUMCS ¢ BO3MOXKHBIME (DUTYPAMHI KaXKIOTO KJIACCA.

KommnakTHas 3amnmch O6I_U,e1"0 YpaBHeHUu:A

OO6iiee ypaBHEHHE IOBEPXHOCTH BTOPOIO IOPSIIKA B TPEXMEPHOM IIPO-
crpancTBe BKiodaeT 10 ciaraembrx. O603Ha9aTh KOIDDUIMEHTHI pa3/IIHd-
HBIME OYKBaMu U Jiajiee IIPEICTABJISIETCS BCE MeHee pa3yMHBIM. [ 0TOBsCH
K MOBBIMIEHUIO PA3MEPHOCTH, CIIEPBa MIEPENuIieM obIee ypaBHeHUE JIMHAN
B UHJIEKCHBIX O003HAYECHUSIX:

a11x2 + 2a107y + a22y2 + 2a12 + 2a2y + a = 0.
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Onpedenenue. MNoOBEPXHOCTLIO BTOPOro Nopsifka HA3BIBAIOT (DUIYPY B IMIPO-
crparcTee R? ¢ ypaBHeHMEM

a11x2 + a22y2 + a33z2 + 2a122y + 201322 + 2a23y2z 4+ 2a1x + 2a2y + 2a3z +a = 0.

Bribop Takux obosHaueHnit a1 Ko3pOUIIMEHTOB, BMECTE C IBOMKAMHI,
CBsI3aH C T€M, YTO ITH MHOIOUJIEHBI MOYKHO IIEPEINCATH B BUJIE MATPUIHBIX
npousseenuit. s IMHUM BTOPOTO MOPsIKA MOIydnuM 00Iee ypaBHEHUE

ail a2 | ai x

ai2 G2 |az
ar a2 | a 1

rJie MaTpHIYy Ko3(bMUIMEHTOB MOYKHO BHIGPATh cummempuunoti AT = A.
AHaJIornaHo JIsi TIOBEPXHOCTH, HO ¢ 4 X 4 MaTpurnei Ko3aduumenTos.
O603HaINM OTHOM OYKBOIT KasKIblii OJIOK B IMPEAbIIyIIEeil 3ammucn:
A2 Al X
[x7|1]- |52 S| =] =0

A1 A() 1
Dror 6oJiee KOMIAKTHBIA BapUaHT MPUTOJEH U JJIs JIUMHUA, U JIJIsT TIOBEPX-
HOCTEH, U JaXKe JJIs MHOTOMEPHBIX KBaJPATUIHBIX THIIEPIOBEPXHOCTEN.
PackpbiBasi MaTpu9HbBIE IPOU3BEJICHNS, TIPUBEIEM €r0 K

XA X+ XTA +ATX + 40 =0,

npuuém caaraembie X 'A; m A X Bcerma cosmazaroT: hbopMaTbHO OTIIH-
qasCh TPAHCIIOHUPOBAHUEM, OHH (DAKTHUIECKUA COCTOST U3 €IMHCTBEHHON
KOMITOHEHTBI. HakoHerr, ecjiu paciupuThb CTOJIOEI] IIePEMEHHDIX, BKIIOUNB
TyJ1a, KOHCTAHTY 1, TO MOJIyYIUTCs caMast KOMITAKTHAs 3aITUCh OOIIEro ypas-
HEHUS KBaJIPUKU:

XTAX =0.

YpaBHeHHE KacaTeJbHO

BriBesem Tenepb ypaBHEHHME KAaCATENIBHOU K JIMHUKW BTOPOTO IOPSIIIKA,
HpuMeHHB K eé ypasnennio B popme X 'A X = () obmiuii penenT perneHns
Takoil 3a/a4n (NuHeapusaumio) st smanu C.

e Bosbmém e 6imskue Touku P = (xg,y0) u Q = (zo + du, yo + 0v)
Ha JIMHUM — TaK 9TO U = & — Lo U VU = Y — Yo, & 0 MaJIo;

[IOJICTABUM KOOPJMHATHI () B ypaBHEHUE;

BBIJIJIAM TPHU TPYIIIBI CJIATAEMbBIX CMOTPS MO CTENEHN BXOXKICHHS 0]
rpylia cjaaraeMblX, He cogep:Kamux §, paBHa HyJo, ubo P € C;
IPYIITY CIAraeMbIX, COOEPIKAIIIX BBHICOKHE CTEIICHU O, OTOPOCHM;
OCTaBINAsSICS TPYIINA TOC/IE JeJIEHNs] Ha 0 U JaéT UCKOMOE YPaBHEHME:
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0= (Xo+0U) A (X, +0U)
= [XgAXo| +6[UTAXo+ XJ AU] + *[UTAU]
§[(X — Xo)TAXo + X, A(X — Xo)]
=0[XTAXo+ XgAX] —26[ XA Xo)
=20[XJAX].
OCTaBH_II/IeCH CJlara€Mble COBIIa/Ial0T BBUJYy CUMMETPUYIHOCTU MaTPUIIbI KO-
addunmenton, A = AT, Hrak, ypaBHeHUEe KacaTeabHON K JUHUU BTOPOTO
nopsimka X 'A X = 0 B Touke Xg ects X, A X = 0. Kpacuso!
K sTomy ke pesymbrary MPUBOIUT PACCMOTPEHHUE T W Y KaK (DYHKIIHI

ot t u nuddepeHITPOBaHTe NCXOIHOTO YPABHEHNUSI 110 ¢, KOTOPBIM IOJIb3Y-
10TCs 1arre. BoT momysapHble OTBETHI B KAHOHUIECKOH crcTeMe KOOPIUHAT:

Q

Duezypa Shinie ITapabona T'untep6outa
Kanoruueckoe z2 42 5 z2 g2
ypaswenue 2t =! v - 2pe=0 2 !
Vpasrenue ToT | Yoy _ Tor Yoy
KacamenoHol a? * b2 L | yoy = p(z +20) =0 a? b2 1

VYupaxkuenwue. [Iposedume gvkiadku ¢ dupdepeHyuposaruem.

Teopema. CoomeemcmseHHo Pa3MEPHOCTIU 300a4U, KACAMEALHAL K AU-
nuw 6mopozo nopadka X TAX = 0 u KacamesvHas naoCKOCIb K NO6epT-
nocmu 6mopozo nopadka X 'AX =0 e mouxe Xo 3adaromcs ypasHeruem
XJAX =0.

Joxazamesvemeo. Haie BbrduciieHre B MaTpudHOR dhopMe He 3aBHCUT
OT KOJIMYecTBa nepeMeHHbIX. KpoMe Toro, oHO He 3aBUCHT Jlaxke OT THIIA
dburyps! (IpoUrHOPUPYeM TOHKOCTH € OCOOBIMHU TOYKAMH, [JIe KaCATeIbHBIE
HE OIIPeJIeJIeHb ). O

] 3.3. IIOBEPXHOCTU BTOPOT'O TIOPAIKA

[ToznakoMuMCsT € TIOBEPXHOCTSIMH BTOPOIO IOPsIJIKA, WU KBagpuKamu
JIJISI KPATKOCTH, AHAJIU3UPYsl 110 OUYEPEeIN BCe KJIACCHI KAHOHUYECKUX YPaB-
HEHUI, aHAJOTUYHbIE YPAaBHEHUsIM JIMHUI, B 3aBUCHMOCTH OT 3HAKOB WX
ko3ddunmenToB. Bo Bcex ciiydyasix 09eHb MOJIE3HO PaCCMATPUBATEH CEUe-
HUS KBaJPUKHU IUIOCKOCTSIMU, MAPAJLIETbHBIMI KOODJIMHATHBIM.

B kagecTBe IPUMEPOB B 3TOM pazJielie MPUBEJICHBI CChIJIKU Ha TPEXMEp-
HYyIO TpaduKy, 110 33 IyMKe OTKPbLIBAIOIINECs B Opay3epe.
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Kiacc 34: samuncouibl 1 runepO0JIou bl

Vpasrenue \1z2 + \oy? + A322 + p = 0 momagaeT B OIUH U3 TETHIPEX
TUIOB. DTO JUIATICOUIBI U TUIIEPOOIONIBI. Y DABHEHUE

2 2 2
z y 22 _
F+b7+c7_1

3a1a8T INAUNCOMS, TPUIEM MOXKHO CUNUTATh, 9TO a > b > c. Bee ero Herry-
CTBIE€ ¥ HEOJHOTOYEUHBIE IJIOCKUE CEYEHUS €CTh DJIIUIICHI.
Pazmmaator geTsipe hOpMBI SJTUIICORTOB:
cdepa pr a = b = ¢;
BBITSHYTBIN SJIJTUIICOUT BPAIlEHUs TP a > b = ¢;
CXKaTBII JUIMIICONJ, BPAIllEHUs IIpu 6 = b > ¢;
TPEXOCHBIN 3JjutnIIcon I, ipu @ > b > c.

BoITsHy TBI U C2KATBIN SJTUICORIBI 00PA30BAHBI BPAIIIEHUEM B IIPOCTPAH-
CTBe 3JLIUIICA

2 2
T Z
ataz=1 y=0
BOKPYT €ro OOJIBIIIONH WJIX MaJIOH OCH COOTBETCTBEHHO.

Ipumepwi. Tpu sjunniconia ¢ yKa3aHHBIMU JJIHHAMHU ITOJIYOCENt:
e 0 =0,b=1, c =1 — BBHITIHYTHI;
e 0 =0,b=0, c=1— cKaTbIil, JaKe CILIIOMECHHBII;
e 0 =9 b=3, c =1 — TPEXOCHBIA.

VYpasuenue

-1

2 2 2
x Yy z
2ttt
33J1a6T «MHUMBIH SJITUIICOU >, HO BEIIECTBEHHBIX TOYEK HET.

VYpasuenune
2 2 2

X z

et -a=-1
3aaET ABYNONOCTHbIN runepbonona. Ero ceueHmns maocKoCTIMU z = 2 IIy-
CTBI IIPH | zg| < ¢, TaK 9TO IOBEPXHOCTD, KAK U ILNIOCKAs TUIIepboJIa, COCTOUT
u3 AByX 4acreil, HazbiBaeMbix nonoctamu. Ilpu |zo| > ¢ B cevenusx Gyayr
QJIJINIICHI. BCG CedeHUd IIJIOCKOCTSAMU T = T U Y = Yo ABJIAIOTCA TUIIED-


http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-ed_611.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-ed_661.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-ed_931.html
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6osramu. Ilpu a = b aBymosiocTHBIN THIIEpOOJION ], BpallieHnusi 00pa30BaH
BPAIIEHNEM B IIPOCTPAHCTBE TUIIEPOOJIBI

ﬁ—Z—Z—z:_lv y:()

C

BOKDYT €€ seficrBurenbHol ocu Oz. JonoHuresibHOE C:KaTHE IBYIIOJIOCT-
HOT'O THUIEPOOJION 1A BPAIIEHUsT BJIOJIb OJHOM OCH JaéT JBYIIOJOCTHBINH I'ii-
epboJioni ¢ @ # b. AHAJIOIMYHO U B JIPYIUX CIydasix HUXKE.

Ipumepwvi. JIBymomocTHbIE THIIEPOOJIOUIHI BPAIIEHIS:
e o =b=1, c=0 — BBITIHYTHII BIOJIb OCH BPAIICHNSI;
e 0 =b=3,c=1— cKarTblif BI0OJb OCH BPAIICHUSI.

IIpumepvi. TpéxocHbIE IBYIOSTOCTHBIE TUIIEPOOIONIBI:
ea=1,b0=3,c=09;
e a=90=1,c=3;
e a=90=3c=1.

VYpasuenue
2 2 2
Sf-se1

3a,1a6T OfHONOOCTHbIA runepbonona. Bee cedennst mIocKoCTIMI 2 = z( sB-
JISTFOTCSI SJUTUIICAME, & IUIOCKOCTSIMEU T = Tg # *a m Yy = yg # b —
runepboIaMu, HO Mapoil IePeCeKAOINXCs MPSIMBIX B OCTABIINXCS OCOOBIX
caydasx. Ilpu a = b omHONOIOCTHBII THIIEpOOJION ] BpAIleHnsi 00Pa30BaH



http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hd2_116.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hd2_331.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hd2_139.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hd2_913.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hd2_931.html
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BpallleHreM B IIPOCTPAHCTBE IUITEPOOJIBI
2 2

X z — J—
e ==L y=0
BOKpYT €€ MmHNMOiT ocu Oz. VHTepecHO, 9TO OH Tak>Ke 0Opa30BaH Bpalle-
HUeM JIF000# U3 Tapbl IPSMbBIX
z4z_0n ¥=1

c ) b

a

BOKDPYT ocu Oz. DTO UCHOIB3YETCS B apXUTEKTYyDE.

IIpumepvr. OaHONOJOCTHBIA rumepboIond BpalleHus, a — b = ¢ = 1,
¢ AByMsI ceMeiiCTBaMU MPSMOJUHENHBIX 00PA3yIONNX; KUTANCKAS BEPCHUS.

ITpumepwvr. OmHONOJIOCTHBIE TUIIEPOOIOUIBI BPAIIIEHUS:
e o =b=1, c=0 — BBITIHYTHII BIOJIb OCH BPAICHUSI;
e 0 =0b=3, c=1— cKaTblil BIOJIb OCH BPAIICHUSI.

IIpumepvi. TpéxocHbIE OIHOMOIOCTHBIE THIIEPOOIOMIHI:
ea=1,b=3,¢c=09;
e a=90=1,c=23;
e 0=90=3c=1.

OcranbHble BApUAHTHI PACCTAHOBKU 3HAKOB B YPABHEHHUM TOTO KJIACCA
CBOZIATCS K y2K€ PACCMOTPEHHBIM YMHOXKeHneM ypasHenns Ha —1. Takum
2Ke 06pa30M IOUTH BJBOE COKPAIIAETCS IIEPeYeHb TUIIOB B IPYTUX KJIacCaxX.

Kunacc 3: KoHyCBI

Vpasrenue \1z? + Ay + A322 = 0 momajaer B OOWH U3 ABYX THUIIOB.
DTO KOHYCBHI. Y DABHEHUE
2 2 2
x Yy 2
S+ t+Z=0
33/1a€T «MHHUMBII KOHYC» C €JIMHCTBEHHOI BEIIeCTBEHHON TOYKONH — Bep-
IUHOM B HadYaJje KOOPAWHAT, & ypPaBHEHME
2 2 2
x Yy z —
atTeE o=
3a71a6T OOBIKHOBEHHBIN KOHYC. Bce cevenns KOHyca IJIOCKOCTSIMU 2 = 2
npu zg # 0 ABJISIOTCS JUIMIICAMU, & ILUIOCKOCTSMH T = Tg # 0 u y =
yo # 0 — runepbomamu. Ceuenns mtockocTsimu © = 0 u y = 0 garoT 1O
mape MepeceKalomuXcs B Hadaje KOOPIUHAT TpAMbIX. IIpu a = b KoHyC
0Opa30BaH BpAIEHUEM TIPSIMOit


http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hd1_x.html
https://ru.wikipedia.org/wiki/%D0%A2%D0%B5%D0%BB%D0%B5%D0%B1%D0%B0%D1%88%D0%BD%D1%8F_%D0%93%D1%83%D0%B0%D0%BD%D1%87%D0%B6%D0%BE%D1%83
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hd1_116.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hd1_331.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hd1_139.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hd1_913.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hd1_931.html
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Bokpyr ocu Oz. Konyc siBigercs oObeuHEHUEM NPAMBIX (€ero npsMonu-
HeliHbIX 00pa3yloWwmnX), IIPOXOAAIIUX Yepe3 ero BepmmHy. lliockocrs, mna-
paJutesbHas MPSIMOJIUHEHOM 00pa3yIolieil KoOHyca U He cojieprkariast eé,
repecekaeT KOHyC 110 mapaboJre.

Ipumepwi. Konycor Bpamenust:

e 0 =b=1, c =06 — BBITIHYTBHII BJOJIb OCH BPAIIECHUS;
e 0 =0b=3, c=1— cxKaTbIil BIOJb OCU BPAIIEHUSI.

IIpumepv.. Konycol co czkaTreM MOMEpEK OCH BPAIIECHUS:
e a=1,b=6, c=06;
ea=1,0=3,¢c=09;
ea=90=1c=3;
e a=90=3c=1.

Yr[pa>KHeH1/Ie. Hepe%uc./wme 8Ce MUNDBL NAOCKUT ceeHUul npou3eonvHOo-
20 KOHyYyca.

Tlosre3HO paccMOTpeTb KOHYC COBMECTHO C JBYMs THIIEPOOJIONIaMI
2 2 2
x A
=+ ‘Z—z - = = +1.

DTy CUTYaIllMI0 ONUCHIBAIOT CJIOBAMU: JIAHHBI KOHYC sIBJII€TCsI aCUMNTO-
TUYECKUM KOHYCOM 000MX HAHHBIX runepbosonnos. CedeHne ILIOCKOCTHIO,
cojiepzKaIeit och z, MaéT ABe THIEPOOJIb ¢ OOIMIMMU ACHMITOTAMU.



http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-cn_116.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-cn_331.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-cn_166.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-cn_139.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-cn_913.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-cn_931.html
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IIpumep. Pazpes 1Byx TUnepObOIOUIOB BPAIIEHUS C OOIIUM aCHMIITOTHIE-
CKUM KOHYCOM, @ = b =c¢ = 1.

Yuopaxkuneaue. Hatidume naockocms, nepecexarowyro zunepboroud no
napaboae.

Kuaacc 3—: mapaboJsionabl

Vpasrenue \1z2 4+ Aoy’ +2pz = 0 nonaaer B OJUH U3 IBYX THIOB. DTO
mapaboJIonIibl. Y pABHEHE

M
M

+

3aa6T INAMNTUYECKNA napabonona. Ceuenus IJIOCKOCTAMU z = zg > 0 sB-
JISTIOTCST 3JTATICAMHU, & TIJIOCKOCTIMI & = Xg U Yy = Yo — mapabogamu. [Ipn
a = b mapabosions, Bpalenus o6pa30BaH BpAIleHHEM TapaboJIbl

=z

QN‘ 8
=k

xZ

Wz T A y:O

CL2
BOKpPyT €€ ocu Oz. DyumanTudecKnii mapaboIon Takyke 00pa30BaH MOCTY-

aTeJbHBIM JBUAXKEHUEM 3TOH mapabosibl TaK, YTO €€ BEPINUHA IBUKETCH
BJTOJTb TTaPabOJIBI

M)

=z x=0.

5

Ipumepwi. IBe Bepcun napaboionia BpaIeHus: JJINHHBIN; KOPOTKIII.

VrBepK/eHne 0 eJJMHCTBEHHOCTH 1TapaboJibl BEPHO U JIJIsI 1apaboJionia
BpAIIeHUs], & TAKXKe JIJIsl PABHOOOKOTO ceyia (HuKe). SHAUUT, J(Be BEPCUU B
[pUMepe IIPOCTO MOKA3BIBAIOT Pa3Hble KYCKU OJHON TOBEPXHOCTH, IPUIEM
B pa3HbIX MaciTabax. Pacrskernnem man cxkatueM mapabosionia Bparie-
HUsI TIOTIEPEK €r0 OCH TOJIYIaIOTCs JIPYTHE SJLUIUIITHIECKHE MapaboIOn Ibl.

Ipumep. CrutiomeHHblil smunTudeckuii mapabosonm: a = 1, b = 6.



http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hch.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-ep_11.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-ep_33.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-ep_16.html
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YpasHenue

x y
oF T TR

3amaéT runepbonunyeckunii napabonona. Popma 3Toi MOBEPXHOCTH HAIIOMHU-
Haer cejyio. CedeHus MIOCKOCTAMU z = 2zg 7 0 SIBJISIOTCS rUIEpOOIaMu,
ILUIOCKOCTBIO z = () — mapoii IPSMBIX, IEPECEKAIONINXCsT B HAYAJIE KOOPIIU-
HAT, & IJIOCKOCTIMU & = Tg U Yy = Yo — napabosamu. ['umepbosmaeckuit
mapaboion 1 06pa30BaH MOCTYIIATEIHLHBIM JIBUKEHAEM TapabOoIbl

2

=z, y=0

mm‘ 8

TaK, UTO €€ BEPIINHA JIBUXKETCS BJIOJb MapabOsIbl

_y

2
b2

=z x=0.
IIpumepw. JIBe Bepcum paBHOOOKOTO cefjia, a = b: yjo0HOe; TecHOe.

IIpumep. Onpma Bepcust HepaBHOOOKOTO cefya: a = 1, b = 6.

WMuTepecHo oTMETUTD, YTO rUEPOOTNIECK Uil TapabOJION]] COIEPKUT JTBA

cemeiicTBa mpsiMbIX. [[Jist TpOCTOTHI BO3BMEM @ = b W TOrJa ypaBHEHHs
9TUX ceMeicTB OymyT

{a(x—y) = Bz, {a(w—y) =B,
Bz +y) = Blx +y) = az.

3sech o 1 3 He PaBHBI HYJIIO OJIHOBPEMEHHO, a WX OTHOIIEHUE SIBJISIETCS
mapaMeTpoM 0OOUX CEeMENCTB.

YopaxkHeHue. Anaaozuunvim obpasom natioume dea cemetlicmea nps-
MBIT HG 0OHOTLONOCTVHOM 2unepbosoude.


http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hp_111.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hp_116.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hp_166.html
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OcraJsibHbIE CIyYan PACCTAHOBKHU 3HAKOB B YPABHEHUHU 9TOTO KJIACCA CBO-
JATCS K PACCMOTPEHHBIM YMHOXKEHUEM ypaBHEHMs Ha —1 u/miu usMene-
HueM HampasiieHusi ocu Oz.

VYpasuenue ﬁ—z = 2z NIPUHJIEKUT KJIaccy 2—, a He 3—, U 3a/Ja€T Iapa-
GOTMYIECKUil IUJIMHJID; B €r0 KAHOHWYECKOE YPABHEHUE BXOJIUT Y BMECTO Z.
Bwmecte ¢ TeMm, I MATEMATHIECKOrO aHAIN3a Hose3Ha dhopma z = f(z,y).
Cmennm 0603HadeHUS 111 KOI(DDUITMEHTOB KAHOHUIECKOTO Y PABHEHUS 1A~
pabosmonna: z = A\x? + py?. Badbuxcupyem A > 0 u moxyunm npu g > 0
juanTHYecKnit napadosons, npu < 0 rumepbosimaeckuil mapabosons,
Ho 1ipu ¢ = 0 BHe3anHO napabdosunyeckuit mumunaap. IlockosbKy mocieauii
TYT IPeJCTaBJISIeTCsS KaK IIePEeXOIHbIN MeXKJIy JBYMsl TUIIaMu Hapabosioun-
J1a, ero TakyKe MOXKHO CUYHATATH MapaboIonIOM — IUJIUHIPUIECKIIM.

IIpumepv. Tpu Tuna mapabosonia BMECTe B TPEX BEPCHUSX CKATOCTH:

ea=1,b=1;
e a=06,b=1;
e a=1,b=6.

Husmime Kiaccer: IMNJINHAPbI

YpaBHeHUsT OCTABIIUXCS KJIACCOB HE COJEPIKAT TPEThEll IepeMeHHOi.
3amaBaeMasi TAKAM <HEMOJHBIM» YPAaBHEHHEM KBAJIPUKA IIOJIYIACTCH W3
JIMHUHM BTOPOTO TOPs/IKA B TJIOCKOCTH 2 = () ¢ T€M 2Ke ypaBHEHUEM €€ TI0-
CTYIATEIbHBIM JIBUYKEHUEM BJ10JIb ocu Oz 1 Ha3bIBaeTCs LWIMHAPOM. Mox-
HO CKa3aTh U WHa4e: [WJIMHJIP 3aMeTaeTcs MpsiMoil, apaJiieabHoit ocu Oz
¥ JABUTAIOINIEICS Yepe3 TOYKHU IJIOCKON JIMHUU.

Ecnu nanpagsiisitoras TuHIS €CTh 37U1C, Tapaboia, Wiin runepboia, To
3aMEeTEHHBIN ITUJIMHJIP HA3BIBAIOT COOTBETCTBEHHO SJIIMITUYECKHM, apa-
OOTMTIECKUM, UIN THIEPOOTNIeCKUM. KCTh eIé « MHUMBIH 3ITUITITHIeCKUH
IUITHIP» 0e3 BeIeCTBEHHBIX TOYEK.


http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-pcp_11.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-pcp_61.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-pcp_16.html
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ANV TN

NILNRRRRRRNEN

IIpumepvr. ITunuaapsr:
® SJIINITUICCKUIA;
e TapaboTUIECKNUIL;
® TUIIEePOOTMICCKUTIL.

B menee mHTEpECHBIX C/IydaxX MPOYMX TUIIOB JIUHHUI BTOPOrO MOPSIKA
TaK IIOJIy4daloTCs Iapbl II€PEeCEKAIOMUXCA WX apaJlIe/IbHbIX IIJIOCKOCTEH
WM «MHUMBIX» IUIOCKOCTeH (HPUYEM JiBe «MHUMBIE» IIOCKOCTH Ilepece-
KAIOTCs 110 BEIIECTBEHHOM IPAMOIi), a TaKkKe JBOMHAS IIOCKOCTb.

3.4. BUWIMHENHBIE U KBAJIPATUYHBIE ®OPMBI

BekTopbl, KOOpJIMHATHI U OTHOPOIAHBbIE (DYHKITUN

B reomerpun u onmparoreiicst Ha Heé (bu3MKe PEryISPHO BCTPEUAIOT-
cs1 pazHOOOpa3HbIE BBIPAYKEHUS, TOCTPOEHHBIE U3 BEKTOPOB, HAIIPUMEp: T,
b-r,r-r,bxr, rx(bxr). Beipaxkaemas BesuduHa MOXKeT ObITH CKAJISIPOM,
BEKTOPOM, WJIU Jlaske 4eM-TO HoJiee CJIOKHBIM ¥ TIOKa BaM HE 3HAKOMBIM
(rersopom). XapakTepHoit 00mieil 4epToii MHOIMX TAKUX BBIPAYKEHUIl siB-
JIsTeTCsl OHOPOIHOCTE. B 00IieM BuUjie 9TO CBOWCTBO MOXKHO 3allMCATh KaK
f(Ar) = XFf(r), To ecTb IPH M3MEHEHNH [UTHHDLI TIEPEMEHHOTO BEKTOPa, T
B )\ pa3 3aBHCSINAsS OT HEro BeJWYMHA m3MeHseTcs B \F pas, n umcio k
HA3BIBAIOT MOKA3ATEIEM OJHOPOJHOCTHU (FJIH Ke CTEINEeHBIO, TOPSIIKOM ).

B sToMm paszmene Mbl M3yUnM HEKOTOPBIE aJrebpantdecKue MeTOJIbI JIJIst
paboThI C 3aIUCHIO MMOJOOHBIX BEJUYUH B JEKAPTOBBIX KOOPIMHATAX, OCO-
OEHHO BEJIMYMH BTOPOTO TOPSIIKA — KBaJIPATUIHBIX. YI0OHBI WHIEKCHBIE
obo3nauenus. Beibpas opronopMupoBanHblii 6asuc {e1, e, €3}, packiaibi-
BaeM 1O HEeMY JII000H BEKTOp KaK X = X1€1 + To€s + x3es. bymem Takxke
3anuChbIBATHL HAOOP KOOPAWHAT B BHjE cTojOma: X = [1'171'2,.’)33]T. Torna,


http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-ec_16.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-pc_196.html
http://www.phys.nsu.ru/ulyanov/webgl/fig-quad-surf-hc_11.html
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CKazkKeM, CKaJIApHOE IIPOU3BE/JACHUE BhIpazKaeTCd HECKOJIbKUMU 3aIIMCAMM:
b-x= b1x1 + bg.’EQ + b3$3 = E bil'z = BTX

TyT JaHBI IOJIHOCTHIO PA3BEPHYTOE BhIPAKEHIE U 3ATEM J[BA €0 COKPaIIle-
HUsI — C TOMOIIBIO CYMMUPOBaHUsI U Ipou3BeieHusi MaTpuil. Cuaurasi BeK-
Top b bUKCHPOBAHHBIM, IOy INM OJHOPOIHYO (DYHKITIIO IEePBOii CTeleHn
OT BEKTOpa X, WA JINHENHYI0 hopMy oT ero xKoopamHat. Beskas nuHeiHas
dopma mMeeT TAKOH BUI ¢ COOTBETCTBYIONNM b.

CkajiipHOEe U CMeIllaHHOEe ITPOu3BeaeHUS

CkaJisipHBIil KBaJIpAT IIEPEMEHHOTO BEKTOPA, TO €CTh KBAJPAT €ro IJjIu-
HBI, SIBJISIETCST TIPOCTEHIIINM TTPIMEPOM KBaAPaTUYHOWK hopMmbl:

X-X=2a]+x5+a5 = E x?:XTX.
Tenepb BO3bMEM CKAJISIPDHOE MPOU3BEJICHNE JIBYX IMEPEMEHHBIX BEKTOPOB:
T
Xy =T1y1 + Tay2 + T3Y3 = E riy; =X 'Y,

Dra BeJIMYMHA ABJISIETCs JUHEHHON dopMoii Kak oT (KOOpAUHAT) X, Tak U
or (koopauuar) y. Iloaromy eé HazbiBaror 6unuueiinoit opmoit. unekcuas
U MaTpPUYHAS 3aIlUCH B 9TOM CJIydae POl ODIIero u He PaCKPhIBAIOT €ro.

IIpusiiekast TOCTOSTHHBINM BEKTOP b, MOXKHO COOPYIUTH JIpyrue OuinHeii-
Hble (POpMBI. BeKTOpHOE Mpou3BeieHNe X X y JUHEIHO 110 KaXKIOMY apry-
MEHTY, HO He SBJIsieTCs OminHeHo#i hopMoii, nOO Pe3yaIbTAT HE CKAJIAD, a
TOXKE BEKTOD:

X Xy = (z2y3 — T3y2) €1 + (T3y1 — T1y3) €2 + (T1y2 — T2y1) €3.
Onnaxo cmemanHoe npoussenerre (b,x,y) = b - (x X y) maér upumep
OGusmHeHOI (OPMBI OT apryMEHTOB X U y. B koopauHaTax mMeem

b (x Xy) = bizays — biz3y2 + bazay1 — baz1y3 + baw1y2 — b3way:.

Tprok, 103BoJIAIONINN COKPAIIATH 3TO BhIPAYKEHNE U IPEbIIAYIIEE C I10-
MOITbIO CYMMUPOBaHUsI, BBl YBUIUTE B (pu3nke MHOTOKpaTHO. [j1s1 Hac on
HE CTOJIb BaKeH, HO COIIOCTABUTH €ro ¢ (DOPMYJION IOJIHOIO PACKPBITHS
OTIPEJIEIUTEIIS] TPETHETO TOPSIKA MOJIE3HO. A MMEHHO, MUIIEeTCs TPOHHOEe

CYMMUPOBAHIE
b- (X X y) = E sijkb,;xjyk
.5,k
¢ xoapdbunnenTaMu €;;; = (€, €;, ), CPeIU KOTOPHIX JIHIND IIECTh IITYK
HEHYJIEBbIE, IIPUYEM paBHbIE +1.
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Martpuriia 6uituHeiiHOT HOPMBI

[Toupobyem 3ammcaTh I0CIEIHION OunHelinyo dopmy b-(x Xy) B MaT-
PUYHOM BHjie. B oT/Imume OT CKAJISIPHOIO MPOU3BEJIEHUsI BBIIIE, MHIEKCHI
KOOPJIMHAT JBYX NEPEeMEeHHBLIX BEKTOPOB MEHSIIOTCS HEe3aBUCHMO JPYI OT
npyra. [1osToMy MBI UMeeM JIeJIO ¢ JBOMHBIM CyMMHUPOBAHUEM WM BBOJAM
HOBOe 0o0o3HavUeHue Myt KOIDDUIMEHTOB:

Z Z Qi jTiY; = XTA Y.
i J

13 pa3sBépHyTOro BHIPAKEHUsI CIUTHIBAEM KOMIIOHEHTBI (;; MATPHIILI

0 bz —ba
A= -bs 0 b
b —b;1 O

MOXKHO 3aMeTUTh, 9YTO B MATPUYHOM IpousBeennn X cTOUT Jiesee A.
D710 Jydlie COOTBETCTBYET BeKTOPHOI 3ammcu —X - (b X y), wim naxe
x - (=b X y), umeromuM TO Ke 3HadeHue, 4To u b - (x X y). Marpuna A
K03 DUIHEHTOB 3TOi GuIIHeiHON hopMBI KococuMMeTpuyHa: AT = —A.

OTBJIEKasiCh OT PACCMATPUBAEMOrO IIPUMEPA U KOHKPETHON MAaTPHILBI,
MBI YBUJEJU TYT OOmuit Buj OMIUHEHHONW (DOPMBI, KPATKO 3aITMCAHHBINA
gepe3 CyMMUPOBAHUE U Yepe3 MaTPUIHOE MpOou3BeJieHrne. A BbIIe, B CIIy-
qae CTAHIAPTHOIO CKAJISPHOrO MPOU3BEIEHUS, MATPUIA KO3 DUIIIEHTOB
GumHeitHOi (hOPMbI €IMHIYHA U TeM CaMbIM CKpbiTa: X 'EY = XY,

BosbMméM Tenepb mpon3BoJibHYIO brinHeinyo dopmy f, obo3HaUasT Ye-
pe3 f(X,y) eé 3HaueHne Ha nape BeKTOPOB. 110 OIpPeIeIeHIIo 3TO O3HAYAET,
9TO BBIIIOJTHEHBI PABEHCTBA

flonxy + aoxa,y) = a1 f(x1,y) + oo f(x2,y),
f(x, f1y1 + Bay2) = Bif(x,51) + Baf(x,y2).

Onpedesenue. Bunmuneiinas dopma f Ha3bIBaeTCs

e cummeTpuyHoili, eciin f(x,y) = f(y,X) [JIsl BceX BEKTOPOB X, ¥;
e KOCOCMMMETpUYHOlA, ecin f(x,y) = —f(y,X) Juist Beex X, y.

Kaxk noxyauts mo dopme f eé marpuiy A? B 1ByX yKe paccCMOTPEHHBIX
npuMepax a;; = f(€;,€;), 1 9T0 OKa3BIBaeTCs OOMINM IPABIIIOM.

Teopema. Ilepexod x mampuunoti sanucu f(x,y) = XTAY & opmorop-
muposarnom basuce {e1, e, e3} 3adaémea dopmyaot a;; = f(e;,e;j).
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Jloxaszamenvcmeo. Jlocrarouno pacrnucarh oba aprymeHTa opMbl 0 6a-
3UCY U BOCIIOJIb30BATHCsI OUITUHEIHOCTHIO. O

Teopema. Buauneinas gopma cummempuyna moz2da U moavko mozoa,
K0200, CUMMEMPUYHE €€ MAMPUUG; GHAN0ZUYHO OAf KOCOCUMMEMPULHDLL.

Zoxasameavcmeo. TloacTaBiisiss BEKTOPHI CTaHIAPTHOTO Oa3mca B apry-
MEHTBI CHMMETPUIHON (HDOPMBI, TOJYIUM CUMMETPUIHOCTH €€ MaTPUIIBI.
Hao6oport, ecit AT = A, 0

Joy) = (XTAY) =Y TATX = YTAX = f(y,x).

Ho f(x,y) ecTb He 4yBCTBYIOIIMIT TPAHCIIOHUPOBAHUS CKAJIAD. a

Marpuiia kBagpaTuvHoii (popmMbI

Ilo samannoit OGunmuelinoit opMe MOXKHO IIOCTPOUTH KBAIPATHIHYIO
dbopMy, Beera MOACTABIAA COBIAIAIONMIe apryMeHTsl: f(X,X) = X T4 X.
JLi1st IpOCTOTHI, IPUMEM HAJIMYIe TAKOI'O BBIPAXKEHUS B KAYECTBE OIIPE/Ie-
JIEHUsI KBaIPATUYHON (DOPMBI U 3aMETHM, YTO MBI YK€ BUJIEIU €ro Ipu
u3ydyeHUn OOIIMX ypaBHEHUN JIMHWII U MTOBEPXHOCTEHl BTOPOIO IMOPSIKA.
Ornpenenenne KBaapaTuaHOi (hopMBI O6€3 OMOPHI Ha KOOPANHATHI CJIOXKHEE.
PackpeiBas mpon3seienne MaTpuUIL, MbI Oy Ia€M BBHIPAXKEHUE

g(x) =Y aya,
i

sABjsroeecs PyHKIMel Tpéx koopauHaTr ;. OIHAKO HET HUKAKUX IIPUH-
MUMUATBHBIX TTPOOJIEM B TIEPeXoie K KB IPATUIHBIM (hOpMaM OT OGJIBIITEro
Yuc/ia IepeMeHHbIX.

IIpumep. B npocrpancrBe MUHKOBCKOTO Yepe3 KBaAPATHIHYIO (opMy
¢(X) = 2§ — o] — a3 — 3

BBIYHUCJISIETCST MHTEPBAJ MEXK Ty COOBITUsIME. i COOTBETCTBYET JTUATOHATb-
Has 4 X 4 marpuna ¢ yuciaamu 1, —1, —1, —1 Ha aAUaronasu.

Teopema. Bceaxas xkeadpamuunas Gopma 360aémces CuMMEMPUHOT
mampuyed.

Joxazamenvcmeo. Bozpmém kBaaparmanyto dopmy ¢(x) = X A X ¢ mpo-
U3BOJILHOII MATpHUIEil U IpoBepuM, 4To oxHoBpemento ¢(x) = X 'BX ¢
cummMerpuiHOil MaTpuneilt B = 1(A+ AT). O
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Takum ob6pazoM, U3ydeHre KBaIPATUIHBIX (POPM U U3YUE€HUE CHMMET-
PUYHBIX OMIHHEHHBIX (POPM ITO MPAKTUIECKU OJHO U TO KE.

Yupaxknenue. [Ipednosazas, wmo Ppynryus X — ¢(X) asasemcs x6ao-
pamusHotl Bopmoti, ybedumecn, wmo GyrHKUUs

f(x,y) = %(q(x +y) —a(x) —q(y))

ABAAETNCA OUAUNETHOT POPMOT, U BuPAZUME €€ MATNPULY HEPES MATNPULY
ucxodnot keadpamusnolt gopmot q(x).

IToBenenmne pu cMmeHe 6a3uca

CraHmapTHBIN 6a3UC MOXKeT ObITh HEYJI0OHBIM J1jisi pabOThI C KOHKPET-
HOI OMIMHETHON Wn KBaapaTuvaHoit ¢hopmoii. [Ipumep TecHo cBs3aHHOTO
SIBJICHUS MBI BUJE/IN, 3aHUMASCh IPUBEICHUEM JIMHUN BTOPOrO MOPSIKA K
KAHOHUYIECKOMY BUILY.

IIpu cmene Gaszuca MaTpuia Mepexoa S CBA3BIBAET CTOJIOIBI CTAPBIX U
HOBBIX KoopuHAT coornomenusiMu X = SX' ' nuY = SY’. [logcraBnas stu
BBIpaYKeHUsI B OMJIMHENHHYI0 (DOPMY OT CTAPBIX MEPEMEHHBIX, MbI IIOJIYIAM
bunuHeltHy0 GHOpMy OT HOBBIX HepeMeHHbIX. CpaBHMBAs 3aIUCU B IBYX
basmncax,

XTAY = (SX)TA(SY') = (X)TSTASY' = (X)TA'Y”,
MIPUXOIUM K 3aKOHY M3MEHEHUsI MATPUIhI OMINHENHONH (hOPMBI:
A =STAS.
TakoB ke 3aKOH M3MEHEHUsT MATPUITLI KBAIPATUIHON (POPMBI.

Onpedeaenue. Takyio napy marpun, A 1 A’ HA3BIBAIOT KOHFPYIHTHLIMMU.

Onpedenenue. [lapy OummHeRHBIX (DOPM, TIOJIYIAEMBIX OJTHA U3 IPYTOil 3a-
MEHOI IIePEMEHHBIX, HA3BIBAIOT IKBUBAJIEHTHLIMU.

B nocseayrormieM 1mojie3HO U3MEHUTh TOYKY 3PEHUs] U CUYUTATh SKBUBaA-
JIEHTHbBIE OUJIMHEHBIE (DPOPMBI pa3HBIME 6UJaMU OIHOM 1 TOM Ke DYHKIUN
mapbl BEKTOPOB, TTOJIY 9alOIIIMUCS [IPU BBIOOPE pa3Hbix Oba3ucos B R™. Boz-
HUKAeT 3a/1a49a [peJcTaBjenns (GpopMmbl B Hanbosee mpocTtom Buje. Ecre-
CTBEHHBIM KPATEPHUEM IIPOCTOTHI CIIY2KUT KOJTHMIECTBO CIAATAEMBIX, IIOITOMY
UIIYTCS CIOCOOBI €0 YMEHBIIUTH C IIOMOIIBIO 3aMeH IIePEMEHHBIX.
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Kanonn4deckuii BuJ CUMMeETPUYHON (HOPMBbI

Onpedesenue. Ecim marpuna A cummverpudHoil Gunuseinoir dopmbr f B
KakoM-TO Oasuce B jguaroHajibHa, TO 3 HA3BIBAIOT KaHOHWYECKMM 6a3ncom
st f ¥ TOBOPAT, 9TO B 9TOM Oasuce f mmeeT KAHOHUYECKUU BUA.

AHaJIOrUYHBIE TEPMUHBI IPUMEHSIOTCS K KBAJIPATUIHBIM (POPMAM.

Kanonwgecknit 6a3uc 1151 KOHKpeTHO! (DOPMBI HE €IMHCTBeHHBIH. 15
mepexoia K KAHOHUIEeCKOMY BUJIY IMPUMEHSIIOTCS METO/IBI JBYX THUIIOB, CO-
OTBETCTBYIOIME METPUIECKON 1 adPUHHON KIACCUMDUKAIUIM KBAIPUK.
[TozHakoMmmMCs ceifdac ¢ caMbIM 3JI€MEHTApHBIM — MeTOZOoM Jlarpamika,
oTBedaronmM apGuHHON Kiiaccudukanmu. MeTonbl METPUIECKO# KJ1acCu-
dukauu cBepx yKe pazo0paHHOro Cydasl JUHANR Ha IJIOCKOCTH TPEOYIOT
MHOI'O HOBBIX HOHSITHI U CTAHYT JOCTYIIHBI TOJIHKO BO BTOPOM CEMECTPE.

IIpumep. Kagparuanoit popme

q= x% + 22179

o)

He SIBJISIONIASACS JuaroHa bHoi. OIHaKO MOXKHO JOIMOJHATH 0 KBaIpaTa:

COOTBETCTBYET MaTpPHUILA

_ 2 2 _ 2 2
qg=(z1+22)" — 23 =y1 — V3.
IlosToMy B HOBBIX TEpEMEHHBIX Y1 = T1 + X2, Y3 = X2 JaHHAA (POpMa
MPUHAMAET KAaHOHUYECKUN BUJ. DTO 3aMEHA [MePEMEHHBIX TUIIA, CIBUTA.

Ipumep. B caydae kBagpaTudHOit HOPMBI

q =2x122
JIOTIOJHATH 710 KBaJipaTa Hedero. OIHaKO 3aMeHa X1 = Y1 — Y2, To = Y1 +Y2
PUBOIUT (POPMY K KAHOHUYECKOMY BUILY

q =2y} —2y3.

MeTO):L ﬂarpaH}Ka CbaKTI/ILIeCKI/I ABJIAETCA aJITOPUTMOM, B KOTOPOM II0-
BTOPAIOTCHA IIar'vl JIBYX THUIIOB, OIIMCaHHBIX B 9THUX IIPpUMEpaXx; KpoOMeE HUX
HaJINIECTBYIOT TOJBKO MTOUCK U Hep€O603Ha‘{eHHH.

Teopema (Lagrange). Jas ecaroli keadpamuunoti popmvr natidémes Ka-
HOHUMECKUTL, 6a3uc.
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> ATt IlepeobosnaunTts Ko3DdOUITHEHTEHI |

| Uckats ¢ # j taxue, 910 a; # 0 1 a;; # 0 |

a
<eCTb7 A I Bamenntb x; = 3 a;;7; |—>| Creperb mTpuxn

lHCT

| Uckars ¢ # j Takue, 9To a;; 7 0 |

o /
xi—:lri/—xz-,
Tj = T;+ T

3aMeHuTh {

oxazamenvcmeo. Anropurwm nipesicranien Ha pucynke. Ha oCHOBHBIX Tira-
rax IPOUCXO/IUT IMO0YePETHOE N30aBIEHNE OT HETUATOHATBHBIX C/IAraeMbIX
x;x; upu ¢ # j. Kak TOIBKO OIHO Takoe HaiiIeHO, JOLOIHEHHE 10 KBaJl-
paTa BLIIOJIHsETCS 3aMeHol ©f = . a;;x,. [loce Heé npyrux BXOXKIeHwuit
NEPEMEHHON X} He OCTAETCs, TAK ITO OHA «OTBA3BIBAETCS» OT NPOYUX IIe-
PEMEHHBIX U JlaJiee He y4dacTBYeT B IIpollecce BBIYHUINEHMs], a KOJIUYEeCTBO
yY49acTBYIOIIUX yMEHbIIAeTCs. ECJ’II/I 2K€ B 9TOT MOMEHT HET KBa/IpaTa HHU-
KaKOl IlepeMeHHOI T;, TO JeJjlaeTcs BCIIOMOraTeJ bHas 3aMeHa.

YT00BI TOIyYUTh HE TOJBKO KAHOHMYECKUN BUJT (DOPMBI, HO U COOTBET-
CTBYIOIN el KaHOHWIECKUH 0a3mc, K 3TOMY PEIeNnTy HyKHO T00aBUTH
HECJIO?KHOE CPEJICTBO OTCIEXKUBAHIS BCEX IIPON3BEIEHHBIX 3aMen. Karkias
JIMHeWHAa, a IIOTOMY JIMHelHa UX KOMIIO3UIIUAS, BbIpaXKalolad IepeMeHHbIe
KAHOHUYECKOT'O BUJIA Yepe3 MePEeMEHHbIE UCXOTHON KBIPATUIHON (HOPMBbI
¥, COOTBETCTBEHHO, CBA3BIBAIOIIAS] KAHOHUIECKUI 0a3uc ¢ UCXOMHbIM. [

IIpumep. TlpuBeném K KAHOHMIECKOMY BUJILY KBaJIPATHIHYIO (DOPMY
q = T1Z2 + X123 + T2T3.
Ksanparos He HADIOMAETCS, TOTOMY HAUYMHAEM CO BCIOMOIaTEebHON 3a-
MEHBL: T1 = Y1 — Y2, T2 = Y1 + Y2, 3 = y3. OHa maér
4=19i — 5 + 20193

Temepsb momosHsgeM 10 KBaJpaTa 3aMEHON 21 = Y1 + Y3, 22 = Y2, 23 = ¥Y3:

_ 122
q =2z — 2 — 23.
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Yopaxkaenue. Kakyio noseprrocms 3adaém ypasHeHue
L1292 + 123 + Tox3 = 17

Meron Jlarpamrka He 3aBUCUT OT KOJUYIECTBA MEPEMEHHBIX, TO €CTh UX
JIOIyCKAeTCst JII0OO KOHEUHBIT HAOOp. Pazmuynbie 1emoykn 3aMeH MOTYT
JaBarh (U JaloT) OTIIMYAIONMecs KAHOHUIEeCKUE BUIbl. BO3HUKAIOT 3a/1a-
91 OIPeJIeINTh BO3MOXKHbIE KAHOHUYUECKNE BUIbI 33/ITAaHHON KBaJIPAaTUIHON
bOpMBI U yCIOBHUS S9KBUBAJEHTHOCTH ABYX (bopM. Iyt uxX perneHus morpe-
OyIOTCsl CPEJICTBA, U3YIaEMbI€ B JIBYX CJIEJIYIONINX IJIaBaX.

BekTopHoe nmpou3BeneHne Kak JIMHEWHBIN OIllepaTop

Paccyxaenust ¢ BekTopaMu B HadaJie pa3iesa BeJIyT K OUeHb I0JIE3HO-
My HaDJIIOEHUIO, IIPUTOM YXOJsl OT OCHOBHOII T€MBbI TJIaBbl. A UMEHHO, ITpu
bUKCHPOBAHHOM BEKTOpPe b omeparysi BEKTOPHOTO [IPOU3BEJEHUS T€PEBO-
JIIT TTPOU3BOJILHBIN BEKTOP X B HOBBII BEKTOp b X X, MpUIEM TIEPEBOIUT
JIMHENHO:

b x (OZ1X1 + OZQXQ) = O[lb X X1+ O[Qb X X9.
[Tomobubre omepanuy HA3LIBAIOT JIMHENHLIMW ONEPATOPAMU, YACTO IIPOCTO
omepaTopamu. JlaibIe B 3TOM Kypce UM OYIEeT yAeJIeHO CIeIuaIbHOe BHI-
mamne. [Tocte BbiOOpa 6a3uca MpOCTPAHCTBA BCIKUN JTMHEHHBIH OmrepaTop
IIpeJiCTaBsgeT s MaTputieit. [/ Ha BBITUCAHHYIO BBIIIE MATPHUILY, MOXK-
HO IOHSITH, YTO OIEPATOP X — b X X MMeeT MaTpHILy

) 0 —bs b
B=| b 0 —b
~by b 0

B dusuke BekTop b X X Ha3bBAIOT (YIJIOBBIM) MOMEHTOM BEKTOPA X OT-
HOCUTEJIBbHO BEKTOpa b, KOTOPBIH TOKEeH OBbITH HEHyJIeBbIM. llepBbiMu B
Xo7ie 00y UeHnsT OOBITHO BOZHHKAIOT MOMEHT UMITYJIbCA W MOMEHT CHJIBI.

TeH30p MOMEHTOB HepIumn

[Ipu m3ydenun BpaaTebHOTO JIBU2KEHUST MOMEHTHI WHEPIINHA UTPAIOT
pOJIb, AHAJIOTHIHYIO MACCe JJIs TOCTyHaTeabHOr0. CUTYaINs OCIOXKHIETCS
3aBUCHMOCTBIO OT HAIPABJIEHUSI OCU BPAIEHUs; IMEHHO STUM ACIEKTOM
BOIIPOCA MBI 3afiIMEMCSI U YBUJIUM IIOSIBJIEHUE KBaJAPATUIHON (DOPMBL.

Korna rogeunas macca m Bpaiaercss BOKPYT OCH, HAXO/IAIIEHCsT Ha pac-
croguuu R, Mmoment unepmun pasen I = mR?. JIjis cHCTEeMBI U3 HECKOJIb-
KHX Macc cooTseTcTBenHo nmeeMm I = Y m;R?. B 6osee peaucTudnoii mo-
CTAHOBKe BPAINAETCs TBEPJIOE TeI0 (IPUIEM BOKPYT CBOETO IEHTPA MAacc),
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ITO3TOMY TOYEUHBIE MACCHI HY?KHO 3aMEHHUTD 3JIEMEHTOM Macchl dm = pdV,
a CyMMY — WHTErPHPOBAHUEM I10 OOBbEMY, O YEM T'OBOPUTCS HE TOJBKO B
Kypce MeXaHWKH, HO U B KypCe OCHOB MATEMaTHYECKOrO aHaIu3a. 3JeCh
HaM BaKHa ajredpanvdeckasi CTOPOHA JIEJI&, IPOSIBIIAIONIANACS y2Ke JJIsd TO-
YEIHOI MACChI, & PO WHTErPAJIBI MOYKHO BCIIOMHUTD B KOHIIE BBIYUCJICHUS.

ITosTomy 3acdukcupyeM HETIOIBUKHYIO CUCTEMY OTCIETA, IOMECTUM €11~
HUYHYIO MAcCy B TOUKY C PajUyCc-BEKTOPOM b ¥ HaliléM MOMEHT WHEPIIAN
IIPU BPAITIEHUN €€ BOKPYT IPAMOI, IPOXOAAIIENl dyepe3 HadaJl0 KOO/ IMHAT
mapaJuIesIbHO BEKTOPY X. PaccTosiHue OT TOYKM 10 OCH BBIYUCIAM 110 (HOpP-
MyJIe U3 ME€PBOIi TJIABBIL:

R |b x x|

x|
V1o6HO0 M30aBUTHCA OT 3HAMEHATEIsI, BHIONpast HAIIPABJIAIONIAN BEKTOD X
eauHIYHO# jyinHbL. Torma uckoMblii MoMenT uHeprwu paset (bxx)-(bxx).
Ero saBucuMocTb OT HaIllpaBJIEHNsI OCH BhIpaXKeHa KBaIPATUIHON (pOPMOIi.

Brimmirem eé B KOOpAMHATAX U 3aT€M BBIIEJINM MATPUILy KO(h UIneH-
TOB TpeMs crocobamu. [1epBbiit — pazBépHYTOE BBIYNCIEHUE:

|b x x|? = (baws — byxa)? + (bszy — bix3)? + (byzo — box1)?
= b222 4 b2x2 — 2bobswoxs
+ b32? 4+ b3a2 — 2bsby w31y
+ 22 + bix? — 2bibox 1o,
OTKYyJa
b3 +b3 —biby —bibs

bxx>?=X"AX, tne A= | —byby b3 +b3 —bobs
—bgby  —bsby b} + b3

B ornuune or 6mwimaeHBIX HOPM, 3aNMCh KBAAPATHIHON (DOPMBI depes
MATPUYHOE IPOM3BEI€HIE HEOTHO3HATHA. DTOTO HEYI00CTBa N30eraioT, Bbl-
Oupasi BCerja CHMMETPUYHYIO MaTPUILY, AT = A, KOTOpast HaXOJAUTCA OJI-
HO3HAYHO. 3/1eCh TaK U OBLIO CJIEJIAHO.

Bropoit criocob xurpee n kopode. V3 1moJIy9eHHOTO BBIIIIE IIPEICTABIIE-
HUsI O BEKTOPHOM MPOU3BEIEHUN KaK OIEepaTope MO3anMCTBYEM MAaTPHY-
HYIO 3aIUCh b X X = BX. Torna

(bxx)-(bxx)=(BX)"(BX)=X"B'BX.

Borancisist mponsseerne BB, yBUIAM B TOYHOCTH MaTpuily A, Haiimzen-
HYIO TI0 TIEPBOMY CIIOCO0Y.
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B Tperbem crocobe BOCIOJIb3YeMCsl TOXKIECTBOM
(bxx)-(bxx)=(b:-b)(x-x)— (x-b)(b-x).

[TepBoe ciaraemoe paBoit YacTH MPOMOPIIMOHAIBHO KBAAPATUIHON POp-
Me, BRIpasKalolleil KBaJIpaT JUIHHbI, ¢ Koaddummentom BB = b2 + b2 +b2,
[IO9TOMY COOTBETCTBYET CKAJISIPHON MaTpHIlE

b + b2 + b3 0 0
(b3 + b3+ 03)E = 0 b? + b3 + b2 0
0 0 b2 + b3 + b3

BTopoe ciiaraemoe JIErKO IeperncaTh B MATPHIHOM Buje Kak X ' BBTX,
rJie

bl b1b1 b1b2 b1b3
BB" = | by | [b1 by bg| = | babi boby bobs
bs bsby bszby b3bs

CpasuuBas ¢ maTpureit A, HafiJIeHHOI 110 IEPBOMY CIOCODY, JIydIle [TOHU-
MaeM e€ CTPYKTYDY.

Jy1st TBEPIOrO TeJia BhIPAYKEHUS C MOCTOSTHHBIMUA KOMIIOHEHTAMH BEKTO-
pa b HyXHO 3aMeHUTH HA WHTErpajbl 10 Teay. Kcim Havamo KoopaumHaT
HAXOJINTCH B IIEHTPE MAacCC Teja, TO IOJIyYaeMyIo KBaJIpATUYIHYIO (DOpMy
HA3bIBAIOT T€H30POM MOMEHTOB MHEPINH Teja. JlmaroHaabHble KOMIIOHEH-
Tl e8/ero MaTpuIlpl I ecTh MOMEHTBI HHEPIMU OTHOCUTEIBHO KOOPIUHAT-
HBIX OCeil, & BHEJMATOHAJIbHBIE (C IPOTUBONOJIOKHBIM 3HAKOM) HA3BIBAIOT
IEeHTPODEKHBIMI MOMeHTaMu. Hampumep,

Iy = /// (t5 + t3)p(t1, 2, t3) AV,  —Ig = /// tatsp(tr, ta,t3) V.
T T

CMBIC/T CJIOBA «TEH30P» B TOM, YTO peUYb MJIET O (DU3MIECKOU BEJIUINHE
0cob0ro TUMA; JAJIs €€ KOOPAMHATHBIX BBIPAYKEHUIT B PA3HBIX CHCTEMAaX KO-
OpJIMHAT eCTh CBOM IIpaBUJja, yKe 3HAKOMBbIE B C/Iydae BEKTOPOB U U3yda-
eMble B 9TOU IUIaBe B CiIy4dae OMIMHEHHBIX U KBAJPATUIHBIX (POPM.
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Mnasa 4. HAYANIA IMHENHOWN ANTEGPBI

4.1. CUCTEMBI JIUHENHBIX YPABHEHUN 2

HavanpHas TepMuHOJIOTUS
3aiimémcst OOIMUMU CHCTEMAMY 1M, JIMHEHHBIX ypaBHEHUN

a11%1 + a12x2 + -+ ATy = by,

()

C M HEW3BECTHBIMH JJIs MPOMU3BOIBHLIX M, N € Zxi. Koadduumentsl a;;
u cBobofHbIE YneHbl b; Jalle BCEero sIBJISIIOTCS BEIIECTBEHHBIMM YHCIAMH.
Bcerpewatorest 3a51auun, rjie OHM KOMILJIEKCHBIE, PaIlMOHAJIbHBIE, JIMOO eIlé
boJiee XUTpbIE, HO TOHAYALY ITO HE CYIIECTBEHHO Il HaIlleil Oyryrmeit
teopun. I[Toaromy O6ymem obo3nadaTh depe3 ' OCHOBHYIO 91CIIOBYIO CCTEMY,
B KOTOPOI1 JIEXKAT 3HAYEHUsT BCEX M3BECTHBIX M HEM3BECTHBIX OYKB.
Nzyuas sinHeiHble CUCTEMBI, yI00HO OCTABJISITH B TEHW HEM3BECTHBIE U
BBINIKACHIBATD JIUIIb OCHOBHYIO U PaCLUMPEHHYIO MATPULLbl CUCTEMBI:

a11 a12 ...Q1n a11 a12 ...Q1p ‘ b1
A= AR =
Am1 Am?2 Amn Am1 Am?2 - - - amn‘ bm
Pewwennem cucrembl (%) Ha3bIBAIOT CIUCOK I, T3, . .., Ly dj1eMeHTOB F,

I0JICTAHOBKA KOTOPBIX BMECTO &; IPEBPAINAET BCE YPABHEHNUS CUCTEMBI (%)
B ToxKsiecTBa. [1o KommaecTBy peleHnii CUCTEMBI JeITCs Ha COBMECTHDIE
¥ HECOBMECTHbBIE, Ha OIPEJeJIEHHbIE U HeOllpeIeIEéHHbIE:

Pewenus cucmema
HET HECOBMECTHA
OIIpeIeIeHA
OJTHO
COBMECTHA
MHOT'O HEOIIPE/IEIEHA

Ipumepvi. Bosepamasich K HEOOJIBIIIMM CHCTEMAM, YK€ PEIIEHHBIM DAHEE,
YBHUIMM BCE BapPUAHTHI:

e HecoBMecTHYIO cuctemy B IIpumepe 5;

® COBMECTHBIE U OIpeiesiéHable cucTeMbl B [Ipumepax 1 u 6;

® COBMECTHBIE U HeompezeeHnbe cucreMbl B [Ipumepax 2-4.

Yrobb! epeitTt OT JAHHOI CHCTEMBbI K 0oJiee TPOCTOM, TTyTEM dJIeMeH-
TAPHBIX MTPEOOPA3OBAHUI METOIUIHO 3aHYIAIOT KOIMDPUITUEHTDI.
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HpI/IMep Ha MeTO/ MCKJIIOYEeHNs HEN3BECTHDLIX

,ILTIH CUCTEMbI ypaBHeHI/IIU/I BbITIIUCaHa paCHIUpeHHad MaTpHulla:

—r1+ r3—3x4+225 = 1, (-1 0 1 -3 2 1]
201 — 3+ 54— T5 = 3, 2 0-1 5 -1 3
r1 —2x3 +4x4 — Hxs = —6, L 1 0-2 4 -5 —6_
DTa cucTemMa 3JeMeHTapHbIMU IPe0Opa30BaHUSIMI. . .
—x1 + 1‘373$4+2I5 = 17 _71 0 1 -3 2 1_
O0x14+ x3— x4+3x5 = 5, 0 0 1-1 3 5],
r1 —2x3 +4x4 — Hxs = —06, | 1 0 -2 4 —5 —6 |
—r1+ r3—3x4+225 = 1, (-1 0 1 -3 2 1]
0x14+ x3— x4+3x5 = 5, 0o 0 1-1 3 5],
0x1 — x3+ x4 —3x5 =-5, L 0 0-1 1-3 —5_
—x1 4+ 0x3 — 214 — x5 = —4, (-1 0 0 -2 —1]| —4]
0x14+ x3— x4+3x5 = 5, 0o 0 1-1 3 5],
0x1+0x34+0x4+0z5 = O, | 00 0 0 O 0]
MIPUBOJUTCS K BULY
214+ 023 +2z4+ 25 = 4, 1 0 0 2 1] 4]
0rx1+ x3— x4+3x5 = 5, o 0 1-1 3 5
0x1+0x3+0x44+0z5 = O, | 0 0 0 0 O 0]

Obulee pelieHne UCXOIHONR CUCTEMBI MOYKHO 3aIlUCAThL B BUJIE
1 =4—2x4 — x5,
T3=94+ x4 — 3xs,
Ty, X4, L5 € R — IpPOU3BOJIBLHBIE.

3HAYUT, CUCTEMa COBMECTHA M HEOIIpeJIeJIeHa; IIPU KaxkJI0M Habope 3Hade-
HUiI NAPaMeTPOB Xo, T4, L5 UMEETCS OJHO PEIleHNeE.

DieMeHTapHbIE ITPeoOpa3oBaHUA

JlBe JinHEliHbIE CUCTEMBI OJIMHAKOBBIX Pa3MePOB HA3BIBAIOT IKBUBAJIEHT-
HbIMW, €CJTH MHOXKECTBa WX PEIeHnil OqnHAKOBBI. JIBa mpocThix mpeobpa-
30BaHUS MEPEBOJIAT CUCTEMY B €l 9KBUBAJIEHTHYIO:

(R1) ymHOXKeHUe OHOrO ypaBHEHMs Ha HEHYJIeBOM sj1eMeHT o € F;

(R2) npubasiienne K OIHOMY yPaBHEHUIO JAPYToOro.

KoMmbunarusivu 3TuX TPUMUTHBOB TIPEACTABUMBI TPEOOPA30OBAHUS:

(R2') mpubaBrienne K OTHOMY ypPABHEHHIO IPYTOTO, MOMHOXKEHHOTO HA
JIr000i1 3nemenT u3 IF;
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(R3) mepecraHOBKa mapbl ypaBHEHUIT MECTAMU.

YacTo cImcok 3/1eMEHTapHbIX NPeobpasoBaHnii COCTABIISIOT U3 Ipeobpa3oBa-
uuit (R1), (R2') u (R3): aro yaobHee Jyisi NpUMEHEHUI HA IPAKTUKE, B TO
Bpemst Kak npocrora (R1) u (R2) ynobHa B J0Ka3aTe bCTBAX.

Jlemma. /Jlse aunetinovie cucmemvs IKEUBAAEHMHDL, €CAU 00HA NOAYUAEMCH
u3 dpy20ti KOHewHOU UENnowKot INEMERMAPHBLIL NPEOOPA308aHU. O

CTyHeH‘IaTbIe MaTpuIibl

Matpuiry K03 UIMeHTOB HA30BEM CTYNEHYATOW, KOTIa:

(1) mepBblii cieBa HEHYJIEBOW 3JIEMEHT KaxKJO#l CTPOKH €CThb eJUHUIIA,
Ha3bIBaeMasi rMaBHONA;

(2) cronben, comepkaluil TIIABHYIO €IUHUILY, B OCTAIHHOM HYJIEBOI;

(3) raBHbIE €IUHUILI YXOAAT HAIIPABO U BHUS3:

01 % %x...0 0 =
0 0 0 0...1 0 =
0 00 0...00O0 0 1 =

o
o
o
o
o
o
o
o
o
o

Kak u B paccMOoTpeHHOM BBIIIe IPUMEDE, PEIEHUs CUCTEMBI CTYIIeHIa-
TOT'O B/ BBIIMCBHIBAIOT HEIIOCPEICTBEHHO II0 €€ PACHIMPEHHOI MaTpHIE.
IIpu sTOM MHOXKeCTBa peIleHHi y JII000! Hapbl PA3INYHBIX CHUCTEM CTY-
[IEHYATOr0 BUJIA 00sI3aTEIbHO HOJIYIAIOTCd PA3JIMIHBI.

OO6muii anroputm

Teopema. Bcsakas cucmema AUHEUHBT YpasHenul KEUBAAEHIHG (€0uH-
CEeHHOT) cucmeme Cmynensamozo 6udd.

Aneopumm. JlokazaTebCTBOM CYIECTBOBAHUS CJIY?KUT KOHKPETHBINA Me-
TOJI TIPUBEMIEHUsI IIPOM3BOJILHON MaTpUIIBI K CTyleH4daroil. PesymapraTom
IIPOMEZKYTOYHOI'O 3Talla ABJIAeTCS MaTPHUIA

TOTOBBIM 1 0 *|* *x x % % IIACCUBHBII
0JIOK 0 1 *|*x % *x % x 0JI0K
0 0 Of*x *x *x % =
HYJIEBOU 0 0 O]x*x % *x *x =x AKTUBHBIN
0JIOK 0 0 Ofx*x x *x % x 610K
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67049HOTO Brjia. K€ j1eBblil BepXHUIT OJIOK €CTh CTyIleHdYaTasl MaTpui@a oes
HYJIEBBIX CTPOK, a IIpaBble OJIOKHU MIPEJICTOUT BBIUUIIATD.
B akTuBHOM 0JIOKE UITETCsT TIEPBBII HEHYJIEBOIT 9JIEMEHT:

1 0 x|*x * *x *x x*
0 1 *|%x * % % x
00 00 * ok ok
0 0 0| e x x =
0 0 0|0 % % *x =

Ecmu 10 ero obmnapy»kenust B aKTUBHOM OJIOKE HalI€HbI HyJIeBbIE CTOJIOIDI,
TO TpaHUNA GJIO0KOB (MBICJIEHHO) TIEPEJBUTAETCS BIPABO OT HUX. [IpuToMm,
€CJIM BeCh aKTUBHBIN OJIOK OKa3bIBAETCSI HYJIEBBIM, TO CTYIEHYATHIH BHJI,
noyden. VlHade, epBbIil HEHYJIEBOW 9JIEMEHT CTAHOBUTCS BEAYLUUM:

1 0 % x|*x % % x
0 1 % =* * ok %
000 0|0 % x =x
00 0 O|e *x x =
00 0 0% *x = =

IIepecTanoBKaMu CTPOK BEIYIIUil SJIEMEHT IIOMEIAeM B BEPXHUH JIEBBIH
YIOJI aKTUBHOI'O OJIOKA; JIeJIeHNeM BeIyIleil CTPOKM Ha, BEIyIIUil 3JIEMEHT
MIPEBPAIaeM ero B OyIyIIyO TVIABHYIO €IMHUILY:

1 0 % x|*x * *
0 1 % *|* *x % x
00 0 01 *x % =
00 0 0|0 *x % =
00 0 0% % x =x

Broranranuem Besrymeit cTpOKHU, MOMHOXKEHHONW HA COOTBETCTBYIOIIUE JIe-
MEHTBI BEJIYIIEro CTOJIONA, U3 OCTAJIbHBIX CTPOK, 3aHYJIsIEM BCE 3JIEMEHTHI
3TOrO CTOJIOA, KPOME OCTAIOIIEHCSA TJIABHON €IIHUIIbL:

1 0 % *x|[%x *x x x
0 1 x *|* % * x*
00 0 01 % *x =%
00 0 0]0 % *x =x
000 0|0 * % =x
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HOC.HeﬂHIOIO OIlepalluio IIPOBOJUM TaKzKe N C BEPXHUMU CTPOKaMM:

1 0 x x 0] * =
01 *x *x 0|x*x *x =x*
0 00 0 1 * =%
0 00 0 Of=x = =x
0 00 0O Of=x % =x

Crpurasi rpaHuIly GJIOKOB BIIPABO OT BEJYIIETO CTOJIONA, MOIydaeM MaT-
pUILy, IIPUTOAHYIO JIJI CJIeIyIoNeil nTepalliil MeTOo/1a NUCKII0YeHN. ]

VAUBUTENBHO, YTO 3TOT METOJ 3HAJIM W NpuMeHssn B Kurae emé Bo
IT Beke s0 mareit spwi, ipuToM B EBpore oH MOSABUICS TOJBKO B CAMOM
nadasie XIX Beka, KOrja mocjie OTKPBITHs IIEPBBIX acTePOnIOB (HCXOIHO
cunTaBInuxcs mianeramu) Layccy nmoTpeboBaioch BBIYUCIATH UX OPOUTHI
110 TAHHBIM HECKOJIbKUX HAOJIIOIEHIH.

3amevarue. B HEKOTOPBIX yUeOHMKAX IIPOILYCKAIOT IIOCJIEIHUN OIMCAHHBIIM
Iar, a CTyIeHYaThlil BUJ, COOTBETCTBEHHO OIIPEJIEJISIIOT, He TPeOysl 3aHy-
JIEHUsT 3JIEMEHTOB MAaTPWIIBl HAJ[ [VIABHBIMH €IUHUIAMEU. JTO HIOILyCTHMO
JJIsS IPOCTBIX 334, IOCKOJbKY OOPATHYIO MOICTAHOBKY, JTAIOINLYI0 Derlre-
HHUE CHCTEMBI II0 CTYIEHYaTOMY BUJY €€ DACIIMPEHHON MAaTPHIIbI, JIETKO
BBITIOJITHUTH ¥ B TAKOM OCJIaOJIEHHOM BapHUAHTE.

IIpenmyimecTBO B3ITOrO 3/IeCh CUJILHOIO BAPDUAHTA B TOM, UTO OH O3B0~
JISTET yTBEPKIATh €IUHCTBEHHOCTb CTYIIEHYATOrO BUJIA JIFOOOH MATPHUIIHI.

CaencrBue. (1) Yucao napamempos, onucbi8aouUuT MHOACECMEO pe-
WEHUT COBMECTNHOT CUCTNEMDBL, PABHO YUCAY HEZAABHLIT CTMOAOY08.
(2) Cucmema onpedeserna <= 6ce cmoibyvL 2AA6HbIE.
(3) Cucmema cosmecmua <=  Kaswcdol HYyaesol cmpoke coomeem-
cmsyem Hy.aeeoti c60000HbIT HAEH.

IlousiTue o panre

Hanuane Hy/meBbIX CTPOK B PACHIUPEHHON CTYIMEHYATON MATPHIE CHT-
HAJU3UPYET, UTO UCXOMHAS CHUCTeMa N30BITOYHA: JIUIITHAE YPABHEHUS MOYK-
HO OTOPOCHTH, HE M3MEHUB MHOXKECTBO pernennii. Kakne nMeHHO ypaBHe-
HUA U3JIUAIIHU, CKa3aTh HEJIEI'KO, HO KOAUYECME0 CYyIIeCTBEHHBIX ypaBHe-
HUII BUJHO: OHO PABHO KOJIMYECTBY IJIAaBHBIX €JUHUIL.
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Pabouee onpedeserue. PaHrom marpuisl A Ha30BEM KOJMYECTBO HEHYJIE-
BBIX CTPOK B CTYIIEHYATOM BHJIE, K KOTOPOMY A IpUBOIUTCH.

Pabouum 310 onpesiesienne gBJIsieTCS CPa3y B ABYX CMBICTIAX:

(1) BCKOpE ero 3aMeHSIT «HACTOSAIIUE» ONPeJeJIeHUs] PAHIa, KOUX Oyer
LIeJIBIX TPH;

(2) naxke 10cJte rpsiLy e 3aMeHbl, IPAKTUIECKH HAMTH PAHT MATPHILBI
OOBIYHO OBICTPEE BCETO NMEHHO IIPUBEJIEHIEM €€ K CTYIeHIATOMY BHLY.

CaencrBue (kpurepuii COBMECTHOCTH). JIUHEUHAA CUCTIEMA COBMECTIVHG
& pareu 0CHO6HOU U PACULUPEHHOT, MAMPUL, PAEHDL.

C.TIe,D,CTBI/Ie. Cosmecmmas cucmema UMEEM eJUHCTNGEHHOE peweHue
< UYUCNO0 HEU3BECMHDBIT PABHO PaAH2Y CUCTEMDL.

4.2. JIVHEMHBIE TPOCTPAHCTBA CTPOK U CTOJIBI[OB

JIuHeliHbIE TTPOCTPAHCTBA

Paboras ¢ BekTopamu B (UKCUPOBAHHON CHCTEME KOOPIUHAT, MBI OITe-
pUpyeM HaJ[ CTOJIOIAMU UX KOOPJWHAT; STU CTOJOIBI MbI MOXKEM CKJIA TbI-
BaTb U YMHOXKATDh Ha CKaJgapbl. Peras JuHeliHble CUCTEMBI 3JIEMEHTaPHbBI-
MU TPe0OPA30BAHUSIME, MbI OIEPUPYEM HAJT CTPOKAME PACITHPEHHON MaT-
PUIIBI; 9T CTPOKUA MBI MOXKEM CKJIaJIbIBaTh U YMHOXKAThb Ha 4YHUC]A, TOXKE
Ha3bIBaeMble cKaJispaMu. JlaabHeltliee n3ydenne MaTeMaTUK, (PUINKU U
JPYTUX HAYK IIOCTOSIHHO OYJEeT CTaJIKUBATH CTYJIEHTa C OObEKTaMU CaMOil
Pa3HOI NPUPOABI, KOTOPBhIE MOXKHO CKJIa/IbIBATh N YMHOXKATh Ha CKAJISIPBHL.
Kak mpaBusio, mpu 9TOM BBIIOJTHEHBI 8 TPUBBIYHBIX CBOWCTB CJIOYKEHUS U
YMHOXKEHHU, IIePEYNCICHHBIX B CAMOM IIePBOM paz/iesie JEKIIHil.

Onpedesenue. MuoxkecTBO L ¢ ABYMS TAKUME ONEPAIUIMA HA3BIBAIOT JN-
HEMHbIM I BEKTOPHLIM MPOCTPAHCTBOM.

DJIeMEHTHI JII0OOTr0 JIMHEHHOTO MPOCTPAHCTBA MOTYT Ha3bIBATH BEKTO-
paMu. DTO JOBOJBHO IIOXO, MO0 BBI3BLIBAET KOH(MIIUKT C (DUBHUIECKUM I10-
HUMaHHEM BEKTOPa KaK HaIllPABJIEHHOI'O OTPEe3Ka, HO TaKoe yIoTpebsieHre
B MaTeMaTHKe [IPUXKUJIOCh, a JIYUIIEero CJIOBa ITOKa, HeT.

TloznakoMuMCsT ¢ OCHOBOITO/IATAIOIIUME TOHSATUSIMU JIMHEHHOHN aireOpsh
Ha IIpUMePe TPOCTPAHCTBA BEIIECTBEHHBIX CTPOK JJIUHBI 11 ¥ IPOCTPAHCTBA
BEIECTBEHHBIX CTOJIOIOB BBICOTHI 1. O6o3HauNM 00a depe3 R™, moToMy 9To
YaCTO HET PA3HUIbI, O CTPOKAX PEUb WJIA O CTOJIOIAX.
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Kombunarum n (He)3aBUCUMOCTH

Sadukcupyem mHoxkecTBO BeKTopoB X = {X7, Xo,..., Xi} C R™. Ux
JIMHeHoN koMOuHaumer ¢ KoapDuImeHTaMu o, g, . . . , @ € R HA3BIBAIOT

X=o1 X1 +aXo+ ...+ apXg.

JIuHeitHy0 KOMOMHAIINIO, B KOTOPOU He Bce KO(DPUIMEHTHI PABHBI HYJIIO,
HA3LIBAIOT HETPUBUANBLHONA.

[Mougarus juHeitHOl (HE)3aBUCUMOCTH MHOXKECTBA BEKTOPOB JIMHEHHOIO
[IPOCTPAHCTBA BBOJSAT B TOYHOCTU TAK K€, KAK U PaHee /I TPEXMEPHOIro
npocrpancTsa. MuoxkecTBo { X7, ..., X} NMuHeiiHo 3aBuCUMO, ecin Hafi Ty T-
cs1 Takue KO3(PPUIUEHTHI (v, - . . , (k, HE BCE PABHBbIE HYJIIO, YTO JINHEHHAS
roMmOuHarms oy X1 + ... + ax X paBHA HyJI€eBOMY BeKTOpy. JIuHeiiHas 3a-
BUCHMOCTH MHOKECTB U3 OJIHOI'O, JIBYX, WM TPEX BEKTOPOB 310: (1) paBen-
CTBO HYIIO; (2) KOJUIMHEAPHOCTD; (3) KOMIUIAHAPHOCTb.

B nporusHOM ciiydae HyJI€BOIl BEKTOD HEJIb3s IPEICTABUTH HETPUBH-
aJIbHOI JIMHEWHOI KOMOMHAIMEl BEKTOPOB U3 JAHHOTO MHOXKECTBa, KOTO-
poe TOrja Ha3bIBAIOT JIMHEAHO He3aBUCUMbIM. JacTo MCHOIb3yeTcs PaBHO-
cubHas mepedopMyINPOBKA, TOBOPAIAs, IYTO HyJI€Bas JIMHEHHAT KOMOU-
HaIMsl BEKTOPOB JIMHEHHO He3aucuMmoro muoxkecrsa { X1, ..., Xy} obsa3a-
TEJIbHO TPUBHAJIbHA!

arXi1+..+0Xpg=0 = a1 =0A ... A ap =0.

ITIpumep. B mpocrpancree R* BozbMéM cTpokm
Z1 =[1,-1,0,0], Z»=10,1,—-1,0], Zs=10,0,1,-1], Zs=[-1,0,0,1].

Torna {Z1, Zs, Z3} nuneilino Hesasucumo, a {721, Za, Z3, Z4} nuHEHHO 3a-
BUCUMO: £ + Jo + Z3+ Z4 = 0.

JInneitnaga obGoJsrouka

MHuozkecTBO (X') BCEBOSMOXKHBIX IMHEHHBIX KOMOWHAIINI BEKTOPOB 13 X
HAa3BIBAIOT NNHENHOA o6onoykon MuOXKecTBa X. ITockompKy

X, Y e (X) = aX +8Y € (X),

Kazk/1as JIMHelHass 000JIOUKa caMa SBJISIeTCS JTMHEHHBIM ITPOCTPAHCTBOM:
B HEl MOXKHO BBITIOJHSTH BCE JIEHCTBUA ¢ BEKTOPAME, HE BBIXOAS B O0Db-
emutionniee ipocrpancTBo R™. Moxkuo ckazarh, uro (X) sBisgercs Nopnpo-
cTpaHcTBom B R™.
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IIpumep. Tlepeduncanm Bce OAIPOCTPAHCTBA OOBITHOTO TPEXMEPHOTO IIPO-
crpancTBa R3. UTOOGBI OTOXKIECTBIATL TOUKH C BEKTOPAMHE, HEOOXOIIMO
crepBa BRIOpaTh Havaao kKoopauHat 0.

(0) Jlumeitrasi 060JI0UKA IIyCTOTO MHOXKECTBA BEKTOPOB SIBJISIETCS HAU-
MeHbIINM HommpocTpancTeoM: (&) = {0}. Kaxknoe nogupocrpan-
cTBO ero BKioUaeT. Kpome Toro, (0) = {0}.

(1) JIuneitnas 060s09Ka JIIOGOrO HEHYJIEBOIO BEKTOPA — IIOIIPOCTPAH-
CTBO. DTO IpsiMasi, poxosdiias depes 0.

(2) Jlumeitnast 060I09Ka JIEOGOIH MAPBl BEKTOPOB — MOJIIPOCTPAHCTEO.
Ecin BeKTOpBI He KOJUIMHEAPHBI, TO 3TO IJIOCKOCTH, ITPOXOISINAs
gepe3 0.

(3) Jluneitnas 06oJ09Ka J060H TPOHKH BEKTOPOB — IIOIIIPOCTPAHCTBO.
Eciu BeKTOpBI HE KOMIJIAHAPHBI, TO TOJYYUM BCE MCXOJTHOE IMPO-
CTPAHCTBO. B JIpyrux cjaydasx MOJIyYaloTCs MJIOCKOCTH U IMPSIMbIE
4gepes 0.

Bce 66/bIIe MHOXKECTBA BEKTOPOB B R® IHHEHHO 3aBUCHMEI U IOTOMY
HE JIAIOT JIMHEHHBIX 000JI0Y€EK, OTIIMIHBIX OT YK€ MMEPEUNCICHHBIX.

ITosiBjIeHUEe U MCYe3HOBEHHE 3aBUCUMOCTU

JIemma. Jlas ar06020 mroorcecmesa sexmopos X = { X1, Xo, ..., Xi} npo-
U3BOADHO20 AUHETHO20 NPOCPAHCTNEA:

(1) ecauY C X uY aunetino sasucumo, mo X Aunetino 3a6ucumo;

(2) ecauY C X u X aunelino ne3asucumo, mo Y AuUHedHo He3a6UCUMO;

(3) zoma 6vi 0dun uz X; € X ecmv AunETHAA KOMOUHAUUA OCTNANBHOLT
= wmHoscecmeo X AUHEUHO 3A6UCUMO;

(4) ecau X aunetino nesasucumo, mo eexkmop Z € (X) <= mnooice-
emeo X U{Z} aunetino sasucumo.

Jloxazameabcmeo. DTO MPOCTOE, HO BaXKHOE YIIPpaXKHEHNE Ha JIOTUKY.

(1) BaBuCUMOCTD He MOYKET UCUE3HYTD IIPU yBEJIUYCHUN MHOMKECTBA.

(2) 3aBUCHMOCTD He MOKET IOSIBUTHCS [IPU YMEHBIIEHUN MHOYKECTBA.

(3) Bobruurast BeKTOp M3 €ro BbIPAyKeHUsl Y€PEe3 OCTAJIbHBIC, [OJLYIHM
HYJIEBYIO HETPUBHUAJIbHYIO JINHENHY 0 KoMOnHaIm0. Haobopor, nMest OHYIO,
MOXKHO BBIPA3UTh XOTsl OBl OJUH M3 BXOISIINX BEKTOPOB.

(4) BoiBoz ciieBa Hanpaso Bepen s Jroboro X. Haobopor, BBuy Jjiu-
HelHO# He3aBHCHMOCTH X, HyJIeBas HETPUBUAJIbHAS JIMHEHHAS KOMOWHA-
s BekTopoB u3 X U {Z} HeBosmoxkHa 6e3 ydacTusi Z ¢ HEHYJIEBLIM KO-
3bdurmenToM, a Toraa £ BbIPAXKAETCS Uepe3 BEKTOPhI n3 X. O
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Bazuc (mox)npocrpaHcrsa

Onpedenenue. basmcom nmueitrHoro moanpocrpancrsa L C R™ HazbiBaeTcst
takoe (yropsizouennoe) MHOKecTBO BekTopoB X = { X1, X5, ..., X}, uro:

(1) mHOX)KeCTBO X JIMHEIHO HE3ABUCHMO K

(2) mpocrpancTBO L COBIIAJAET C JMHEHHONH 06010UKOH (X).
Nuage roBopst, KazKaplii BEKTOp X € L 3alnChbIBACTCA €UHCTBEHHBIM 00-
pa3oM B BUJIE JIMHEITHOW KOMOWHAIIII

X=aXi+...+ 0. Xs.

[Ipu sToM wmena g, . . ., HA3BIBAIOT KoopauHatamu X B Gasuce X.
Ipumep. Cranpapthbim 6asucom R™ maspisator { £y, ..., Emy)}, rae
Eu =1[0,...,0,1,0,...,0] (eaumura Hanmucana B HOSUIIUH i).

ITpumep. JlroGbie Tpu pasanmaHbIX BeKTOpa W3 Z = {21, Zo, Z3, Z4}, pac-
CMOTPEHHOrO BblIe, 06pasyor 6asuc (Z). Basucos (Z) MHOro: IpUroaeH
mo60it Habop u3 TPEX JIMHEHHO HE3ABHCUMBIX BEKTOPOB U3 (Z).

JIemma (Steinitz). Ecau {X1,...,X,} ecmwv 6asuc aunetinozo npocmpa-
emea L u mnoorcecmeo Y = {Y1,...,Ys} C L aunetino nesasucumo, mo:
(1) s<r;

(2) moorcro donoanums Y do 6asuca L.

Joxazameavcmeo. (1) CocraBum JIMHEHHYI0 KOMOUHAIUIO
CY1Y1+...+O[SY;:0
¢ Hem3BeCTHbIMU KO3 dunmenTamu «;. Pacruiem B Heit Bce Y; o 6a3ucy,
Yi=pnXi+... +yriXs,
u, cobpaB Ko dunuenTs! npu X, ..., X, TOJIYIAM CUCTEMY U3 T OJTHO-
POAHBIX JUHEHHBLIX YpaBHEHUNA
yk1a1+~'~+yksa5:07 kil,...,T‘,

C $ HEM3BECTHBIMU ;. ECm § > r, OHa BCErJa UMeeT HEeHYJIeBOe PelleHNe,
YTO IIPOTUBOpEUNT JinHefiHoi Hezasucumoctu {Y7, ..., Ys}.

(2) Boibpocum u3 cumcka Yq,...,Ys, Xi,..., X, onuH 3a ApyruM Bee
BEKTODBI, JTUHEHHO BLIPAXKAIOIIUECS depe3 NmpeapLaymme. JIuneinas o060-
JIOUKA CIIMCKA TIPU ITOM HEM3MEHHA U paBHa L, & MHOKECTBO OCTABINUXCS
BEKTOPOB JIMHENHO HE3ABUCUMO U COJICPKUT ). O
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Teopema. Kaowcdoe nodnpocmparcmeo S C R™ umeem xoneunwviii 6asuc.

Zoxazameavcmeo. Bynem HapalyBaTh JUHEAHO HE3ABUCHMOE MHOXKECTBO
BEKTODPOB, MCHOJIb3Ysl yrBepxkienue (4) mepsoii semmbl. Hagas ¢ mycro-
ro, masee mobasisieM K uMeronemycs ciucky { Xy, ..., Xy} Jo6oit BekTop
Xpy1 m3 SN (X1,..., X)), noKa TakoBble ecThb. 110 BrOpoii lemme ¢ £ = R™
MBI CMOXKEM TakK HabpaThb He 6oJjiee . BEKTOPOB. 3HAYUT, IIPU HEKOTOPOM
7 < N POCT OCTAHOBUTCS U MbI noJay4IuM uckomoe S = (X1, ..., X,). O

PazmepHocTh

CaencrBue. Bce basucvt S cocmoam u3 00uHaK08020 YUCAQ BEKMOPOS.

Hoxazameavemeo. Eciu B onnom 6a3uce s BEKTOPOB, a B PYTOM T, TO IO
BTOPOIi JleMMe s < 1 < S, TIe WK MePBhIil 6asuc ecth ), wan Bropoit. [

Onpedenenue. Hucio BeKTOpoB B bazuce juHeitHOro mpocrpancrea L C R”™
Ha3BIBAIOT €r0 Pa3MepPHOCTLIO 11 obo3HauaioT dim L. Kpome Toro, 4mcio Bek-
TOPOB B 0a3nce JIMHEHHON 000JI0YKHA MHOXKECTBA X HA3BIBAIOT PAHTOM X .

CaencrBue. /Jlas 1106020 npocmpancmea L C R™:

(1) ecau S C L ecmwv nodnpocmparcmeo, mo dimS < dim L;
(2) ecau npu mom dimS = dim L, mo S = L.

Hokasamesvemeo. (1) Bazuc & MoxKHO 70n0THATS 10 Gasuca L.
(2) Bazuc S yxe saBisiercs 6azucom L. O

A pyrue npuMepsbl JUHENHBIX IIPOCTPAHCTB

IIpumep (IIpocrpancrBo marpuir). MHOXKECTBO BceX m X 1 MaTPUI €CTh
JITHEHHOE POCTPAHCTBO. I1037IEMEHTHOE CJIOXKEHUE MATPHUI], OIMHAKOBBIX
Pa3MEPOB y2Ke BCTPEIAJIOCh; YMHOKEHHE MATPHUIIBI HA CKAJIAP COBEPIIAET-
CA TaKIKe TI03JIEMEHTHO:

A= [aij] — M= [)\aji].

Paszmeprocts paBHa mn, a 6a3uc MOXKHO COCTABUTH U3 MAaTPUYHbIX €AUHUL,
E;;. Y oTux MaTpHIL ML IO OJHOMY HEHYJEBOMY SJIEMEHTY: eJIUHUIA B
nosunuu ¢j. He myraTh MaTpuvHbIE €IUHUIBI U €IUHUIHYIO MaTPUILy!
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ITpumep (mpocTpaHCTBO peleHuil JuHeHHOro IuddepeHuaJIbHOrO ypas-
Henwust). dnddepennuanbaoe ypapHeHne Koebanuii

Z(t)+x(t)=0
UMeeT JIBa OYEBU/HBIX PEelIeHUs
x1(t) = cost, xa(t) =sint.

Pemtennem 6ynet u smrobast TuHeiiHass KOMOMHAINS (1 COS t+ o Sint, a Ipy-
rux permreHuii HetT. [IpocTpaHCTBO perenuii JIByMEPHO; MHOXKECTBO (hyHK-
it {cost,sint} ectb dyHmaAMEHTAIBHAS CHCTEMA DEIIEHHH.

ITpumep (npocrparcTBo MHOTOWIEHOB). Ha MHOMXKecTBe MHOrOWIeHOB R[z]
€CTh OllepalUs YMHOXKEHUsI. 3a0bIB O Hell U COXPAHUB, TIOMUMO CJIOYKEHUS,
JIIITb YMHOYKEHME MHOTOYJIEHOB Ha KOHCTAHTBI, Mbl MOYKEM TPAKTOBAThH
R[z] xak suneitnoe npocrpancrso Hag R. OHO He nMeeT KOHEIHOrO Ga3uca,
TO €CTh OHO 6ECKOHEYHOMEPHO.

Ecim ke cTeneHn MHOIOYJIEHOB OIPDAHUYUTL (PUKCHPOBAHHBIM THC-
aoM d, To mosyunTcs mpocrpaHcTBo R[z|<q pasmeproctu d + 1. Cambrit
npoctoit 6asuc ero ectb {1,z, 22, ..., z}.

ITpumep (upocrpancrso byukimii). Bosbmém orpesok I C R u obosna-
quM depe3 Map(I, R) muoxkectBo Beex dbyHKImiA Ha I ¢ BeIeCTBEHHBIMU
sHadeHnAMU. OyHKIMM MOYKHO CKJIAIBIBATD W yMHOXKATH Ha YHUCJI0, MOXK-
HO CTPOMTH UX JnHeliHble KoMOuHanuu. 3uauut, Map (I, R) ectb suHeitHOE
npocrpancTBo. OHO GeCKOHEYHOMEPHO (€C/IM KOHIIBI OTPE3KA PA3JIMYIHbI).

IIpu pacemorpennn «xoponux» (hyHKIUNR 9acTO BOSHUKAIOT 3HAYUTE b
HO MenbInue nognpocrpancrsa Map(Z, R), xorst u 6eckoHeYHOMEPHBIE: BCe
HeIpepbIBHbIE (DYHKIINK, BCe HEMPEPBIBHO MuddepeHnupyeMbie pyHKIIH,
U MHOTO JIPYTUX, U3yYaeMbIX B aHAJINA3E.

IIpuBe€HHBIX TPUMEPOB JOJIZKHO OBITH JIOCTATOYHO, 9TOOBI yOEINTH-
€ B UCKJIIOYUTEBHON YIIOTPEONMOCTH U MOJIE3HOCTU TOHSITHS JTUHEHHOTO
mpocTpancTsa. Bee orpeiesieHus U yTBEPKIEHUS, JAHHDBIE BLIIIE I IIPO-
crpancTBa R™, 0CTAIOTCS IPUMEHUMBL K BEPHBI JJIst JII060r0 (KOHEYHOMEp-
HOTO) JIMHEHHOrO IIPOCTPAHCTBA.

Kpowme Toro, B posin cKaJIsTpoB BEIIECTBEHHBIE YNCJIa 9aCTO MOXKHO U JTa-
2K€ BBITOTHO 3aMEHUTD JIPYTUMHI 9UCJIOBbIMU crucTeMaMu. OCOOEHHO BaXKHbBI
11t UMK KOMILIEKCHBIE JIMHEHHbIE TPOCTPAHCTBA: UMEHHO UMU OIIE€PU-
pyeT KBaHTOBadA TeOpHUd.
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4.3. CUCTEMBI JIMHEHBIX YPABHEHUI 3

Panr maTtpuibl

Onpedenernue. PaHrom no crtpokam/ctonbuam maTpunbl A HA3LIBAIOT PAHT
MHOXKECTBA €€ CTPOK/CTOJIOIOB. DTHU YUCIa BPEMEHHO 0003HAYUM Yepe3
rk, A u rk; A. MpocTpaHcTBOM CTPOK/CTONGLOB MaTpUIBl A HABBIBAIOT JIU-
HeWHY0 060JI0YKY MHOYKECTBA €€ CTPOK /CTOJBIOB.

Jlemma. Saemernmaprvie npeodpaszosarus CMpox MAMPuyb, HE MEHAIOM
NPOCMPAHCMBO CMPOK; AHANOLUNHO ONA CTNOAOUOG.

Jloxazameavcmeo. Hocrarouno nposeputs (R1) u (R2). IIpeobpasosanus
000UX THITOB BBIJIAIOT JIMHEHHBIE KOMOUHAIINN, TO €CTh HOBBIE CTPOKH SIBJISI-
I0TCS 9JIEMEHTAMK UCXO/IHOTO IPOCTPAHCTBA; IOITOMY IIPOCTPAHCTBO CTPOK
He yBeqmuuBaeTcsa. [IpeobpaszoBanus 0OpaTUMbBI, TOITOMY MIPOCTPAHCTBO
CTPOK HE yMEHDLIIIAETCSI. O

Jlemma. VY gcakoti mampuys, cmynenwamozo 6uda:

(1) 6ce nenyaesvie cmpoky AUHETHO HE3ABUCUMbL;
(2) 6ce cmoabybs ABAOMEA NUHETHBIMU KOMOUHAUUAMU 2AACHBIT;
(3) pamneu no cmpokam u NO CMOAOUAM PABHDL.

Jloxasamenvcmeo. YipasKHeHUe. O

Jlemma. Ecau mampuuyvt A u Z cea3amb. Konewhol U4enowkot ssemer-
MAPHOLT NPeobpPa3osarHuti CMpoKr, Mo UL Para2u No CMOoAOUAM DPAEHDL.

oxazameavcmeo. Cuuraem, 4To nepsole r = rk, A cronbuos Marpunnr A
COCTABJISIIOT OA3UC MPOCTPAHCTBA €€ CTOJIONOB: MHAYE MOXKHO ITPUOErHYTh
K mepenyMepannu cTosiomnos. Kaxk bt crosbers A®) zanumercss kakoi-To
JIMHEHON KOMOWHAIHEH

A(k) = aklA(l) +...+ OszA(r).

JIr060e asreMenTapHOE ITPEOOpa30BaHNE CTPOK COXPAHSIET 9TO COOTHOIICHIE
Me2K/Ty CTOJIOIIAMU, TIO9TOMY BBIIIOJHEHO PABEHCTBO

ZW = 01 ZMW + g 2.

Buaunr, rk; A > rk Z. [TockosbKy 3a/1eMeHTapHbIE Tpeobpa30BaHust 06pa-
TUMBbI, AHAJIOIMYHO BBIBOIUTCS OOpaTHOE HEPABEHCTBO. O
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Teopema. Paneu 410600 Mampuyb, o CMPOKaAM U NO CMOAOUAM PABHDL.

Onpedenerue. BoT 3T0 9MCI0 M HA3BIBACTCS PAHMOM MaTPHIIHI.

Ilepsoe dokasamenrvcmeo. Bo3pMEM MPOM3BOIBHYIO TPAMOYTOJIBHYO MaT-
puny A, a Takxke eé cTyneHJaTslit Bug A’ m mpoBepuM 1EenouKy paBeHCTB

tkpyA=1k. A =1k, A =1k, A.
Nx noodepénno obecrneunBarOT TPU IPUBEIEHHBIX JIEMMBI. ]

Bmopoe dokazamesvcmseo. BozbMéM POU3BOIBHYIO M X N MaTpuily A u
mojioxkuM 1 = tk; A. Beibepem r cTosib1oB, BMecTe obpasyonmx 6a3uc
pocTpaHcTBa CTOJIONOB A, 1 coctaBuM nu3 HuX m X 7 Marpuiyy C. JIuneii-
Hble KOMOWHAIMU 3TUX CTOJIOIIOB BhIpaXKaroT Bce CTONOIBI A; cobupast ux
ko3 durmeHTsl B 7 X n Marpuily R, nojgyuum paserctBo A = C'R. Ono
OJIHOBPEMEHHO TIOKA3BIBAET, YTO BCE CTPOKU A SBJISIIOTCS JIUHEHHBIMU KOM-
Gunanusivu crpok R (npuuém nx koaddunmentor cobpansl B marpuie C).
Suaunt, k. A < rky A 11 BCKO# MaTpPUIIBL.

[Ipumennm 310 K Marpurne A ', rjie HOMeHSIIICH CTPOKH CO CTOJIOIAMHE:

tky A=r1k, AT <rk, AT =1k, A,

OTKYJIa UCKOMOE PABEHCTBO PAHTOB CJIEIYET. ([l

Caencreue. Jlisa ecaxoti mampuyv, A eepro pasercmeo tk A =1k AT,

Kpurepwnit coBmecTHOCTH
Tenepb MOXKHO 3aHOBO ITOCMOTPETH HA BOIPOC COBMECTHOCTH CUCTEMBI

JIMHEHHBIX ypaBHEHMUIL.

Teopema (kpurepuii coBmecTHOCTH). Cucmema AUHETHBE YPaBHEHU T
COBMECTIHA, <> DPABHbL PaH2l €€ 0CHOBHOT U PACWUPEHHOT, MAMPUL,.

Joxasameavcmeo. CoBmecTHOCTH JinHeiHO#M cuctembl AX = B 3KkBuBa-
JIEHTHA TOMY, 9TO B ecTh NuHeiiHas KOMOMHAIMS CTOJIOIOB MaTpuIlsl A ¢
KAKNMHU-TO HEM3BECTHBIMU U Pa3bICKUBAEMBIMU KO3hduimenramMu x;:

1 AY + . 4+ 2,AM =B

ITo mepBoii slemme 0 JMHEHHOI (He)3aBHCUMOCTH, 9TO PABHOCUJILHO COB-
HaJieHnio JuHeHHbIX o6omovek ({cronbupr A}) u ({croabupr A} U {B}), a
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Tora U paHru ux paBHbl. OOpaTHO, €C/IM PAHI'U PABHBI, TO COBIAJAIOT U
camu 000JIOUKH, TAaK KaK BTOPAasi BKJIIOYAET [IEPBYIO. (]

OHOpOAHBIE CUCTEMBI

OpHOpOAHON HA3BIBAIOT CUCTEMY JIMHEHHBIX YPaBHEHUH, Y KOTOPOii CTOJI-
Gerr, cBoOOIHBIX ieHOB Hysepoii: AX = 0. Eciin n3BecTHO HEKOTOPOE MHO-
2KeCTBO pelleHui {X 1y, X, k} OJIHOPO/IHOM CUCTEMBI, TO BCAKad JIUHEeNHas
KOMOHMHAIINsT UX TakxKe Oyjer pererreM. BooOIie, MHOXKECTBO BCEX pellie-
HUI €CTDb JIMHEIHOE TPOCTPAHCTBO; OHO HA3BIBACTCS NPOCTPAHCTBOM peLLeHWiA
3TOI OJTHOPOJIHOU CHUCTEMBI.

IIpumep. BoszbMméM cucTtemy n IpUBEIEM €€ K CTYIEHYIATON MaTpHUIle:

—r1+4+ x3—3x4+225 = 0, 1 0 0 1 0
2:1717 1’34’55047 Irs = 07 0 0 1 3 0
r1 — 223 +4x4 — 525 = O; 0O 0 0 0 O 0
Bce permenust 310l cHCTEMbI MOZKHO BBITTUCATD, OEPST Lo, 14 U L5 B KAIECTBE

mapamerpoB. Bazuc HaxoauM, TO0OYEPEHO TOICTABIIsIS €IMHAILY B KAXK BT
apaMeTp U OJJHOBPEMEHHO 3aHyJ/Idd OCTaJIbHbIe:
T T T
X;=10,1,0,0,0]", Xo=1[-201,1,0", X3=[-1,0,-3,0,1]
COCTaBJISIIOT 0A3WC MPOCTPAHCTBA PEIIEHUil, TaKKe Ha3bIBAeMbIil (hyHAa-
MEHTaJIbHON cuctemoi pewennin. [IpocTpaHCcTBO perieHnit 3a,1aéTCA B BUJIE
{n Xy + 00X + a3 X3 | a1, 00,3 € R}

9Ta 3aIUCH JTAET BCE PEIIEeHNs UCXOTHOMN JIMHEHON CUCTEMBI U IIOTOMY Ha-
3bIBaeTCs 00LUM PELIEHNEM cuCTeMBI. Pa3/IMIHbIX €ro 3aImceil TAKOTO BUIA
OECKOHEYHO MHOTO, KaK 1 BBIOOPOB (DyHIAMEHTAJIbHOI CUCTEMBI DEIIEHMIA.

HeomHopoaHbie cucreMbl

MuoxkecTBO M Bcex pelreHnii Mpon3BOJIbHON HEOTHOPOIHON JIMHEHHOM
cucreMbl AX = B He ectb jmHeiHOe npocTpancTso. OQHAKO 3TO IOIMHO-
JKECTBO IIPOCTPAHCTBA CTOJIOIOB CBA3aHO C IIPOCTPAHCTBOM L peIleHnii
conyTcTByloweli oxHopoaHoil cucrembl AX = 0. B camoMm gede,

AX=B N AY =0 = A(X+Y)=B;
AX =B N AX'=B = AX-X)=0.
[Moaromy mokuO Hanucats M = X + L, moHUMAast 110 STUM

M={X+Y|Y €L}
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ITpumep. JIuHeiHbIE TONIPOCTPAHCTBA U MHOr006pa3us B 06braHOM R3:

dim £ L M
0 Hysnesoe nomnpocrpancrso {0} | Touka
1 IIpsamas, comepxarmas 0 IIpamas
2 IL1ockocTn, conepxkaras 0 ILiockocTn
3 Camo npocrpasncTBo R3

Onpedenenue. Jinneinbim (NoA)MHOr006pPasnemM B JIMHEHHOM IIPOCTPAHCTBE
HA3bIBAETCS €ro MOJAMHOXKECTBO Buja M = v + L jist KaKux-T0 (PUKCHpo-
BaHHBIX ITIOJITPOCTPaHCTBa E 1 BEKTOpa V.

Ilpumep. Bo3pMéM cucTeMy U IPUBEIEM €€ K CTYIEHYATON MaTpPHIIE:

—I1—|— $3—3$4+2$5 = 17 1 O O 2 1 4
2x1 — x3+5r4— x5 = 3, 0 0 1-1 3 5
r1 — 223 +4x4 — Sx5 = —6; 0O 0 0 0 O 0

Muoroobpasue eé perenuii MOXKHO 3aaTh B BUJIE
{Xo+ a1 X1 + 2 Xo + azXs3 | a1, a0, a3 € R},

rie Xo ecTh HEKOTOpOe YacTHoe perenue, ckaxeMm, Xo = [4,0,5,0,0]7, a
{X1, X5, X3} — dyHmameHTAIBHOE PEIleHnE COITY TCTBYIOMIEH OJIHOPOTHOM
CHCTEMBI, PACCMOTPEHHOI BhIme. JacTHOE pelleHHe IIPOIIe BCEro BBIIIH-
caTh, IIOJIOZKUB BCe HapaMeTpPbl PABHLIME HYJIIO.

Teopema (anbrepuarusa @pearosasma). las kaorcdold mampuyse A eepro
MONBKO 00HO U3 CACOYOUUT YMEePHCIEHUT:

(1) aubo cucmema AX = B cosmecmma npu 1060t npasots wacmu,
(2) aubo cucmema ATY = 0 umeem nenyaesoe pewenue.

Jloxasamenvcmeso. Bo BTOpoil cucTeMe CTOJIBKO Ke HEM3BECTHBIX, CKOJTBKO
ypaBHenuit B nepBoii. Eciin panr A paBeH 3TOMy YHCIy, TO IEPBOE YyTBEP-
JKJIeHWEe UCTUHHO, & BTOpPOe JIOKHO. FKenm panr menbire, To Haodbopor. [

IIpu BHemIHEll IPOCTOTE yTBEPXK/IEHNS U JOKA3ATEIbCTBA, AJIbTEPHATH-
Ba PperosbMa IMEET MHOTO TMPUJIOXKeHUH. Bbl T03HAKOMUTECH C HEKOTO-
PBIMH Ha BTOPOM KYPCe.
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4.4. JIENCTBUA C IMOJAITPOCTPAHCTBAMU

Ilepeceyenue u cymMa ABYX IOJITPOCTPAHCTB

[Tpu paboTe ¢ MHOKECTBAMU ITOCTOSTHHO BOZHUKAIOT TT€peCeIeHns 1 00b-
eJIMHEeHUsT TOAMHOXKeCTB. [IpITasich HAMBHO TMEPEHECTH TU OMEPAIUU Ha
JINHEWHBIE TOIIPOCTPAHCTBA, Mbl OOHAPYKUBAEM, UTO

© mnepecedenne L1 N Lo TOANPOCTPAHCTB €CTh IIOAIIPOCTPAHCTEO;
® obwemunenue L1 U Lo MOANPOCTPAHCTE He €CTh TIONPOCTPAHCTBO:
JIOCTATOYHO MOCMOTPETh Ha JIBE MPSIMbIE Ha, IIJIOCKOCTH.
O/HAKO TIPEJCTaBUM IIEPECEUCHHE U O0beMHEHUE TIOAMHOKECTB B TEPMU-
HaX, IEPEHOC KOTOPHIX HA TONPOCTPAHCTBA OKA3BIBACTCS JIOCTOBHBIM. DTO
MAKCUMANDHOCTD TIEPECETEHUST U MUHUMAALHOCTY OOHETMHEHNST:

SCXINSCAX — SCANA,,
SOXINSDX — SDODAUAX,.
HaI/HVIeHbHII/HVI JITHEHHBIM IPOCTPAHCTBOM, BKJIIOTAIOIINM JABa 3a/JaHHBIX

TTO/IIIPOCTPAHCTBA, SBJISIETCS JIMHEHHas 000j0uKa ux obbemuuenus. s
HEro BBEJIEM HOBBIIl TEPDMUH M HOBOE ODO3HAYEHUE:

L1+ Ly=(L1ULsy)

Onpedesenue. Jluneinyo 060JI0UKY OOBEIUHEHUs IBYX MOANPOCTPAHCTE
L1 n Lo HA3LIBAIOT WX CYMMON 1 0003Ha4aoT yeped L1 + Lo.

dopmysna pasmepHocTeit I'paccmana

prvcep CyMMOI;'I JABYX HeIllapaJlJICJIbHBIX IIPAMDBIX ABJIACTCA IIJIOCKOCTD.

Ipumep. Cymmoil HemapaJUIebHBIX MPSIMONW U IIOCKOCTH SIBJISETCS BCE
mpocTpancTso R3.

IIpumep. Cymmoii AByX HeIapaLIeJbHLIX IIocKocTelt B R3 apigerca Bcé
mpocTpancTso R3.

Brmumem B 3TUX TPEX MpUMeEpax Pa3MepHOCTU CYMMBI, ITepeceveHus,
a TaKXKe MCXOJHBIX MOAIMPOCTPAHCTB. PacrosioKuB uX COOTBETCTBEHHO —
Hanpumep, 3 + 1 = 2 4+ 2 B TpeTbeM ciydae,— YBUIUM HJLJIIOCTPAIUIO
cieytomneit oomeit popMyIIbI.
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Teopema (Grassmann, 1844). Dopmyaa pasmeprocmets
8epHa AAA GCAKOT NAPYL KOHEUHOMEPHBLX nodnpocmparcme L1 u Lo 1106020
AUHETH020 MPOCTNPAHCNEE.
®Popmysa pasmepHocTeit I'paccmana anasorndna (opMmysie i IUCIa,
3JIEMEHTOB B OO'bEIMHEHUU U [I€PEeCEIeHNN KOHEUHBIX MHOXKECTB:
F(X U X)) + (X NA) = (X)) + 7 (Xy).

st eé nokazareabcTBa 0POPMUM MIOJATOTOBUTEIbHBIE PACCYK/IEHUS B BU-
Jie JIBYX JIEMM, KOTOPbIe OKaXKyTCs IIOJIE3HBI U JJId CJIeAYIONIeil TeOpeMbl.

HdokazareabcTBO POPMYJIbl pa3MepHOCTeH

B nepsbix aByx npumepax Boime £1 N Lo = {0}, a B Tperbem 310 HE
TaK: IJIOCKOCTHU IIEPECEKAIOTCA BAOJb IpAMOii. PaccMoTpuM nogpobaee 3To
YCJIOBHE Ha [IEPECEUCHHUE.

Jlemma. Jlus ecaroti napv noonpocmparcme L1 u Lo pasHOCUNLHDL
caedyrowyue Yeaoeus:

(1) El N [,2 = {0},
(2) meavssa npedecmasumsv 0 6 sude cymmo, Henysesvx v; € L;.
Pacmmudpyem meppoe ycioBue:
vi=ve €L NLy, — vy =vy=0.
SammudpyeM BTOpoe YCJIOBHeE: JIJIst BCEX Iap BEKTOPOB V; € L; BEPeH BhIBO/I
vi+ve=0 = v;=0 A vo=0.
Mo>KHO MTOITOMY CKa3aTh, 9TO 3aIlUCh HYJEBOI'O BEKTOPA B BUE CYMMbI
V1 + Vo TIpH yCJIOBHUU Vi € L} ONHO3HATHA.
Jloxazamenvcmeo. PaccyXmenne CBOAUTCS K MIPOCTOMY ITPeoOPa30BaAHUIO:
a=bsa-b=0.

(1=2) Ecit vi + vy =0, 10 vi = —Vvy, u (1) naér vi = —vy = 0.
(2=1)Ecm vy =vy, To vy — vy =0, u (2) jaér vi = —vo, =0. O

Jlemma. Bunuwem 06a ycaosus Ha napy muostcecms X u Y 6eKmMopos
001020 AUHETH020 NPOCTPAHCTNEA:

(A) obsedunerue X UY auneldno HE3ABUCUMO;



T, 4. Havasa simaeitnoit anrebpol Bepcust oT 4 asrycra 2021 r. 111

(B) nepeceuenue aunetinvx obosouek (X) u () nyaesoe.
Tozda:

(1) w600 (A = B) eepen dan aoboxr X u Y;
(2) ews0d (B = A) seper das mobux aunelino nesasucumor X u Y.

Jlokasamenvcmeo. 3amenum yciosue (B) Ha paBHOCHIIbHOE eMy BTOpOe
YCJIOBHE TPe/IbLIYIeH JIeMMBI, TPUMEHEHHOH K JIMHeHHBIM 06o0ukam (X))
u (). 3arem, 6epsa B (X UY) = (X) + () moboit BekTOp

X+y= (Z aiXi) + (Z /J’ij),

nostyanM (A = B) HelocpescTBeHHO U3 OIpejiesIeHus:
(x+y=0) = (Bcea; =0usce §; =0) = (x=0 A y=0),
rJie nepBblii epexog obecneden ycnosueM (A). dust (B = A) ananoruuso:
(x+y=0) = (x=0 A y=0) = (Bce o; =0 uBce 3, =0).

ITepseiii nepexox obecneden yciaosueM (B) u npenpbiiymeit ieMMoii, a BOT
Jasiee Hy»KHa JUHEHas He3aBUCUMOCTDb X U ) 10 OTAeIbHOCTH. O

Hoxazamenvcmeo meopemor. B nepecedenun L1 N Lo BeiOepeM 6azuc By.
ITo slemMme o gomnosiHeHnn 10 Oa3uca, HAWIyTCs TaKue JTUHEHHO He3aBUCH-
Mble MHOXKecTBa By u By, uro By U By u By U By ectb 6asucet L1 u Lo
COOTBETCTBEHHO: o

—
B1UByU B, .
L
ITpu srom (By) N (B1) = {0} u (By) N ({Bz) = {0} no eeBOxy (1) mocsexueit
semmbl. Kpome toro, (Bs) = L2 N (Bz2). Teneps BeIauCIsIEM:

(BoUBy) N (Bs) = L10 Lo 0 (Ba) = (Bo) N (Bs) = {0}

ITo BBIBOMY (2) mOCTERHEN JemMbl B = By U By U By nuHEHO He3aBUCHMO.
IMockonbky (B) = L1 + Lo, dopmysa pasmeprocreii I'paccmana nposepsi-
€TCsl TPOCTBIM TOJICYETOM KOJIMIECTBA dJIeMeHTOB Oasucos B; u B. O

CyMMa HECKOJIbKUX IMOAIIPOCTPAHCTB

Jluneitayo 000/109Ky OO0beIUHEHUS MOAIPOCTPAHCTB L1, ..., L TOXe
Ha3bIBAIOT UX CYMMOI 1 ob6o3HadaroT yepes L1 + ...+ Lg:

£1+...+£k:<£1U...U£k>Z{V1+...+Vk‘Vie,ci}.
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Kak u jjda ciaydast IByX CIaraeMbIX, CYMMAa SIBJISIETCS HAUMEHBIITUM ITPO-
CTPAHCTBOM, BKJIIOYAIONIUM Bce L;.

Yopaxkuenue. Hauae ¢ deyx nodnpocmparcme L; U npumenss onepa-
YUU NEPECEHCHUA U CYMMbBL MHOZOKPATHO, HEAB3A NOAYUUMD HOBLL NO0-
npocmparcms, nomumo L1 N Ly u L1+ Lo.

Havae ¢ mpéx nodnpocmparncme L; u npumerss onepayul nepecererus
U CYMMDL, CKOALKO HOBBLT NOONDOCTPAHCING MOHCHO NOAYUUMND ?

A ¢ wemuvpéx?

IIpsimble cyMMBI

MsyuaTh cyMMBbI MHOT'HIX TIOJIIPOCTPAHCTB, HE HAKJIAJIbIBAs YCJIOBUIL HA
WX I[epecedeHns, HeIpOCTO W3-3a BO3HHMKAOIIEH komObunaTopuku. [lepeii-
IEM Terepb K BaKHEHIEMy CJIydaro, 0000IAoneMy yCJIOBUS U3 MEPBOit
JIEMMBI. YCJIOBUI IPHU 9TOM HaauM O0JIbie u chopMyIupyeM UX WHAYE.

Teopema. Cuedyrowue ceoticmea cymmo, L = L1 + ...+ L xoHewnoz0
YUCAG NOONPOCTPAHCTNG PASHOCUNDHDL:

(1) sanucv Kaosrcdozo sexmopa v € L 6 sude cymmv, V.="vi + ...+ V,
2de v; € L;, 00no3naywHa;
(2) makasa 3anucvy HYAEB020 BEKMOPA OOHOSHAHA, O ECTND

vi+...4vg=0 = vi=0A ... A vp=0;

(3) nepeceuenue xaosrcdozo L; ¢ cymmol R; 6cex ocmasonvit Hyse60€;
(4) obsedunenue npoussosvhux 6aszucos ecex L; asasemces 6asucom L.

Onpedenenue. Cymmy L = L1+ ...+ L TOIIPOCTPAHCTB C TAKIUME CBO¥-
CTBAMU HA3BIBAIOT NPAMON cymmoid i tiurryT L = L1 D ... D Ly.

BripasumM BTOpoe CBOHCTBO B TeOpeMe MOJ0OHO JIeMMe: HEJIb3sI [TPeICTa~
BuTh 0 B BUJIE CyMMBI CJIaraeMbIX v; € L;, He BCe U3 KOTOPBIX HYJIEBBIE.
He nanomunaer sm 310 070y 13 (GOPMYTUPOBOK NOHSATHSA JIMHEHHON He3a-
BucumocTu? JIefCTBATEIBHO, €CIN BCE MCXOIHBIE MOIIPOCTPAHCTBA OZHO-
MepHBI, Tak 410 L£; = (V;), TO BCe YCJIOBUsI B TeOpPeMe [PEeBPAIIAIOTCs
B OOBIMHYIO JIMHEHHYIO HE3ABUCUMOCTDb. JHAYUT, MPAMOTY CYMMBI MOXKHO
HOHUMAThL Kak 000OIIeHre JIMHEHHO He3aBUCHMOCTH Ha YPOBEHb IPOU3-
BOJIBHBIX TIOJITPOCTPAHCTB.

okazameavcmeo. (2 = 1) Ileperpyunuposka

Vit tVvi=vi+...+V, = (vi—Vv)+...+(vp—Vv,) =0
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cBojuT obmwmit cayuaii (1) K ero actHOMy ciryvaro (2), MOCKOIbKY HABOD
u3 k paBeHCTB v; — v, = 0 Kak pa3 BbIparkaeT NCKOMYIO OJJHO3HAYHOCTb.
(3 = 2) U3 zamucu vi + ... + v = 0 BeBoguM vy = 0, npuMeHssi
nepByto JieMMy K L1 1 Ri. AHAJOIUYHO JIJTsi OCTAIHHBIX.
(1 = 3) B nepeceuennu £ MRy 1060l BEKTOP V UMeET [[BE 3aIlUCHU:

V1+02+...+0k;7
01 +vo+...4+ vy,

A%

rae v;,0; € £;. Onrako BBIIOJIHEHNE IEPBOTO CBoficTBa Tpebyer v; = 0;,
TaK 9TO HEHYJIEBBIX BEKTOPOB B L1 MR HET. AHAIIOTUYIHO JJIsI OCTATbHBIX.

(4 = 1) Bamucp Kaxa0ro v € L juHeiHON KoMOuHaImel PUKCHPOBAH-
HBIX GA3UCHBIX BEKTOPOB OJIHO3HAYHA. BEKTODBI V; MOJIYdYaloTCs cobUpa-
HUEM CJIAraeMbIX, JIeKAInX B L;, 1 TOXKe HAXOJSTCS OJTHO3HATHO.

(2 = 4) B kaxkjgoMm ciaaraemMoM L; BO3bMEM KaKOH-HHOY/b Gasuc X
u paccemorpum X = A7 U... U X. IIpoBepum mrsa X' j1Ba orpeiessioniux
cBoiicTBa 6asuca: (X') = L1+. ..+ L 110 OLIPEJIEJIEHUIO CyMMBI, a JIHHEHAs
HEe3aBUCUMOCTh X ciiejiyer B JBa mara. Ha mepsoM miare GepéM paBHYIO
HYJIIO JINHEHHYI0 KOMOUHAIIO BeKTOpoB u3 X. ['pynmupyst ciaraemble u3
KaxkJ0ro X; B BeKTOp u3 L; U HA3BIBAsI €r0 V;, MOJyIUM 3alUCh HYJIs U3
BTOpOTO CBO¥icTBa, mosToMy Bce v; = 0. Ha BTOpoMm mare cMoTpum 1o
OT/IEJIBHOCTH HA 9TU HYyJIEBbIE JIMHEHHbIE KOMOMHAIIMY OA3NCHBIX BEKTOPOB
U3 KaxKJI0ro X; 1 3aK/I0YaeM, YTO BCE OHU TPUBUAJBHBI. O

Caencrue. Cymma 6Cax020 HabOPa Pa3AUMHBLLIL cAazaembvir L; npamot
cymmol L= L1 D ... D L, maxotce npamas.

Zloxasameavcmeo. Ilpu orpanntdennun JIT0ObIM HAOOPOM CJIATAEMBIX 3aINCh
HYJIEBOI'O BEKTOPa B CyMMe IO-IIPEKHEMY OJTHO3HAYHA. O

Pa3zmepHOCTb NIPAMOI CyMMBI

Teopema. Cuedyrwue ceoticmea cymmo, L = L1 + ...+ L KoHeunoz0
YUCAG KOHEYHOMEPHHLT NOONPOCTNPAHCNE IKEUBAAEHTVHDL:

1) L=L1D...DLy;

(2) dim £ =dim £1 + ... + dim L.

Joxazameavcmeo. (1 = 2) Uuaykuus 10 4mciy ciaraeMbix. Basa Tpu-
puagbHa: k = 1. Ilpmw k > 1 cymma Ry = L1 D ... & L1 aBisgerca
MIPSIMO TIO CJIENICTBUIO, TaK UTO JJIsl Heé yTBEpKIeHue (2) mpesmoaraemM
semosiHeHHbIM. Cymma £ = L, @ Ry, Toxe npsivast, noo L N Ry = {0}
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no ceoifctBy (3) B npeapuaymieii Teopeme. Ilar nHAyKIME oGecriednBaer
dopmysia pazmeprocreit 'paccmana:
dim £ = dim Ry + dim £y, — dim(Lx N Ry)
= (dimﬁl +...+ dimﬁkfl) + dim Ly.

(2 = 1) O6benunenne X = X U... U X 6asucos X; ciaraeMbIx co-
crout n3 dim £ Bektopos u (X) = L. [Tosromy X 00s13aHO OBITH JIMHEHHO
HE3aBUCUMBIM; 9T0 6a3uc L ¥ 110Jy4eHo cBOHCTBO (4) upsimMoii cymmbl. [

IloanpocTpancTBa B IIPOCTPAHCTBE MATPHI]

IIpocrpancreo M, (R) BemecTBEHHBIX KBAJIPATHBIX N X 7 MATPUIL BKJIFO-
YaeT MHOT'O MHTEPECHBIX TTojrpocTpancTs. Ham nmpuromsarcst npuseieéHHbIE
B TabJIHIIEe caMble BasKHBIE U3 HUX, B KOTOPBIX MATPHUIIEI UMEIOT pa3InIHbIe
crenraabHble BUABL. [Ipu TOM, MOXKHO 3aMETUTDL Pa3JI0KEHMUsT

M,(R)=SeA=N,aDaN_=Ka0,
atakke U =DON; n L=DdN_.

Obosnauenue U HA36GHUE Yenosue Pasmeprocmo
K | CkanspHble A=)\E 1
D | HuaronajabHble ai;j =0 qust i # j n
U | BepxuerpeyrosbHble azj =0 qs ¢ > j n(n+1)/2
L | Hmxuerpeyroabusie aij =0 gna i < j n(n+1)/2
N4 | Crporo Bepxuerpeyrosbuble | a;; = 0 mist i > j nin—1)/2
N_ | Crporo nmknerpeyrosbabie | a;; = 0 s ¢ < j n(n —1)/2
S | Cummerpuuansie AT =A n(n+1)/2
A | KococummerpudHble AT =—-A n(n—1)/2
(@) Beccaenosrie a1+ ...+ aun =0 n®—1

Yupaxkuenune. Onuwume nodnpocmpancmea U + L wlUU N L.

VYupaxkueuune. Kaxue u3 ymeeporcoenuti eprui:

M, (R =UBSN_; M,R)=LON_; M,(R)=S®N,?

TlepBble 1mecTh YKa3aHHBIX IIOIIIPOCTPAHCTB eIé u nogxosbiua B M, (R).
DTOT TEPMHUH O3HAYAET, ITO MPOU3BEICHNUE ABYX MATPHUIL U3 BHIOPAHHOTO
[IOJIIPOCTPAHCTBA BCeria B HEM ke JiexKuT. OcTajbHble TPU TOXKE KOJIbIIA,
HO ¢ 00Jiee XUTPBIMU YMHOXKEHUSIMU.
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JlonosiHeHUE K IOAIIPOCTPAHCTBY

CaencrBue. /laa ecarxozo nodnpocmpancmea U C W natidémesa makoe
nodnpocmparcmeo V C W, wmo W =U & V.

Jloxaszamenvcmeo. Baszuc U MOXKHO JIOTOJHUTH 10 6a3uca VW, mpu 3Tom
JIOIOJIHAOIINE BEKTOPBI COCTaBsT basuc V. O

Onpedesenue. Takoe V HA3BIBAIOT JONOJHEHNEM K .

Ecomm U # W, To nononasTs 6a3uc U 10 6azuca VYV MOXKHO Pa3/InIHBIMU
criocobamu. [Tostomy, us U & V; = U H Vs He cienyer, ato Vi = Vs.
Ilpumep. st TOAIIPOCTPAHCTB
U={[z1,...,zn] |21 = ... = 2, },
Vi ={[z1,...,xn] | z1 + ...+ z, =0},
Vo ={[z1,...,24] | 2, =0}

BR" umeem U ®Vy =U D Vo u Vi # Vs.

KOHCTpYKLUsI
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Masa 5. ONPEOEJIUTENN

5.1. KOMBUHATOPHOE CTPOEHUE OIIPEAE/UTEJIEN

IToaxosbl K MOHATUIO ONPEIEIUTEIS

Ornpefiesinresin MPOU3BOJILHOTO MOPSIKA (hOPMAIBHO BBOJSAT HECKOJIb-
KUMHU OY€Hb pas3HbIME criocobamu. OTMETHM OCHOBHBIE:

(1) reomeTpuYECKM MOTHBUPOBAHHBIIA;

(2) MHAYKTHBHBI;
(3) akcmoMaTHYECKHIl;
(4) KOMOMHATODHBIIA.

[Ipu reoMeTpudecKoM IOAXOJE OIMPEIE/IUTEEM 1 X 7. MATPUIBI HA3bIBA~
0T OPMEHTUPOBAHHBIN 00bEM mapaJiiesenureaa B R™, obpa3oBaHHOTO eé
CTPOKaMU; MBI y2Ke BUJIEJIHN 9TO B padMepHocTsax 2 u 3. IIpu unaykTuBHOM
[IOJIXO/IE OIPEJICJIUTENDb MOPSIIKA N BBOJUTCS depe3 (DOPMYJTy PacKpPBITHs
[0 CTPOKe WJIM CTOJIOIY, aHAJIOTUYHO jaHHoM B riiaBe 1. [lpu akcrmomaru-
9eCKOM ITOJIXOJIE OIIPEJIEINTE b BO3HUKAET KAK €IMHCTBEeHHAsT (DYHKIIUST HA
HabOpe CTPOK MATPHUIIBI, UMEIOIIast TPU 3aJaHHBIX CBOHCTBA.

Mpr BbIOEpEM KOMOMHATOPHBIIN TOIX0 PAIN KOPOTKOTO CTPOTOrO OIpe-
JIeJICHUS, 3aTeM TIEHON TOrPYKeHnsI B JIETAJIN, KOTOPbIE OOJIBITHHCTBO CTY-
JIEHTOB MOTYT IIPOIIyCTUTDb 6e3 yinepoa, mojrydumM (popMysIy PaCKpBITHsI 110
CTPOKE WJIU CTOJIOIY, KOCOCUMMETPUYIHOCTD U TOJIUJINHEAHOCTD, 8 TaK¥Ke
HECKOJIBKO IIPOCTBIX CBOMCTB, SIBJISIIOIUXCS UX CjencTBusMu. Muooromep-
Hasl TEOMETPHsT B 3TOM KypcCe 3aTPOHYTa MO37Ke, BO BTOPOM CEMECTDE.

KoMmbuHaTOpHBIN TTOIXO0I
KoMOuHaTOpHBI 1101X0/1 OCHOBAH Ha IOHSTHH [T€PECTAHOBKHU.
Onpedesenue. BuekTuBHOE OTOOPaYKEHNE KOHEYHOTO MHOYXKECTBa () B cebst

Ha3bIBAIOT nepectaHoBkoii ). O6erano Gepyr 2 = {1,2,...,n}; MHOXKECTBO
€ro MEePecTaHOBOK 0603HAYA0T Yepes S, (wmm X,).

Hpumep. CraHmapTHBIH KOMOAKTHBIN CIOCOO 3AIUCH IEPECTAHOBKM:

(12345 -
7= \53124) 7%°

ykasbiBaeT, 410 0(1) =5, 0(2) =3, 0(3) =1, 0(4) =2 u 0(5) = 4. Byzer
IOJIE3HO TaKKe M300pakaTh MEePECTAHOBKY KapTHHKOIL:
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1 2 3 4 5

Wusepcun: (1,2), (1,3), (1,4), (1,5),
(2,3),(2,4).

Yérnocrs: uérHasi, inv(o) = 6.

[ TSI R
"

Onpedenenue. NHBepcnel mepectaHoBKU o € S, HA3BIBAIOT TAKYK Mapy
(4,7), aro ¢ < j u o(i) > o(j). Ha rapruake 3ro Oyger Kaxkjias mapa
KPECTHUKOB, IPsIMasi 9epe3 KOTOPYIO HAKJIOHEHA BIPABO.

HETHOCTBIO 11€pECTAHOBKY 0 HA3BIBAIOT Y6THOCTH KOJIMIECTBa inv (o) Beex
eé mHBepCHii, a 3HaKkoM, wucyio sgn(o) = (—1)m(7),

B nokazaresbcTBax HaMm OyIeT yI0O0HO TOBOPUTH TAKKE O IETHOCTH Kap-
TUHKY, UMesi B BUJy Y6THOCTH M300PazKaeMoii €10 IepecTaHOBKY.

[TepecTanoBKHU 1af0T BO3MOYKHOCTD €IMHOOOPA3HO 3AMMCATH (POPMYIIBI
IIOJTHOT'O PACKPBITHSI OIIPEJIETUTEEfl BTOPOTO U TPETHEro MOPsAIKOB, YKa-
3aHHbIE engé B HavaJsle Kypca. Pesynbrar HemesjieHHO 00001aeTcs Ha Mpo-
U3BOJILHDBIN NOPAIOK.

Seki 1683
Leibniz 1693
Onpedenenue. Onpepenutenem n x n MaTpunsl A = [a;;] HA3LIBAIOT CyMMYy
(ﬂ) det A = Z sgn(U)al,g(l)az’a@) o O o(n)-
oESy

B npapoit vactu 3101 GopMyJIbI CTOUT ajredbpanydeckasi cymma n! oHo-
TUOHBIX MOHOMOB. Hampumep, HapucoBaHHas BBIIIE TIEPECTAHOBKA 0 € Sy
BHOCUT MOHOM (115023031 042054, IPAIEM C IIFOCOM, MO0 OHA IETHA!

ais

a23
) e daad asi

Q42
a54

CpoiicTBa 4ymncJja MHBepCuii

Jlemma. Yucao uneepcuti kapmunku 410000 NEPECTNAHOBKU!

(1) meusmenro npu OMpPadctCeHuL OMHOCUMENLHO 2Aa68HOT JUALOHAAU;

(2) wmenaem uwémmnocmov npu obmene 08YT CMPOK UAU 0BYT CMOAOU0S;

(3) codeporcawyux Kpecmuk 6 cmpoxke i u cIoAbUe j, UMEEM MAKYIO dHce
YEMHOCMD, KAK YUCAO T+ J.
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Ipumep. TloBTOpUM KAPTUHKY U3 IIEPBOrO IMPUMEPA U TOCMOTPUM Ha J[BE
KapTUHKH, TOJy9IeHHBbIE ITOC/Ie 0OMEeHa COOTBETCTBEHHO KPailHUX CTPOK U
KpaftHUX CTOJIOIOB:

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
1 X 1 X 11X
2 X 2 X 2 X
3| X 3| X 3 X
4 X 4 X 4| X
5 X 5 X 5 X

YV HuCXOmHOI KapTHHKH IIECTh WHBEPCHil, 8 y HOBBIX HATH U TPHU, TaK 9TO
YETHOCTU CMEHUJIACH; ITO COIVIACYeTCs CO BTOPBIM YTBEP2KICHUEM JIEMMBL.
Teneps mocunTaeM Ha BCeX TPEX KapTUHKAX MHBEPCUHU, BO3HUKAIOIINE
u3-3a Kpecruka o(2) = 3. HaxoguMm cOOTBETCTBEHHO TDH, TPHU U OJHY UH-
BEPCHIO, UTO COIVIACYETCS C TPETbUM yTBEPKJIEHUEM JIEMMBL: ¢ + j = 5.

IlepBoe yTBepKIeHNE JIEMMBI O CBOMCTBAaX YMCJIa WHBEPCUI CAMOE JIET-
koe (yupaxkaenue). Jjis noKa3aresbCTBa JABYX JPYIHX JOCTATOYHO Dac-
IIPOCTPAHUTH HAOJIOJEHUS C IIPUMepa Ha BCE IEPECTAHOBKH, YTO U OyJeT
c/lesIaHo0 B KOHIIE pazjena. llepeiiiém Tenepb K MPUMEHEHUSIM.

Cxema TpéX A0Ka3aTeJIbCTB

Jlasiee MBI TPHKIBI IPOBEJAEM PACCY2K/IEHUS 110 CJIELYIONIE CXeMe:

© Pacrumem ompemennTen B 00eUX YACTAX JTOKA3BIBAEMOIO
PaBEHCTBA MO OMPEIEJIEHNT0, KaK CYMMBI MOHOMOB.

® Y06emumMcsi, YTO CIIMCKUA MOHOMOB CJIEBA M CIIPABa OJUHAKOBBI.

© CpaBHUM 3HAKHU KarXKJ00 MOHOMA, C JBYX CTOPOH IIPU IIOMOIIH
TPUBEJIEHHOI JIEeMMBI O CBOICTBaX YETHOCTH IIEPECTAHOBOK.

[ToBTOpSIOMMECH IIPU 3TOM IIPOCTHIE IIATd YIIOMUHATDH SBHO HE OyIeM.
JlemMma. Jlas scaxoti xeadpammoti mampuun, det A = det AT.

Hoxazamesvcmeo. © TpaHCIIOHEPOBaHUE OTParXKaeT KaAPTUHKY, COXPaHsIsI
96THOCTH. [[09TOMY MOHOMBI JIBYX CUMMETPUYHBIX KAPTUHOK, HAIIPUMED,

ais as1
a23 a42
a42 as4
as4 ais

BXOJST ¢ OMMHAKOBBIME 3HaKaMu B det A u det AT . O
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Bsuty 3T0it TeMMBI BCe CBO#ICTBa ompeieanTeieit, GopMyIupyeMble Wi
JIOKa3bIBAEMBbIE JJIsi CTPOK, BEPHBI U JIJIsT CTOJIOIOB.

MuHOpPBI U pacKpbITHUE MO CTPOKE JINOO CTOJIOIY

Onpedeaerue. MUHOpoM 1iopsizika k pou3BOJILHOI (He 06s3aTeIbHO KBAJI-
paTHOMN) MATpUIBl A HA3BIBAIOT OIPEJEUTENb MATPUIILI, COCTABIEHHON
U3 3JIEMEHTOB A, CTOANMX Ha MMEPECeYeHMN KaKUX-TO BHIOPAHHBIX B HEM
Pa3IUIHBIX k CTPOK W PA3JIMIHBIX k CTOJIOIOB:

ail a2 ai14 Q15
a23

as1 @32 a34 35

a41 @42 a44 Q45

asi @52 as4 Q55

IIpumevaTesbHbI MHHODPBI TIOPsJIKa 1 — 1 KBaJIPATHON MATPHIIBI pa3Me-
pa n X n. O6osuatum depe3 M;;(A) MEHOp, MOTyIaeMblil BBITEPKUBAHLEM
u3 A crpoku i u crosbua j: 3uadenne (—1)“IM;;(A) naspisator anrebpa-
NYECKUM [0NONIHEHNEM srteMenTa a,; Marpuipsl A. OTKyna Takoe Ha3BaHue?

JIemma. 3asucumocmo onpedesumens om xkaemru (i,7) umeem 6ud

det A = (—1)"a;;M;;(A) + Z(MOHOM’Z)L 0e3 a;j).

Zoxaszameavcmeo. @ Banmanme cocpegoTOIEHO HA KAPTUHKAX TTIEPECTAHO-
BOK 0 € S,, C KpeCTUKOM B KJjeTke (%, ). YiajeHue CTpoKH ¢ U cToJ0na j
Ja8T KapTUHKU BCEX IePECTAHOBOK B S, 1, KOTOPbIE U HYXKHBI [IPU Pac-
KkpbiTHH MuHOpa M;;. Pazbepure caydait n = 3 Kak ymnpaKHEHHe.

® Tperbe yTBepkKeHUE B JieMMe 00 MHBEPCUAX W KOMIIEHCHUDYIOIIU
vuHOKHTENs (—1)" obecrednBaoT MPaBUIBHBIEC 3HAKHT MOHOMOB. |

Teopema (Leibniz, Laplace). [aa xasrcdot cmpoku mampuys A onpede-
aumenn det A pagen cymme npouseedenutl aAemMeHmos 6 Imot Cmpoke Ha
uT anzebpauteckue ONOAHEHUA; GHAN02UNHO OAA KAAHCAO20 CMOAOUA:
det A = Z (—1)i+jaijMi i(A)  Odas scer 1 < i< n;
1<5<n
det A = Z (—1)*a;;M;;(A)  das ecex 1 < j < n.

1<i<n
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Joxazamesvemso. JLoCTATOMHO IPUMEHATH JIEMMY, ABUTAsCh 110 CTPOKE §
6o crosbmy j. Kaxk/plii MOHOM OIpeJIeJuTelIsi TONaJAEéT POBHO B OJHY
IPYIIY CJAraeMbIX, BBIIEIAEMBIX JIEMMOI /it KJI€TOK, IIOTOMY YTO B HEI'O
BXOJIT POBHO OJIMIH 3JIEMEHT 3TOi cTpokn (7mbo cTosbra). O

Jloka3aTesibCTBO CBOUCTB YMCJIa MHBEPCUN

Joxazamenvcmeo. (1) Biarogapst cumMerpun B OUpeeIeHIN HHBEPCHU.
(3) Beranem ¢ kommacoMm B cTpoky ¢ m crosber j. Cesepree (Bbliie)
pacnosioxeno ¢ — 1 KpecTukoB, a 3amajiHee (JieBee) PACIIOIOXKeHO j — 1
kpectukos. IIpu ToMm, ecm K ceBepo-3amajly HaxoauTcs kK KPECTHKOB, TO
K CeBEepO-BOCTOKY ux i — k — 1, a K 1oro-sanany j — k — 1. 3uagur, Bcero
KPECTUK B KJieTke (i,7) BxomutT B ¢ + j — 2(k 4+ 1) nHBepCHOHHBIX HAD.

(2) Tpexze Bcero 3ameruM, 9TO €CaU BbIOpaHHAs Jjisi OOMeHa Iapa
CTPOK COJIEPKUT MHBEPCUOHHYIO APy KPECTUKOB, TO OOMEH JesIaeT €€ He
WHBEPCUOHHON, 1 HaobopoT. Ocraércs MpoBEpUTH, YTO YETHOCTH HUUCIIA
IIPOYUX UHBEPCUI HE MEHSIETCS.

Hy»xHo paccMoTperh Bce BO3MOXKHBIE CJIIyYaW PACIOJJIOXKEHUSI OTHOTO
HEITO/IBIKHOT'0 KPECTUKA OTHOCUTEIbHO OOMEeHMBAoIIeiics mapbl. BozbMéM
mapy KPeCTUKOB, He 00PA3YIOIINX NHBEPCUIO, & B OCTAJIBHBIX KJIETKAX OTMe-
TUM Pa3HBIMU KPYKKaMU, CKOJIBKO MHBEPCHUIl IOMEMIEHHBIN Ty/1a KPECTUK
JACT C KPECTUKAMH U3 OOMEHUBAIOIIENCS Iaphl.

LN J L BN J LN J L BN J L N J o0
L BN ] LN J o0 LN e | o o0
X o = () wHBepcwHit X
* e = 1 mHBepcus ofe oo
° e = 1 nHBepcus oo oo

x e = 2 mHBepcUHA X
LN J o0 L N ] LN J L N J
o0 LN J LN oo e |0

CpaBHHM € aHAJOTMYHON KApTUHKON mocje oOMeHa CTpOK. Bcero Bummm
JIEBATH CJIyYaeB, HO JIUIIb B <IEHTPAJHHON YaCTH» HUCCIEIYEMOE UHCJIO
MEHSIETCSI, IPUIEM Ha 2. O
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5.2. CBOWCTBA OIPEJEJIUTEJENI

TpeyrojsbHbIE MATPUIIBI

Onpedenerue. Kpanparmyio marpuiyy A = [a;;], y Koropoit a;; = 0 npn
i > j, TO €CTh BCE 3JIEMEHTLI HUZKE TJIABHOM TUATOHAJIH HYJIEBbIE, HA3BIBAIOT
BEPXHETPEYrO/IbHOM. AHAJOTHYHO OIPEIESIOT HUXHETPEYrOJIbHbIE MATPHUIIHL.

CaencrBue. Onpedesument GEPTHEMPEY20AbHOT MAMPUUDL PAGEH MPO-
U36EJEHUN INEMEHMOE HA €€ 2a6HOT JuazoHaau, det A = a11a93 . . . Gnn;
maKoice u ONd HUANCHEMPEY20A5HO .

Ilepsoe dokasamenavcmeo. Ecaun B KAapTUHKE HET KPECTUKOB HUXKE JTUATO-
HAJI, TO U BBIIIE JUATOHAJM UX TaM TOXKe OBITh HEe MOXKET: HET MeCTa. JHa-

O

YT, eJUHCTBEHHBINA HEHYJIeBOH MOHOM CYMMBI (f) — JMaroHajIbHBIA.

Bmopoe dokxazameavcmeo. 1lo magyknmm, BCE BpeMs PACKPBIBAs OIIPeIe-
JIITEJIb 110 [IepBOMY CTOJIOILY (/11 BEpXHETPEyTOJbHOl) MK IIePBOii CTpOKe
(7151 HYZKHETPEYTOJIBHOM ). ]

B 9acTHOCTH, ONpe/IeNTeNb eIMHNTHON MATPHUIBI PABEH €MHUIE; Ha-
30B8M 310 cBoiicteom (D1).

CaencrBue. Onpedesument; 6NOYHO-TPEYroNbHbIX MaAMPUY,

A|B Al O
0D C|D

2de mampuuv, A u D xeadpammwie, pasHo, det A - det D.

ITpumep. Paccmorpum cityuait n = 4 ¢ 6iokamu 2 X 2. 37eCh BCETO Y€ThIPE
TIOTEHITNAILHO HEHYJIEBBIX MOHOMA.!

PasHocTh 11ByX BepxHHX MOHOMOB paBHa (det A)aszasq, & Pa3HOCTH JBYX
HikauX — (det A)assaqs. Pasnocts 91ux pasHocreit pasHa (det A)(det D).

[ a1 17 az1 i
a2 a2
0 0 ass 0 0 as3
L 0 0 44 | L 0 0 44 |
[ an 1T az i
a2 a2
0 0 a43 0 0 a43
L 0 0 as4 1 L 0 0 a34 i
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okasameavcmeo. CKOMOMHHUPOBATH HJICIO IIEPBOTO JIOKA3ATELCTBA IIPe-
JBIIYINETO CJIEJCTBUS U WUJIEI0 JOKA3aTeIbCTBA TPETHEro yTBEPKIEHUs B
JsieMMe 00 mHBepcusx. HeHysieBble MOHOMBI OOJIBIIIOTO OIPENIE/IUTENIS HE
sarparuBaior 6joku B u C, a uasepcuii mexty 61okamu A u D wer, Tak
YTO OHU PACKPBIBAIOTCSI HE3ABUCUMO M BO3HUKAET ITPOU3BEIEHUE. O

Omnpenenurenb Kak (PYHKIUS CTPOK
Teopema. (D2) Onpedesument mampuyv, MEHAEM 3HAK HA NPOMUBONO-
A0HCHDIT PU 00MEHE MECTAMU A1000T NAPbL €€ CMPOK.

Zoxasameavcmeo. © KapTUHKEU mepecTaHOBOK, JAIOIINE OAUH W TOT Ke
MOHOM /10 U T1ocJie 0OMeHa, CTPOK, HAIPpUMED,

ais ais
az3 (41 Q42 Q43 Q44 Q45
as1 u az1 ;
42 a21 @22 @23 A24 (25
as54 as4
OTJIMYAIOTCH KaK BO BTOPOM YTBEPXKJIEHUM JIEMMbI 00 MHBEPCUSX. ]

Teopema. (D3) Onpedesumens mampuyv, ecmov aurelinas GyHKuUL s0e-
MEHMO8 A1000T, CMPOKU.

Zoxazamensvemeo. YTBEPXKIaeTCs, YTO €C/IU KBaJpaTHble MaTpuilsl A, B
u C OTINYAIOTCS JIUIIb CBOUMHU -MU CTPOKAMM, PABHBIMEA COOTBETCTBEHHO
A(l), B(z) u C(z) = OéA(Z) + BB(Z), To det C' = avdet A + S det B.

s mpoBepku sToro 3aMernM, 4ro MuHOPBL M;;(A), M;;(B) u M;;(C)
NJEeHTHYIHBI, TOJICTABAM C;; = oa;; + Bb;; B dopmyiy packpertus det C' mo
CTPOKE i U BBIHECEM CKAJSPBl (¢ U 3 U3-TI0JT CYMMUDOBAHUSI. |

Teopema. FEcau dynxyus D: M,(R) — R, xax dynrxyus cmpok mam-
PUYDL, KOCOCUMMEMPUHECKAR U NOAUAUHETNAS, MO OHA OTNAUNGETNCA O,
ONPESEAUMEN, AUWLD TOCTNOAHHOILM MHONCUMENEM, PAGHLIM CE0EMY 3HA-
wenuto na edununnot mampuye: D(A) = D(E) - det A das scex A.

HokaspiBars 91y Teopemy Mbl He Gyaem. OJHAKO OTCIONA CJIELYET, UTO
cpoiicrea (D1), (D2) u (D3) omHosHauno 3anaror det Kak orobpazkeHne
M, (R) — R u moToMy MOTyT GBITH B3AThI B KA4€CTBE aOCTPAKTHOTO AKCH-
OMATHYECKOTO OIPE/ICJICHA. Y IOMSIHEM 320/JHO JIBA TEPMUHA JIJTsl HUX:

(D2) det ecTs kococummeTpuyeckas pyHKIUS CTPOK MaTPHILBL.
(D3) det ects nonununeiivas GbyHKIUS CTPOK MATPHUIIBIL.
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Iloste3HBI €11é HEeCKOJIBKO ITPOCTHIX CJIEJICTBHIl OCHOBHBIX CBOMCTB:

(D4) det(AA) = A" det A mis Bcex n X n Marpuil A U CKaJIsApOB A;

(D5) ompeeauTenb MATPHIBI C HYJIEBON CTPOKON paBEeH HYJIIO;

(D6) ompeaeauTesb MATPUIBL C JIBYMSI OJUHAKOBBIMU CTPOKAMHU DABEH
HYJIIO;

(D7) 3HaueHue OIpeIeUTeNsT He U3MEHSETCs IPU JIEMEHTaPHBIX Peod-
pasoBaHusx cTpok tuna (R2').

YopaxkaeHue. Buigedume ux u3 ysce ycmaHoBACHHHIT C80TUCME.

Onpesennresib IPOU3BEIEHUS MATPUI]

Teopema (Binet, Cauchy, 1812). Jas scex n X n mampuy A u B,
det AB = det A - det B.

Ilepsoe doxasamenvcmeo. Obosnaumm 1vepes A(;) cTpoky i MaTpuipl A u
AHAJIOTMYHO JIJI JIPYTUX UCIOIB3YEeMBIX MaTpull. [[ocKoMbKY

A(i) = a“E(l) + ...+ amE(n) n (AB)(Z) = ailB(l) + ...+ ainB(n),

3JIeMeHTapHBIMU [IpeobpasoBanusamu crpok tuma (R2') snesas marpuna

HPUBOJNUTCA K IIPABOIi:
E| B
0| AB

ITo ceoiictBy (D7) onpemennTeny STUX MaTPUIL DABHBL; OCTAETCS TPABIIIb-
HO UX IOCYUTaTh, ucnosubsdys csoiictBa (D2) m (D4) u ciexcreBue mpo
OJTIOTHO-TPEYTOMbHBIE MATPHUIIBI. O

E | B
-Al 0

Bmopoe dokasameavcmso. 3adukcupyem B u onpeiennM 0TobpaskeHme
Dp: M, (R) - R, A+ det AB.

Hamee mpoBepuM, 9TO 3TO KOCOCUMMETpHUECKasT U TOJUInHEeHas BHYyHK-
nust crpok Marpunbl A. Torma o npeabiayineit Teopeme

det AB =Dpg(A) =Dp(E) -det A = det B - det A. O

Hoes mpemwezo dokazamenvcmea. Bozpmém B R™ nuHeitHo He3aBUCHMBIE
BeKTOpHI X1, ..., X, u obo3unadnm uepe3 Vol { X1, ..., X, } opuenruposan-
HBIIA 00BEM M-MEPHOIO IapaJuienenunesa Ha HuX. OKas3blBaeTCsl, 9TO

Vol {AXl, .o 714)(71}

— det A.
Vol (X, ., X, _aet
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HeocosHaHHO, MBI y2K€ BCTPEYAJA 3TO PABEHCTBO IPU N = 3, BBIYUCIISAS
CMeIIaHHOe Mpon3BejieHne B KoopauaaTax. Opeie/imre/ib OCMbBICIUBAETCS
KakK KO3 PUIMEHT NCKaXKeHNs 00bEMa, a IpHU KOMITO3UIINN ITpeobpa3oBa-
HUl Takre KOI(MDPUIIEHTHI Y MHOKAIOTCSI. O

Kpurepuii HEBBIPOXKIEHHOCTH MATPUIIHI

Teopema. Pashocusvrvl CACOYIOWUE YCA0BUSL HA T X . mampuyy A:
(1) det A #0;
(2) tkA=n;
(3) cywecmeyem maxas mampuua A=, umo AA™L = A71A = E.

Onpedesenue. Ecim 3mu ycI0BUs BBIOJIHEHBI, TO MATPUILy A HA3LIBAIOT
HeBLIPOX/EHHOI, a Marpuiy A~! — obpaTHoii k A.

Hokasamesvemso. (1 = 2) Ecim tk A < n, 10 x0Tst OBI O/(HA U3 CTPOK A
€CThb JIMHEHHAsS KOMOWHAIMS ApyruX. Torma s/1eMeHTapHbIMA Ipeodpa3o-
parusiMu tuna (R2') MoxHO Moy unTh HyIE€BYI0 CTPOKY, TO ecTh det A = 0
o ceoitcream (D5) u (D7).

(3 = 1) Cremyer u3 TeopeMbl 06 Olpe e IUTes e TPOU3BE/IEHIsT MATPHII.

(2 & 3) Mar yxe paccmorpenu (Ha CeMHHApaX) CHOCO0 HAXOXKIEHUS
A~1 xax pemenus marpuanoro ypasnemns AX = E; on paboraeT Torya
U TOJILKO TOrza, Korga rk A MakcuMaJbHO BO3MOXKHBIIA. O

Dopmysna s obpaTHOit MaTPUIIBI

Nmeercs siBHAast dopmyta it obpaTHoit Marpuiibl. O60o3HauNM |epes
AV TpaHCIOHMPOBaHHYIO MATPUILy ajrebpandecKuX JIOMNOJHEHH, TO eCTh

Marpuity ¢ snementamu a;; = (—1)"+ M;;(A). Torma

A7t = (det A)"AY.

B camom geite, 9To6BI IpoBepuTh, 9yTo AAY = E det A, BbramcmM npons-
semenue AAY. Ero amement B cTpoke i u croibne k paBex

> aiay, = > (=1)"ai M(A).

1<j<n 1<j<n

TyT MBI BUAUM B TOYHOCTH TPABYIO YACTh (DOPMYJIBI PACKPBITHS OIIPEETH-
TeJist IO k-1 CTPOKe, TPUMEHEHHYIO K MaTPHIIE, MOJIyIeHHON u3 A 3aMeHOi
CTpOKM k Ha KOIMIO CTPOKH i. IIpu ¢ = k 3r0 Oymer cama marpuna A n
BbIpaxkeHue csopauuBaercs: B det A. Ilpu i £ k BbIparkeHue cBOpadnBaeT-
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Csl B OIIPEJIEJIUTEb MATPHUIBL C JIBYMs OJUHAKOBBIMHU CTPOKAMHE i U k; OH
pasen Hyiio o csoiictsy (D6).

IIpaBusio Kpamepa

Temepb MBI MOXKEM TOJIYIUTH U3BECTHOE ermé JIelOHuIly, XoTsd peiKo
addexTuBHOE Ha NMpaKTUKE yxkKe 1pu n > 3, «upasumio Kpamepay st
pellleHnsl CUCTEeM JIMHEHHBIX YPABHEHUN C KBaJIPATHOU U HEBBIPOXKIEHHOM
OCHOBHOII MaTpuieit.

Caencrue. Ecau det A # 0, mo cucmema AX = B aunetinwx ypashe-
HUT 8 MAMPUYHOT POPME 3aNUCU, OHA KHCE 6 PopMme
AWz + ...+ AWy, =B
AUHETHOT KOMOUHAUUY CMOAOU06, UMEEM eQUHCMEEHHOE PEULEHUE
X =[Z1,...,2)", #; = D;/det A,

a D; ecmb onpedeaument mampuyst, nosywenrot uz A samenott cmonrb-
ya AY) na emonbey B.

Hoxazameavemeo. 11ockoIbKy OCHOBHAsST MATPHUIA CHCTEMBI HEBBIPOXK/IE-
Ha, eJMHCTBEHHOCTH PEIEeHUs JOKA3aHa PaHee M ero MOXKHO HANTH, BbI-
yncans X = A~ B. Ucnonb3ys marpuiy AV, nosmydaem

i‘j = (detA)_l Z Cl;/lbz = (det A)_l Z (—1)1+JblM”(A)
1<ign 1<ign

Packpois onpenenuTens D; 1o cronlIyy j, IumespeeM 3Ty ke cymmy. [l

5.3. KPutErpuin CUJIbLBECTPA

Paur marpuns! no muropam

Onpedenenue. PaHrom nNo MMHOpaM NPOU3BOJILHON (He 00S3aTENHHO KB
parTHoil) MaTpurpl A HazbIBAIOT HaMOOJIbIIKI TOPsIoK Tk, A eé MuHOpa €
OTJINYHBIM OT HyJIsi 3HAYEHHEM.

Teopema. Panz scarxoti mampuys, A no muropam cosnadaem c e€ panzom
no CMPOKam,/cmosbuam.

Hoxazameavemeo. 3 marpunpsl A BoibepeMm rk A JinHEHO HE3aBUCUMBIX
CTPOK U cocTaBuM u3 Hux Marpuity A’. 13 neé soibepem rk A nuneitno nesa-
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BHCHMBIX CTOJIONOB M cocTaBuM u3 Hux Marpuny A”. Ona HeBbIpoXKjIeHa
U ABJIAETCS MUHOPOM UCXOAHOM MaTpuipbl. [losTomy rk A < rky, A.
Haiiném B A MuHOp HAUOOJIBIIETO TOPSIJIKA ¢ OTJUIHBIM OT HYJIsS 3HAYE-
HueM. Ero cTpoku JimHeiHO He3aBUCUMBI, & TOIa CTPOKHU CaMOM MaTPHILbI,
ero cojiepxKainue, Toxke HesaBucuMbl. [losromy rk A > rk, A. O

Onpedenerue. OKakMNAIOWMUM MUHOPOM jaHHOrO MuHOpa M Marpumbsl A
Ha3BIBAIOT KK bl MUHOP M, BEIYEPKUBAHNE N3 KOTOPOTO OTHON KpaitHeit
CTPOKH ¥ OJTHOTO KpaitHero ctoJbma maétr M.

Teopema. Pamnz A no mumnopam pager maxomy “ucay v, wmo y A ume-
emesa munop M nopadka r ¢ omausHbM 0M HYAS SHAYEHUEM, 0 3HAYEHUSA
ecex munopos A, oxatimasowux M, nysresvie.

Hoxazameavemeo. YnaieHo 3a HEHAITOOHOCTBIO. ]

Meto/ BLIYHCIEHUS PAaHra MATPHILI IIOIIANOBLIM IIEPEXOJOM OT YyIKe
HaWJIEHHOTO HEHYJIEBOI'O0 MUHOpPA K OKAWMIISIONIEMY HA3bIBAIOT METO[0M
okaiimnsowmx muHopoB. OH ocobeHHO yI00eH B TeX CIIydasiX, KOI/ia ITOMU-
MO paHra HY>KHO Y3HATh, KAKHUE UMEHHO CTPOKHU U/WJIU CTOJIONbI JIMHEHHO
HE3aBUCHMBI.

Panr kBaapaTtuvHoii (popMbI

Kak BBl nOMHMTE, eciiu JBe KBajpaTHble MaTpuiibl A n A’ 3amaror onny
U Ty K€ KBaJIpATUIHYIO0 (DOPMY B Pa3HbIX 6a3mcax, TO OHU CBSA3aHBI 3a-
koHoM Trepexona A’ = STAS u 1o onpese/IeHNI0 KOHIPYSHTHBL, Ijie S 5T0
HEBBIPOXK IEHHAsT MATPUIIA TEPEX0JIa MeXK 1y Oasucamu.

Teopema. Paneu KoH2PYsHMHLLT MAMPUY, PAEHDL.

AHoxasameavcmeo. Marpuriia nepexosa Bceryga obpaTuma. Y MHOXKEHHE HA
Heé He MEHSIeT IIPOCTPAHCTBA CTPOK M CTOJIOIOB MATPHWIIBI, & TOTOMY He
MEHSIET W PAHT. O

[Toaromy moHsiTHe paHra IPUMEHUMO K KBaJpaTudHbIM dhopmaM. 3Hast
y2Ke 0 KAHOHHUYECKOM BHJIE, 3aKJIFOYAeM, YTO KOJMYECTBO IEPEMEHHBIX B
KAHOHUYIECKOM BUJIE CT7 + ...+ ¢, T2 PABHO paHTy.

Korma mMbr mo3BosisieM KOMILTIEKCHBIE KOI(DMUITUEHTHI, KaXKIasi KBaIpa-
TH9IHAsT (GOpMA MPUBOIUTCA K CYMMe KBaJIPATOB, IIOCKOJIBKY JIOJIYKHOI 3a-
MEHO BC€ KOHCTAHTBI C; YIPIATHIBAIOTCS BHYTPH Z;. B KOMIJIEKCHOI Teo-
MEeTPHH JIIUIICOU/IBI U TUIIEPOOION IBI HE Pa3IMIaloTCs.
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CaencrBue. Bce xomnaexchoie keadpamuyurovie Gopmvs 00H020 PaH2a
IKGUBANEHIMHDL.

Curuarypa BeIIeCTBEHHOI KBaIPATUYIHON (pOopMBbI

BemectBennnie kBagparudabie (HGOPMbI UMEIOT OOJIBINE IIPUIOXKEHUN,
9eM KOMILIEKCHBIE, HO KjaccudUKallis B 5TOM BapHaHTe CJIOXKHee. Pac-
TSYKEHUSIMU U CXKATHSIMU 10 KaXKJI0fl KOOpJMHATE OTJEJIHHO HEHYJIEBbIE
KO3 DUITNEHTHI MOXKHO YPABHSITH 110 MOJLYJII0, HO HeJIb3sl N30aBUTHCS OT
3HAKOB, TO €CTb OT MUHYCOB.

ITpumep. BeInnineMm Bce HeSKBUBAJIEHTHDBIE KB3ApATHIHEIE hopMEI Ha R3:

r\p 0 1 2 3
0 0 HeT HET HET
1 —x2 z2 HET HET
2 —x2 — 2 T x2 + 32 HeT
3 R Rl IS R R [ R R ) [ R

KBanparnunbsie popMbI IPUMEHSIOTCS B MATEMATHIECKOM aHAJII3E IIPU
ITOUCKE IKCTPEMYyMOB (PYHKITUIT HECKOJIBKUX TE€PEMEHHBIX.

VYupaxkuenne. Hapucosas noseprrocmu z = f(x,y) daa scex gopm pan-
2a r < 2, natidume umerouwue cmpozutl IKCMPEeMYM 6 HAUAAE KOOPIUHAM.

CaencrBue. /Jlas ecakoll sewecmeentoll keadpamuunot gopmvl q Hatl-
démes basuc, 8 KOMOPOM OHA NPUHUMAET, HOPMANLHBIA BUJ,

_ 2 2 _ 2 2
qxX)=z1+...+T,—Tp 1 — ... — T

Teopema (3axkon unepiyum). Jucaa p u T, ONPedeAAOULUE HOPMAALHBI
6ud sewecmseentoli K6adpamusHol Gopmos ¢, 3a6UCAM MOALKO OM q, HO

He om 8ubopa basuca, NPUBOIAULE20 EE K HOPMANLHOMY BUDY.

Onpedenenue. BosHUKaIONIME NHBAPUAHTHI UMEIOT OCOOBIE HA3BAHMUS:

T WHpexc nHepuun (pamr)

P MonoxuTenbHbll UHIEKC WHEPITAN
r —p | OTpULATENbHLIA UHIEKC WHEPIUN
2p — r | CurHatypa

YacTo curHaTypoil TakzKe Ha3bIBAOT Hapy (p,r —p), 910 uHpOPMAaTHBHEE.
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ITpumep. Ksagparuunas dopma Munkosckoro umeer curuarypy (1,3).

Onpedeaernue. B ciremyromeii Tabimie IPUBEIEHb HA3BAHUS BasKHBIX CIIE-
[IHAJBHBIX TUIIOB BEIIECTBEHHBIX KBAIPATUIHLIX hopM Ha R™ ¢ KpaliHuMu
3HAYCHUAMI MHJIEKCOB MHepIuu. B HOpMa/JIbLHOM BHjie TakKuxX (hOpM alpu-
opHoe pasHoobpasue {—1,0,1} koadunuenTos emg Gosee OrpaHUIEHo.

r =n | HeBblpoxaeHHas

p=n | MonoxutenoHo onpepenévHas x#£0 = q(x) >0
r —p=n | OTpuuarenbHo onpenenéxHas x#0 = q(x) <0
r —p =0 | HeoTpuyarenoHo nonyonpegenévHas q(x) =0

p =0 | HenonoxutenbHo nonyonpeaenéxHas q(x) <0

Yarme Bcero BCTPEYAIOTCS MMOJOKUTEIBHO OMPeIeIEHHbIE (POPMBI.

Hoxazameavcmeo 3axona unepyuu. VIHBApUAHTHOCTH PAHIa ITOJIyYeHa pa-
Hee. VIHBApUAHTHOCTD TOJIOXKUTEIHHOTO WHJIEKCA WHEPIIMU JOKAXKEM OT

IPOTUBHOTO: JIOIYCTHM, 9TO B Gasuce {vy, ..., v,} dopma nmeer Bu
_ 2 2 2 2
q(x) =27+ ... Fai—ai — ... —
/ !
a B Gasuce {Vv],..., v, } oHa XKe WMeeT BUI
_ 2 2 _ 2 2
gx) =21+ ... +xf T — ... — T,
npuaém s > t. Torma cyskenns q Ha muneiHbIEe 060109KH L = (V1i,..., V) U
L= (Vi ..., V) COOTBETCTBEHHO OyyT HOIOKHTEIBHO ONPEIEIEHHAS

1 HEIIOJIOXKUTEJILHO [OJIyOlPeNeIeHHAA KB APATHIHbIE (DOPMBIL.

Eciu ectb HenyneBoit BekTop X € LN L/, To mosty4yaercs IPOTHBOPEYNE:
q(X) OJIHOBPEMEHHO MOJIOKUTEIBHO U HEMOJIOKHUTENBHO. Ecm ke HeHyIte-
BOTO OOINEro BEKTOPa HET, TO IO ONPEJICTCHUI0 HUKAKAE HEeTPHBUAJIBHBIE
JIMHEHbIe KOMOMHAIIT (1 V1. ..+, Vs € Luay Vi +...+a, v, € L
He MOryT ObITh paBHbBL Torga MHOXKECTBO {Vi,...,Vy, Vi i, ...,V,} U3
$+n —t > n BEKTOPOB JINHEHHO HE3ABUCHMO, YTO HEBO3MOXKHO. O
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Ecin kBagpatuvnas dopma g aubo MOJI0KUATEIBHO OlpejieieHa, JTubo
OTpULIATEIHHO OlpeiesieHa, To moMumo ¢(0) = 0 oHa IpuHUMAET 3HAYCHUS
TOJIBKO OIHOTO 3HAKA. BbIBaeT, ITO 3TOT (DAKT BaXKHEe CaMOro 3HAKA; B Ta-
KOI CUTyaIuu TOBOPAT, 9TO (popma 3HaKoonpejeneHa. 3HAKOOIPE I TEHHAL
dopma 0b6s13aTETHHO HEBBIPOXKIEHA. 3asiBiisist 00 OPEIEIEHHOCTH, CIe/IyeT
YKa3bIBaTh HE TOJIBKO (DOPMYILY, HO U IPOCTPAHCTBO.

Ipumep. Ksaaparmansie dopmbl + (22 + y?) 3HAKOONpE/Ie/IEHB! HA MLI0C-
KOCTH, HO BBIPOXKJIEHBI KaK (POPMBI HA TPEXMEPHOM IIPOCTPAHCTBE.

Cy>keHue 1 BbBIPOXK/IeHUE

Teopema. Ilonoocumenvhas onpedeiérnocmd Keadpamuunot dopmot q
COTPAHAECNCA NPU CYNHCERUY HA A1000€ NOONPOCMPAHCMEO.

Jokasameavcmeo. Coxpansiercs: csoiicTso ¢(x) > 0 st Beex x # 0. 0O

Ilpumep. HeBBIPOXKIIEHHOCTH (DOPMBI MOXKET IIOTEPSITHCSI DU CYKEHUH Ha
nosnpocTpancTso. Hampumep, cyzxenne GopMbl 2 — x5 (B CTaHIAPTHOM

Gasmce mockocTn R?) Ha mpsaMyTo <[1, 1]T> TOXKJIECTBEHHO HYJIEBOE.

Teopema. /Jlns 6carxol cummempuuHot 6usunetHot dopmvs [ pasHo-
CUNOHDL CACOYIOULE CBOTCTNEA:

(1) accoyuuposannas Keadpamuswnas Gopma eupodicdera;
(2) cywecmeyem maxol eexmop 'y # 0, wmo f(x,y) = 0 das scex
sexmopos x € R”.

Jokazameavcmeo. (1 = 2) [onurcst BeKTOp KAHOHMYECKOrO 6a3mca, COOT-
BETCTBYOIIUI HYJIEBOMY JMATOHAJBHOMY 9JIEMEHTY MaTPUIII (POPMBI.

(2 = 1) MonosHuB y IPOU3BOJLHO J0 6a3UCa BCETO IPOCTPAHCTBA, Mbl
npeacraBuM Gopmy f MaTpuiei ¢ HyJIeBbIM CTOJIOIIOM. |

Onpedeaenue. TnasHbim MuHopom marpuisl A HasbiBaerca MuHOp Ay (A),
COCTaBJIEHHBI 13 €€ MEPBBIX k CTPOK W MEPBBIX Kk CTOJIOIOB.

VYuopaxkuenune. Yoedumecw, wmo aaashvili murop Ay (F) mampuyws keao-
pamuurol gopmul 6 basuce {V1,..., vy} udenmuuen Mampuye CysceHus
amoti opmuv, ha nodnpocmpancmeo (Vi, ..., Vi).
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Meton fAAxkobu n kpurepuii CunabBecTpa

Jlemma. Onpedesumenu 11060 08YT KOHZPYIHIMHHLL MAMPUY, UMENOT
00UNAKOBDIE 3HAKU.

Jlokasameavcmeo. Ecim A’ = STAS, To det A’ = (det S)? det A. O

CaenctBue. Mampuuya nosostcumensvro onpedesénnoti hopmol 6 A1060Mm
basuce UMEEM NONOACUMEALHBIT ONPECENUTNEND.

C nomorpbio riiaBabix MUHOPOB A (F') Marpunbsl KBaapaTudHoil dhop-
MBI 9aCTO YJIAETCs OBICTPO y3HATH €6 CUTHATYPY. Y/I00HO He pa3InvaThb B
0603HAYEHUSX MUHOD (MATPHUILY) U €ro YUCJIeHHOe 3HAUEHUe, a TaK¥kKe I110-
garath Ag = 1 u A, = det F', npuduciisiss uxX TOXKe K TJIABHBIM MUHOPAM.

IIpumep. Ha TpéxMepHOM TTPOCTPAHCTBE KBaApaTHIHasA (PopMa
g= 222 +20y — 22+ 2z — 22 = -2 — (z —y)® — (y — 2)?

oTpunaTe/JIbHO OIIpe/eJIeHa. BbIﬂeJII/IM TJlIaBHble MUHODPBI eé MaTPpHUIIbI:

—2| 1 0 -2 1] 0 -2 1 0
TI-2 1], 1-2| 1], 1-2 1

0 1-1 0 1-1 0 1-1
[Momyuaem suavenus Ag = 1, Ay = —2, Ay = 3, A3 = —1. Cuexayromas
TeopeMa KOO MO3BOJISIET IO 3HAKAM STHUX YHMCEJ HANTH CUTHATYPY ¢ U
YCTAHOBUTH €€ OTPUIATETbHYIO OIIPEIEIEHHOCTD.

Teopema. Ecau 6ce 24a6HblE MUHOPYL MAMPUUDL BEUWLCMEERHOT KEAOPa-
MuUHOT Popmol ¢ umMerm Henysesbie 3navenus Ng, ..., Ay, mo Koauve-
CMBa Ccorpareruli u nepemer 3HaKa 68 Mol NocAedo8AMENLHOCTNY PAEHDL
NOAOAHCUMENOHOMY U OMPUYGMENOHOMY UHIEKCAM UHEPUUYU HOPMDBL (.

Caencrue (kpurepuit Cunbsecrpa). Jas 6earoli sewecmeenoli K6a0-
PAMUMHOT POPMBL PABHOCUNDHDL YMEEPHCICHUS:

(1) oma norootrcumenvro onpedesénnas;
(2) 6 ar06oMm baszuce sce €€ 2Aa6HBIE MUHOPYL NONOHCUMENLHDL.

JHoxazameavcmeo. (2 = 1) Ilo teopeme Axobu.

(1 = 2) Hy>KHO IpUMEHUTD Ba CBOHCTBA, OTMEYEHHDIX BBIIIE: CY?KEHHIE
Ha JII060€E MO/IIIPOCTPAHCTBO HACJIE/LYET TIOJOKUTETBHYIO OIPEIETEHHOCTD,
a MHHOD COBIAJIAeT C MATPHIIEil COOTBETCTBYIOIMIErO Cy KEHUS. O



Tn. 5. Onpenenurenn Bepcusi oT 4 aBrycra 2021 r. 131

Yupaxkuenune. Chopmysupyiime ananoe xpumepus Cunveecmpa 0
OMPUYUAMENLHO ONPEJENEHHVIT KEAIPATNUNHBIT POPM U BLIGEIUME €20 U3
UCTOOHO20.

JdokazaresibcTBO TeopeMbl fIKOOM

Zoxasameavcmeo. JlokaxkeMm marke, ITO TaKyio (pOpMy MOKHO TPUBECTH
K HOPMAJIbHOMY BHJLY Y. CiZi, B KOTOPOM 3HAKH KOI(UIMEHTOB corva-
COBaHBbI C IIepeMeHaMU 3HaKOB I'NIaBHBIX MUHOPOB B TOM CMbICJIE€, 9TO

sgney = sgn(Ag/Ak_1)

g 1 < k < n. Orciona yTBepKJeHHe 00 MHJIEKCAX CJIEJyeT IIPOCTHIM
MIOJICYETOM KOJIMYECTB IJIFOCOB U MUHYCOB.

Bocnonmb3yemcest mHayKIHei Mo 4ucay mepeMeHHBIX. [IpuBeném mexom-
HyiI0 GOpMy K HOpMaJILHOMY BHiy B Tpu 3rtana. CHadajga MTHOPUPYEM
cJjlaraeMble C II0cje/iHeil lepeMeHHOi; Bce IIPoYne COCTaB/IAIOT KBaJlpaTud-
Hy10 (opMy OT N — 1 IIepeMeHHO C TeMU K€ IJIABHBIMU MUHOPaMU, KPOMeE
orcyrcrByoiero A, . [IpeamnonaraeM Mo MHAYKINKA, YTO OHA IIPUBEEHA K
COIJIACOBAHHOMY HOPMAaJIbHOMY BUJY B II€PEMEHHBIX Y :

ail aiz2 Qi3 |aiq +1 0 0]bis
@21 G2z G23|0G24 | 0 +1 0]bog
as1 as2 G33|as4 0 0 +1|bsa
41 Q42 Q43 | Qa4 ba1 baz bas ‘ bag

Tenepb 3a/Jlava BeCbMa aHaJIOTUYHA TOI‘;I, Y9TO MBI penlaJjin, JIBUrasgd JIMHUN
BTOPOTI'O IIOpPLA/IKa. Hepexogﬂ K IIepeMEHHbIM

Yk + bknyn Tpu k < n,
Yk npu k = n,

MMOJIyIuM KaHOHUYeCKU BU T, I/ICXOJ:[‘HOIU/I d)OprI B IIEPEMEHHDbIX Zf:

+1 0 O0|bs +1 0 0] 0
0 +1 01 boy 0 +1 00
0 0 +1|bsa| | 0 0 «1]0

ba1 baz baz ‘ baa 0O 0 O ‘ C4

Haxkomerr, 3amenoif mociegHeil mepeMenHoit cseméM ¢, K +1. Tlo memme o
COXpaHEeHU! 3HAKA, OIPEeIeauTe/b D 110y YeHHON AuaroHaabHON MaTPUIbI
MMeeT TOT »Ke 3Hak, 4To u A,,. rak,

sgn A, =sgnD =sgn,_1 -sgncy,,

9TO U TPeOOBAJIOCH. O
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5.4. TTOTMHOMUAJIbBHAS UHTEPIIOJISALINS \

YpaBHeHUE NPAMOI

YTo0bl 3a0aTh TOH BCEMY pa3eily, HAYHEM € IMPOCTEHIIeil 3ama4qu: Ha,
IJIOCKOCTH JIaHbI JIBE PA3IMIHbe TOYKU ¢ KoopauHaraMu (zo, yo) u (21, Y1),
HY>KHO HaliTH ypaBHeHHe Ipoxojdlieil depes Hux npsiMoit. ITIKoabHBIMEI
METOJAMK MOKHO BLIPA3UTh OTBET B BUJE

_ _ Y1 — %Yo
1) y=1yo+k-(r—1x0), tie k= ———.
X1 — 2o

D10, yBbI, HEKPACUBBIH OTBET. 10T (hakT, YTO NpU Ty = X1 OH HEIPH-
TOJIEH, HUCKOJIBKO HE BaKeH Jjis JajbHeiero. Ho mouemy KoopauHATHI
3aJaHHBIX TOYEK BXOIAT HecummeTpudaHo! [Ipeobpasyem dbopmyity Kk cum-
METPUIHOMY BULY
xr — X0 T — 21
Yy=vo — —+y— .
Z1 — To To — T1
Jlyamre su s10? He mamuoro. VIckombIii KpacHBBIN OTBET BBIPAXKAETCH
OIIPeIeJINTEIEM:

1z vy
(2) 1 x9 yo | =0.
1 1 Y1

PackpeiBas ero, momydum mpebIayInee paBeHCTBO.

Mb1 poesbiBau 3TOT 3cTeTuYecKuit GoKyc emié B nepBoii riase (Tam
YyTh OTJIMYAINCH UHJIEKCHI M HOPsi/IoOK cTosioios). lajsee Mbl pazbepém
ero obobmmenne. OCHOBHaAsI mJest pasjiesia B TOM, YTO WHOTJA HE CJIEJIy-
eT pacKpPhIBATH IOJ00HBIE ONpeIe/nTe/ i Oe3 HEOOXOIUMOCTH U BbIIaBATH
Ppe3yJIbTaThl PACKPBITHS 38 TOTOBBIE (DOPMYJIBL. ['0pa3io JIydIle IpernogHo-
CUTBH PE3yJIbTATHI B BUJI€ YPABHEHUN KPACHBBII OMPEICTUTEIH DABEH HYJTIO.

NHaTepnosannoHHbIil moanHoM B ¢popme Jlarpamzka

Ha mwiockoctu BO3bMEM TpU TOUKHU (Tg,Yk) € PA3IUIHbIME abcrmcca-
MM U HafIEM TOJTMHOM HAMMEHBIIEH cTemeHn, TpaduK KOTOPOTO TIPOXOIAT
Jepe3 HuX. Ero n Ha3bIBAIOT MHTEPIIOISIIMOHHBIM ToJImHOMOM. ITocKombKy
YCJI0BUH TPHU, TO KOIMDPUITUEHTOB y TMOJUHOMA TaKXKe JIOJI?KHO OBITH TPH.
MunnmaabHasl CTElleHb TaKOTO MOJIMHOMa — BTOpasi, U CPeJIu KBaJIpaTud-
HBIX JeHCTBUTEIBHO YAAETCA HANTH peIleHue.

YT1o06b! TOYINTH €ro, HAUHEM C YaCTHOTO CJIydas, KOTJIa OTHO W3 3Ha-
qeHuil y; paBHO 1, a ocranmbHBbIe paBHBI (; HapuMmep, Yo = 1 A4 onpene-
aéunoctu. ITo Teopeme Besy, pemenne Ps(x) genurcst Haleno Ha T — 2
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u Ha T — Zy. lostomy Ps(z) = a(z — x1)(z — x2), tae kKoaddunuent a
HaxozuTea u3 yeaosus Ps(xo) = 1. 3naunr,
_ T—m T2
PQ(I) T mp—x1 o — T2

1t TpOM3BONILHBIX Y, Y1, Y2 OTCIONA MOJYIUM PEIIeHUe

xr— T T — T2 T — o xr — To x — xo T — T
P():yoii 1- . +y2 . .

ro—T1 X0 — X2 xr1 — T T1— X2 o — Ty X0 — X1
Ob6ob61enHne 310l (hOpMy/IbI HAa MPOM3BOJBHOE KOJIMIECTBO KOHTPOJIBHBIX
TOYEK HA3BIBAIOT WHTEPIIOJISAIMOHHBIM TOJUHOMOM B (opme Jlarpamxka.
OjtHaKO, 9TO HEKPACUBLI OTBET!

ITo anasoruu ¢ (2), MOXKHO [IPeoOpPa30BaTh PABEHCTBO K BHILY

1z 22y

(3) 1z 1’% Yo 0.
1z x% U1

2
1 zy 23 yo

OtBer cpa3y B TAKOM BHJI€ MOXKHO IOJIy9YUTh WHAYE, B CTUJIE aHAJIATHIE-
CKOI TeOMEeTpHUU: UCKOMasi napadosia 3a7aéTcsd ypaBHEHHEM BHUIA

A+ Bx+Cx®>+ Dy =0,

a TaKue 33/[a491 OBICTPO PEIIAIOTCs BLIMUCHIBAHUEM OIPEIEIUTENS: MOHO-
MBI YKa3bIBAIOT Ha BHJ, CTOJOIIOB, & CTPOKH, KPOME OJ[HOI, COOTBETCTBY-
IOT TOJCTAHOBKAM KOHTPOJIBHBIX TOYEK. DT0 paborbl Kpamepa, oTkyna u
ronuTo nmpasuao Kpamepa Jursd perieHns: TIMHEWHBIX CUCTEM.

Koneuno, mpu 6osibItieMm duciie n KOHTPOJIBHBIX TOYEK CTAHIAPTHBIN BHL

() > (yzH””jf;j)

o<ign

WHTEPIIOJISIIINOHHOTO MOJINHOMa B ¢opMme Jlarpamka ToxKe sIBISIETCS pac-
KPBITHEM OIIPEIEIUTENsI OYEHb IIPOCTOr0 YCTPOMCTBA, KOTOPBINA YNTATE b
Telephb JIErko HanuieT. IIpu 3ToM ajrebpanyeckoe JIOMOJHEHUE JJIEMEH-
Ta Y eCTh 3HAMEHUTBIN OIpeje/nTe b BaHepMOH/Ia, OTJIMYHBIA OT HYJIs
B TOYHOCTHU TOTI/A, KOTJIA BCE T PA3JIMIHBI.

Crenyromas 3aa49a; Caydail COBIIAIAIONTIX abCITUCC.

ITonmuuaom Taitiopa

Bepuémcst criepBa K 1iepBoii 3aj1ade ¢ psiMOil, HO U3MEHUM yCJIOBHE: Te-
meph JlaHa ofiHa TOYKa (Zg,Yo) U yKIOH k mckomoit npsimoii. ITIkombHOE
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ypaBHEHHE TaKoe Ke, a 33IaHHbIH KO3 DUIuenT k MOKHO UHTEPIPETUPO-
BaTh KaK 3HA4YEHHE ITPOU3BO/IHOMN

—
Yo = d$<x0)7

pesysbrar npejesbHoro nepexoga B (1) npu (x1,y1) — (xo,yo). Ecan xe
MEPeRTH K IIPEJIEIy B ONPEIESIUTENE, TO Mbl yBUIUM JIBE OJUHAKOBBIE CTPO-
ku u Gecriosiesnoe ypasaenue 0 = 0. Urobbl m3bexkaTh €ro, IpeBapu-
TEJIbHO BBIUTEM BTOPYIO CTPOKY U3 TPEThEH, 3aTeM BBIHECEM U3 PA3HOCTHU
MHOYKUTEJIb T1 — Zg. 11ocse 3Toro mpeiebHbIi nepexos, JaéT ypaBHeHne

1z y
1 2o yo|=0 & y=yo+y, (x—z0).
01 y(/)

HazoBém Takue npeobpasoBanust KOH(MOIHTHLIMK Npeaenamu, ubo B 1oJry-
qaeMbIX 37€Ch U JaJlee MATPUIIAX MUHOPHI, IOTIOJTHATE/IbHBIE K JIEMEHTY 1/,
Ha3bIBAIOT KOHMJIIOHTHBIMU MaTpunamu Bangepmona. (IlepeBoipl «BbI-
POXKJIEHHBIN», «COBIAIAIONINIY HECYT HEXKEJATETbHBIE OTTEHKH, IIOITOMY
OCTABHM JIATHIHD. )

V Hac HOJIyYUJIOCh YpaBHEHUE KacaTeJIbHON K IpaduKky QYHKIMH y =
y(x), mpaBna, NIpUBBIYHOE JUIIb B IpaBoit (popme. KacarenbHast siByisieTcst
JINHEWHBIM TPUOJINYKEHNEM; CJIEAYIONUil Mar — KBaJIPATUIHOE MPUOJIU-
»kerue. KOHTPOJIbHBIE JaHHBIE TYT COCTOAT U3 TOYKU (Zq,Yo), 3aJAOIIEH
snauenue Yo = y(x¢) GyHKIUM, BMECTE CO SHAYECHUAMHE y( U Y €& HepBOil
¥ BTOPOU MPOU3BOIHBIX B TOH 2Ke ToUuKe. I3BecTHDIN 13 aHaIn3a OTBET —
nosimaoM T'sfisiopa BTOPOIt cTeneHu:

y=y0+y6-(z—xo)+y6’-%(az—xo)Q.

MozKHO TIPOBEPHUTDH, YTO 9TO BBIPAYKEHHE IOJIYIAETCS PACKPBITHEM OIIpe-
JIeJIATeJI U3 YyPaBHEHU

1 «x %ZL‘Q Y

() 1 zo 1ag yo -0
0 1 zp
00 1 y

CTpoKM 371eCh SIBJISIIOTCS 3HAYEHUSIMU II0CJIEI0BATE/IbHBIX ITPOU3BOIHBIX
BepxHeil CTPOKK B KOHTPOJIbHOI Touke. Onpepennresib MOKHO HATH U3 (3)
IpelebHBIMUA IIepeXofaMy ¢ TaKUMU K€ TPIOKaMU, KaK B IPEIBbLIYIIeM
caydae CIUNAHUA JIBYX KOHTPOJIBHBIX TOYEK, TO €CTh KOHMIIIOIHTHBIMU
upejesavu. OmycTum ceffgac 9TU JeTasiu, MOTOMY 9TO MBI €I He pac-
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CMOTPEJIH MIPOMEXKYTOTHYIO CTAJINI0 TPOWHOrO CJIUIMAHUS, KOTJA COBIAJIN
TOJILKO JIBE TOYKH.
B Tom xke myxe, mosimaoM Taittopa

k) 1
v= 3 (w50
0<k<n ’

0oJiee BBICOKOI CTEIEHU N MOJIYIAeTCs PACKPBITHEM aHAJOTUIHOTO OIIpe-
JenTesis nopsiaka n + 2. Ecian ungekcamio ero croidmos Hadath ¢ j = 0,
a CTpOK ¢ i = —1, TO 9JIeMEHTHI BHE BEpXHE CTPOKH U MOCJIEIHErO CTOIOIA,
ONUCHIBAIOTCs 001Ielt hopMyIIoit

(A
ij = (da:) (.’17 )‘x:zo’
HO IIPOIIE 3allOMHUTB, YTO CTPOKH €CTh IIOCJeI0BATEIbHbIC IPOU3BOJHBIC
BEpPXHEN CTPOKU.

NuTepnonsinus dpmura

Kora KOHTPOJIBbHBIX TOYEK HECKOJBLKO U HYKHO YYUTHIBATL 3HAYCHUS
IPOM3BOIHBIX, HHTEPIIOJIAINOHHLIN TOJMHOM JIOJIZKEH coueTaTh B cebe gep-
TBI 060MX KPAlHAX CBOMX YACTHBIX CJIy9aeB, TO €CTh IIOJUHOMA JIarpaHzKa
u nojuHOMa T9iiopa. dTa TeMa He BXOJUT B HAYAJILHBIC KyPChl aHAJIN3a
WM anreOpbl, BUAMMO, BCJEICTBUE OOIIENPUHITOrO MHEHHsS O FPOMO3I-
KOCTH OTBeTa, HO IIPH M3JIaraeMOM 3/1eCh IIOIXO0Je OHa BIIOJHE JOCTYIIHA;
KPOMe TOT'0, OHa, IIPUTOAUTCA BO BTOPOM CEMeCTpe il U3ydeHus (DyHKITHI
OT MaTpHI,

IIpocTeiimas rubpuIHasd CUTYAUs BOSHIKACT C AByMs KOHTPOIbHBIME
roukamu (g, yo) U (T1,Y1), KOLJa 3a/1aHO TaKXKe 3HAYEHHE IIPOU3BOHON
vy = ¢/ (21). BospMémM onpesiesuTens B (3), BCTABUM IIOJOBUHKHA TP KBa,I-
paTax M ycTpeMuM Tg — 1. KoH(MIIOSHTHEII Ipeaea JaéT ypaBHeHHe

1 =z %332 y
1z % (2) Yo
(6) Lo i [ =0
Ty 377 Y1
01 = o

Ilpu xg # 1 OTCIONA MOXKHO BBIPa3UTh ¥, HO HE HY>KHO: 0000IIATH JIydIle
MMEHHO B CBEPHYTOM BHJIE.

Ecmm yerpemuTs 27 — Tg, TO OCIE HEOOXOMMMBIX KOH(IIIOSHTHBIX IIpe-
obpazosanuit onpeesuress u3 (6) B upegeie noxyanM (5). Tyt dopmyist
Ha JIONIPEIeJbHON cTauu (0K JINIIb JJIs () ) ITOCJIOXKHEE yIKe 00Cy 7K IaB-
MINXCA U U3BECTHBI IJIABHBIM 00PA30M B PA3HOCTHOM MCYHMCJICHHUHU; OHAKO
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OHH He Hy KHBI, TIOCKOJIbKY OOIIUil pe3ynbTaT ImpejcKasyeM n siceH. IIpo-
BEPKY B 9TOM CJIydae OCTABUM YUTATEJIO.

Tenepb MBI MOJKEM CPa3y IHCATH OTBETHI JJIsI 60JIee CJIOXKHBIX CJIydaeh
HHTEpIONANMA DdpMuTa. Hanpumep, Korja 3aJaHbl KOHTPOJIbHBIE TOYKN
(z0,%0) 1 (21,y1) BMECTE CO BHAYCHUAMHE Y U Y, IOIyIUM yPABHEHHE

1 =z %:1:2 %' 3y
1 @y 525 570 o
0 1 =z %x% yo | =0,
00 1 =z vy
1wy 5of ot m
a KOIJ[a B 9TUX YK€ TOUKAX 3aJaHbl 3HAUEHNUS Y, U Y}, HOIYyIUM ypaBHEHHE
1 x %.7:2 %Tg Y
1 z %m% %x% Yo
01 =z ia% y\|=0.
1z g2t gaf
01 = iaf 9}

Bo Bcex ciyuasx ajredpandeckoe JONOJHEHHE JJIEMEHTa y OTJIUYHO OT
HYyJIsl, €CJIA BCE Tj PA3JIMIHBIL.

Vopaxkaenne. Hatidume noiunom mMmunumaivioti cmenenu, mpebys,
umobv, 6 moukaxr * =0 u x =1 e20 3nauenus u Nepevie NPOUIGOIHHLE
bviau kak Yy Pyrryuu cos(mx).
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