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−x1 + x3 − 3x4 +2x5 = 1,

2x1 − x3 + 5x4 − x5 = 3,

x1 − 2x3 + 4x4 − 5x5 =−6.
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2
3

0 1 0 0 1 0 −
1
3

0 0 1 2 2 1
1
6

3

7

5

A(10)

A(9)

A(12).

� %F= � � & � : � �� �  � ; � � � '& # 3 � !0 )� & � 3 . #& #  � ! & ' x2
� x5 6

� " 4 B(1) :















x1 = x2 − x5,

x3 = − x5,

x4 =−2x2 − 2x5 +1,

x2, x5 ∈ R � .& �� 3 � � " 0 � '� .

� � IJK �L � � M � N � O � � � 
 � � �� � J �PQ

� " 4 B(2) :



















x1 = x2 − x5 −
2
3 ,

x3 = − x5 −
1
3 ,

x4 =−2x2 − 2x5 + 1
6 ,

x2, x5 ∈ R � .& �� 3 � � " 0 � '� .

< & � � � �4 � � ( � � � , -  # ! & � /, + � ! , .� � ) # ! �  , � � �, 1  ' . � " , ) � "� % '

� � , - 3 # .� � 0 � % = � $ � & � : � �� 4 � � � !�  'H . #& #  � ! & #  � . �� " , ;� " � % ' x4� x5 6
9 8 ! �  � " , ) #� . � " , )� " �� 0 % ' % � "0 : � �& � % � '( + �8 > > � /� � � ! � � 6

D � �� ) � �1 ! & # !� !0 � 4 � # "� : �� � .� & � � ! # � � � +� � ! � " % / � � �� � "� : + �  

, � � % � �1 � �  � ; � � � #, )� ! 0 � 4 � ' .� � ' � # !0 � % = � � & � : � �� � � � � !�  ' .& 4 *

 � . � , . & �= 5 � � �  , � � �, 6 � # � #  �  �� "� 1 � # ;� � ' .� � ' � # !0 , . & �= 5 �*

� ' � � � � �� � %( � ��  �� !� �� !1 . �� + � "0 +, �� - � � > �&  # /� -1 � .& � �� " 4 -*

= , - . � " , )� � � �� � %F= � � & � : � � � � 1  � ; � � � & # 3 , � )� ! # !0 � 3 �� ! # � : � ( � 4

# + ! � � � '  � � ! & � + ! # % "� / '1 � + � ! �& � � � � "� � 0 � ' )� � "� �� 4 6

�� T V 	 �� � � U VW T �X Y

n #� �  � ! & �  !� .� & 0  # ! & � ) � �� , & # � �� �� �

AX = E

� � 3 � � � ! � � � + � # �*

& # ! � � �  # ! & � /� �

A � � �� �� ) � � �  # ! & � /� �

E

` ! �$ � ;� & # 3  � & # a 6 � �$ � #

 # ! & � / #

X ! � ;� � � " ; � # % ' ! 0 + � # �& # ! � � �H � � " � � � # � , = � � ! � , � !1 8 ! �

 # ! & � / #

A−1 1 � %�& # ! � #4 + A6 D # ; � ' � � ! � " %� / X(i) 4 � " 4 � !� 4 & � : � �� �  

� � � !�  ' " � �� � � '( , & # � �� �� �

AX(i) = E(i) 6 7 # ! & � / ' + �8 > > � /� � �*

! � � 8 !� ( � � � ! �  � �� � # + � � '1 # 3 � # )� !1 3 �� � 0 � � 3 �� + #� ! ) #� ! � ' � � " , ) # �

& # 3 � % & # � � � � � ' : � � � ! , # /� � 6 � # +  ' .& � ( � ��  + # "$ � & � !  , � ' )� � "�*

�� 4 � % & # ! � � �  # ! & � / '6

gAhi j k hml � # � � 5  A−1 � " 4  # ! & � / '

A =

2

4

3 1 1

−2 1 0

1 0 0

3

5 .

< & � .� � ' � #�  � .& # � # ! & � � ! � " % / #  # ! & � / ' E 1 ! � � � !0 � #  , � �� � � ) � , -

 # ! & � /, 1 3 # ! �  .& � � � ��  " � � , - . � " � � � � , + � ! , .� � ) # ! �  , � � �,B

2

6

6

6

6

6

6

6

4

3 1 1 1 0 0

−2 1 0 0 1 0

1 0 0 0 0 1

0 1 0 0 1 2

0 1 1 1 0 −3

0 0 1 1 −1 −5

3

7

7

7

7

7

7

7

5

× A(1)

× A(2)

A(3)

A(4) = A(2) + 2A(3)

× A(5) = A(1) − 3A(3)

A(6) = A(5) − A(4).



� � � �� � �� �	 �
 � � � � � 	 � � 
 �� � �

9 ' .� � ' � #�  �� ! # � : � � � 4 # + !� � � '  � � ! & � +�B

2

4

1 0 0 0 0 1

0 1 0 0 1 2

0 0 1 1 −1 −5

3

5

A(3)

A(5)

A(6).

7 # ! & � / #1 � ! �4 = #4 � .& # � � � ) #� ! � 1 � % & # ! � # � � ( � � � � �  # ! & � /� A6

�� "� � � ( � � � #4  # ! & � / #

A � '& � ; �� � #1 ! � � � !0 � %�& # ! � � � � � �  � � !1

! � � 5 & # �$  � �0 : � � 5 & # 3  � & #6 9 '& � ; �� � � �� !0 A

� % � #& , ;� � #� !� 4 1 + # +

! � " 0 + � � ( � �� � ' )� � "� � � � � " � � � � ) #� !� . �4 � " 4 � !� 4 � , "� � #4 � ! & � + #6

gAhi j k hml � # � � 5  A−1 � " 4  # ! & � / '

A =

2

4

−3 2 −7

1 0 1

2 1 0

3

5 .

	 � & � 3 ! & � : #$ # `  � ; � � � # ;� � � # a � "� � # . � " , ) #�  � , "� � , - � ! & � +,B

2

6

6

6

6

6

6

4

−3 2 −7 1 0 0

1 0 1 0 1 0

2 1 0 0 0 1

0 2 −4 1 3 0

0 1 −2 0 −2 1

0 0 0 1 7 −2

3

7

7

7

7

7

7

5

× A(1)

A(2)

× A(3)

× A(4) = A(1) + 3A(2)

A(5) = A(3) − 2A(1)

A(6) = A(4) − 2A(5).

9 '( � �� !1 � � � !�  ' AX(i) = E(i) �� � � �  � � ! � '6 � � # )� !1  # ! & � / #

A � '*

& � ; �� � # � �� �  � � ! � % & # ! � � �26 f ! & � +� A "� �� � � � 3 # � � � �  'B

A(1) + 7A(2) − 2A(3) = 0,

� 3 # � , " 4 -= #4 � 4 �� ! & � � � # " 0 � #4 + �  %F� � # /� 4 � � ( � � � '( � ! & � + 4 � � � � #*

( � �� !� 4 � ( � �� � ' ) � � "� �� �B � %�& # !� ! � � ��  # �� � � # )� � " # � . & # � � � . �*

" � � � �� � ! & � +� A(6) 6� # � #  �  �� "� 1 �� ! � "0 + � � � ! & � +� A(6) 1 � � � � � % = � � + # ; � � � � ! & � +�

8 ! � � � " - % � � � ! # + � � � ! # % "� / ' ) � � " # � .& # � � � . � " � � � �� � � !0 + �8 >*> � /� � � ! ' " � �� � � � � + �  %� � # /� � � � ( � � � '( � ! & � +1 & # � � � � 8 ! � � � ! & � +� 6

� � # + #4 � 3 �� � 0 � 3 � # ) #� !1 ) ! � � # ) # "0 � #4 ! # % "� / # � � !0  # ! & � / #1 & #� : � *

& � � � #4 .& � .� � ' � # �� �  � .& # � # � �� �� ) � � �  # ! & � / '6

gAhi j k hml � # � � 5  A−1 � " 4  # ! & � / '

2

6

6

4

1 −1 3 4

−1 4 0 −1

3 0 0 −3

−2 −1 −3 1

3

7

7

5

.

�	 IJK �L � � M � N � O � � � 
 � � �� � J �PQ

D � �� ) � �R1 � ' )� � "� �� � � 8 ! �  .& �  � & � � "� � � � � 1 )�  � " 4 3 × 3  # ! & � /H

� � � # + � � %�& #= � �� � 4 × 4  # ! & � / ' . �  � ! � �, D & #  � & # 3 # ) #� ! , - % , �� !

� = 5 % � "� � ! & , � � 5  +�  6

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

1 −1 3 4 1 0 0 0

−1 4 0 −1 0 1 0 0

3 0 0 −3 0 0 1 0

−2 −1 −3 1 0 0 0 1

0 3 3 3 1 1 0 0

0 1 1 1
1
3

1
3

0 0

1 −1 3 −2 0 0 1 1

0 0 6 6 1 0 −1 −1

0 0 1 1
1
6

0 −
1
6

−
1
6

1 0 0 −1 0 0
1
3

0

0 −1 −3 −1 0 0
2
3

1

0 0 −2 0
1
3

1
3

2
3

1

0 0 1 0 −
1
6

−
1
6

−
1
3

−
1
2

0 1 0 0
1
6

1
3

1
6

1
6

0 0 0 1
1
3

1
6

1
6

1
3

1 0 0 0
1
3

1
6

1
2

1
3

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

× A(1)

× A(2)

× A(3)

× A(4)

× A(5) = A(2) + A(1)

× A(6) =
1
3
A(5)

× A(7) = A(4) + A(3)

× A(8) = A(1) − A(7)

× A(9) =
1
6
A(8)

× A(10) =
1
3
A(3)

× A(11) = A(7) − A(10)

× A(12) = A(11) + A(6)

A(13) = −
1
2
A(12)

A(14) = A(6) − A(9)

A(15) = A(9) − A(13)

A(16) = A(10) + A(15).
G ! # +1 � % & # ! � #4  # ! & � / # � �� ! �� ! � 3 .& # � '( . � " � � � � � + � ! & � + A(16) 1

A(14) 1 A(13)

� A(15)

B

A
−1

=
1

6

2

6

6

4

2 1 3 2

1 2 1 1

−1 −1 −2 −3

2 1 1 2

3

7

7

5

.

� VW T �X V ] �T �� _� V U �� � \ � � \ U� � V� � [ V U �

< , � ! 0 � .& �� ! & # �� ! � � � ! � " % / � � � # � ' � � # % # 3 � � # � � , ; � � � # � !�  # !*

& � /, .� & � ( � � # � ! � � � �$ � + �& , $ �  , 6 f �� ! # � �  � 3 � ! � " % / � � � % �� ( % # 3 � *

� � � . �  # ! & � /� � � # 3 � � 5  8 !�  # ! & � / ' A � B 6 < � � .& � �� " � �� -  # !*

& � / ' .� & � ( � � #1 . � � 5 � ! � " % / #  � ! �4 ! + � � & �� � # ! ' � � � � '( � % # 3 � � � '(

� � + ! �& � � � � � ! #& �  � % # 3 � � � H 3 � # )� !1  # ! & � / # .� & � ( � � # � ! A + B 4 � " 4 *

� !� 4 & � : � �� �   # ! & � ) � �$ � , & # � � � �� 4 AX = B 6 < �� + � "0 +,  # ! & � / #

A� % & # !�  #4 1 � 8 ! �  � " , ) #� & � : � �� � � �� �� ! � � � � �B X = A−1B 6 	 ! � % '

� # � !� � $ �R1  � ; � � � � # ) # " # � % & # ! � !0 A

� .� � # � � '  � ' : �  � ! � � �  1 3 #*

!�  ,  � � ;� !0 A−1 � #

B 6 � � � # + �1 8 ! � �� � #  �� 8 > > � + !� � � �� & � : � �� � 6



� � � �� � �� �	 �
 � � � � � 	 � � 
 �� � �

�� ! & �� ! 0 � ! �  1 ) ! � ,  � � ;� � � � � #

B  � ; � � " � $ + � � ' . � " � � !0 .& � �*

� #& � !� "0 � �B �  � � ! �  # ! & � / ' E

� .& # � # +  # ! & � /� A � , ; � � .& � .� *

� # !0 B 6 < �� "� . & � � � �� � � 4 "� � � � ) #� !� + � �� �� ) � � �  # ! & � /� � .& # � #

� ! �� 5 . � " , )� !� 4 ! & � % , �  �� .& �� 3 � � �� �� �

A−1B 6

gAhi j k hml � # � ' % # 3 � � ' {a1, a2, a3}

� {b1,b2,b3}

� 3 � ! � " % / � �

a1 = [3,−2, 1]>, a2 = [1, 1, 0]>, a3 = [1, 0, 0]>;

b1 = [2, 1, 0]>, b2 = [1, 0, 1]>, b3 = [0, 1,−1]>.

� # � � 5   # ! & � /, .� & � ( � � # � ! .� & � �$ � % # 3 � � # + � � ! �& �  , 6 f �� ! # � �  

� ! � " % / ' � ! # % "� /, � . & � � � � 5  "� � , - . � " � � � � , + � ! , .� � ) # ! �  , � � �,B

2

6

6

6

6

6

6

6

6

4

3 1 1 2 1 0

−2 1 0 1 0 1

1 0 0 0 1 −1

0 1 0 1 2 −1

0 1 1 2 −2 3

0 0 1 1 −4 4

3

7

7

7

7

7

7

7

7

5

× A(1)

× A(2)

A(3)

A(4) = A(2) + 2A(3)

× A(5) = A(1) − 3A(3)

A(6) = A(5) − A(4).7 # ! & � / # .� & � ( � � # � �� ! �� ! � 3 .& # � '( . � " � � � � � + � ! & � + A(3) 1 A(4)

�

A(6)

B

A
−1

B =

2

4

0 1 −1

1 2 −1

1 −4 4

3

5 .

� VW T � ^ � _ � \T V� � � � � �

AX = B

n� : � �� � ! # + �$ � , & # � �� �� 4 � � " , ) #� � � � '& � ; �� � � � �  # ! & � / ' A& # 3 � % & # � � � ' : � 6 n #� �  � ! & �  3 �� � 0 # � # " �$ � ) � , - 3 # � # ) , � " 4 � '& �*

; �� � � �$ � � " , ) #4 6 � � � , = � � ! � � � # �� � � % & # ! � � �  # ! & � / ' A−1 � #  � . �

� � %� � = 5 �� � 3 � # ) #� !1 ) ! � , & # � � � �� �

AX = B � .& � � /� .� �� & # 3 & � : � *

 �6 �� "� rkA > rkB 1 ! � & � : � �� 4  �$ , ! � , = � � ! � � � # !0 6

gAhi j k hml � # � �  # ! & � ) � �� , & # � �� �� �

2

4

2 −3 1

3 −5 2

2 −4 2

3

5 · X =

2

4

−3 5 −2

−5 8 −3

−4 6 −2

3

5 .

� � $ + � 3 #  � ! � !0 "� �� � � '� 3 # � � � �  �� !� � ! � " % / � � � � %A� � ( ) #� !4 ( & # � � �*

� ! � #B A(1) + A(2) + A(3) = 0

� B(1) + B(2) + B(3) = 06 7 � ; � � � # ;�

, $ # � # !0 + # +� �* ! � & � : � � � 4 1 � # . & �  � & 1

X =

2

4

0 1 −1

1 −1 0

0 0 0

3

5 .
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f �� ! # � �  ! # % "� /, � .& � � � � 5  " � � , - . � " � � � � , + � ! , .� � ) # ! �  , � � �,B

2

6

6

6

6

6

6

6

6

6

6

6

6

6

4

2 −3 1 −3 5 −2

3 −5 2 −5 8 −3

2 −4 2 −4 6 −2

1 −1 0 −1 2 −1

0 1 −1 1 −1 0

0 −2 2 −2 2 0

0 0 0 0 0 0

1 0 −1 0 1 −1

3

7

7

7

7

7

7

7

7

7

7

7

7

7

5

× A(1)

× A(2)

× A(3)

× A(4) = A(2) − A(3)

A(5) = A(1) − A(3)

× A(6) = A(3) − A(4)

A(7) = A(6) + 2A(5)

A(8) = A(4) − A(5).

9 � ! & � +� A(7)

� ' 4 � �� " �� 0 1 ) ! � �� � ! & � � ! � " % / # � # ) # "0 � � �  # ! & � / ' B� # - ! � � �  � � ! � '� � � � !�  '6 9 ' .� : �  . � "� 3 � '� � ! & � +�B

"

1 0 −1 0 1 −1

0 1 −1 1 −1 0

#

A(8)

A(5).

�� .� & 0 . � ��  � , ; � � 3 # .� � # !0 > , � � #  � � ! # " 0 � '� & � : � �� 4 � � . , !� ! � , *

-= � � � � � �& � � � � � � � � !�  ' AX = 0

� . � � � � �  , ) #� ! � �  , & � : � �� -

�� � � � �& � � � � � � � � !�  ' AX = B(k) � " 4 + # ; � �$ � � ! � " % / #  # ! & � / ' B 6� # . #& #  � ! & .& � ��  #�  x3 6
< � �� ! # � " 4 4 x3 = 11 � #( � ��  > , � � #  � �*

! # "0 � �� & � : � �� � H . � �� ! # � " 4 4 x3 = 01 � #( � ��  ) #� ! � '� & � : � �� 4B

X(0) =





1

1

1



 , X(1) =





0

1

0



 , X(2) =





1

−1

0



 , X(3) =





−1

0

0



 .

� %F= � � & � : � �� � � � � ! �  ' AX = B(k) � � !0 "� �� � � ��  � �$ � � % & # 3 � �

{X(k) + αkX(0) | αk ∈ R},

.& � ) 5  . #& #  � ! & ' α1 1 α2

� α3

 � ; �, � � % � � � � 3 # � � � �  '6 < �8 ! �  , � %*

= � � & � : � �� � � � ( � � � �$ �  # ! & � ) � �$ � , & # � �� �� 4 3 # .� � ' � #� !� 4 � � � ��

X =

2

4

0 1 −1

1 −1 0

0 0 0

3

5 +

2

4

1

1

1

3

5 ·

ˆ

α1, α2, α3

˜

,

� " �

X =

2

4

0 1 −1

1 −1 0

0 0 0

3

5 +

2

4

α1 α2 α3

α1 α2 α3

α1 α2 α3

3

5 .
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< , � ! 0 � # � �  � � ;� � ! � � X � � + ! �& � � � ! & � % , � !� 4 � # � !� "� � � � � '� 3 #*

� � � �  �� !�  � ; �, ��  � 6 � # � # ) # � )� � 0 . & �� ! � � � � �� !� 4 + �� � � � � � � 3 #*

� # )� .& � � � �� �� 4  # ! & � / ' + � ! , .� � ) # ! �  , � � �,B

` c a � 3 � � + ! �& � �  � � ;� � ! � # X . � � ! & � + #  � �� ! # � � !0  # ! & � /, AH

` d a . & � � � � !� A + � ! , .� � ) # ! �  , � � �, A′ H

` e a � �� � ! # � � � � ! 0 � '& # ;� �� � + # ; � � � � , "� � � � � ! & � +� A′ + # + "� �� �*

� � � + �  %� � # /� � � � ( � � � '( � ! & � +6

9 � � "� �� � � '� 3 # � � � �  �� ! �  � ; �, � � + ! �& #  � � X % , �, ! � " � �� ! � � 4  �

` "� �� � � '  � + �  %F� � # /� 4  � a � ' .� � # � � '( + �  %F� � # /� �26 9 �� � ! # � � � "� �� �

3 #  � ! � � � % "� $ ) #� !� 4 1 � � "� � � � � & : #�  '� 8 "�  � � ! #& � '� .& � � % & # 3 � � # �� 4

� � % & �� � � � � ! � � 3 # � � +,  � � !� & � � # � '69 .& �� ! �  � #& � # � !� . �  � ! +� 1 �� ! # "� 3 � & , - = � � + # ; � �� 8 " �  � � ! #& *

� �� .& � � %�& # 3 � � # � � � 1 . � 3 � � " 4 - ! & #� +& , !� !0 � ( � %�& # ! � � . �� & � �� ! � �  

. � �� ! # � � � � +6
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9 % � "� � & # 3 � 5 & � , ! �  � #& � # � !� � # + # ; � �  : #$ � � � � � � � '& # ;� �� �

� � � � � � ! & � +� )� & � 3 � � ( � � � '� 1 + # + � .& �  � & � � # � ! & 6 c c 6 � � � # + � .& �

% � "0 : �  + � "� )� � ! � � � � + ! �& � � � � . � " �� !� "0 � '� � ! � " % / ' � , = � � ! � � � � �

& #� : � & 4 - ! ! # % "� /, 6

gAhi j k hml ` < � + # �� ! a

f � � � & : � � � � � � � � � . �� � % � ! '� + # �� 4 "� �� � � '( 3 # � � � �  �� ! � � �� ! & �*% , � ! �� � %�& # ! � '( . � �� ! # � � � � +1 �� $ & �  � 3 � +� ( . �  � ! � +6 � � �� � � � # � � #

! �  1 ) ! � 8 "�  � � ! #& � '� . & � � %�& # 3 � � # �� 4 � ! & � +  # ! & � / ' � �( & # � 4 - ! �� �

� � � ! � � : � �� 4  � ; �, � 5 � ! � " % / #  � 6

gAhi j k hml � # � ' � � + ! �& '

a1 = [2,−1, 3, 5]>, a2 = [4,−3, 1, 3]>, a3 = [3,−2, 3, 4]>,

a4 = [4,−1, 15, 17]>, a5 = [7,−6,−7, 0]>.

9 ' %� & �  � & � �� �� ( % # 3 � � "� �� � � � � � % � " � ) +� 〈a1, a2, a3, a4, a5〉

� � '*

& # 3 �  �� ! # " 0 � '� � � + ! � & ' )� & � 3 % # 3 � � � '� 6
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f � %� & #�  � ! � " % / ' �  # ! & � /, � .& � � � ��  � 5 + � ! , .� � ) # ! �  , � � �,B
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6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6
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2 4 3 4 7

−1 −3 −2 −1 −6

3 1 3 15 −7

5 3 4 17 0

5 5 6 19 0

0 −2 −2 −2 0

1 1 1 3 1

0 −2 −1 2 −5

0 0 1 4 −5

0 0 1 4 −5

0 0 0 0 0

0 1 1 1 0

1 0 0 2 1

0 1 0 −3 5

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7
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× A(1)

× A(2)

× A(3)

× A(4)

× A(5) = A(3) + A(1)

× A(6) = A(4) − A(5)

× A(7) = A(1) + A(2)

× A(8) = A(2) + A(7)

× A(9) = A(5) − 5A(7)

A(10) = A(8) − A(6)

A(11) = A(9) − A(10)

× A(12) = −
1
2
A(6)

A(13) = A(7) − A(12)

A(14) = A(12) − A(10).��� ! # � : � � � 4 � ! & � +�

2

4

1 0 0 2 1

0 1 0 −3 5

0 0 1 4 −5

3

5

. � + # 3 ' � # - !1 ) ! �  � � ;� � ! � � {a1, a2, a3}

4 � " 4 � !� 4 � � + �  '  % # 3 � � �  1

� % � .� & � '� ! & � � ! � " % / # ! , ! $ " # � � '� 1 # � �� $ " # � � '( � ! � " % / #( � � %�& # � '

+ �8 > > � /� � � ! ' .& � �� ! # � "� �� � � � + ! �& � �

a4

�

a5

)� & � 3 % # 3 � � � '�B

a4 = 2a1 − 3a2 + 4a3,

a5 = a1 + 5a2 − 5a3.

� V� � [ Y [ \ U U Y � ] �T � [ � ^ �� �� ] _� ] T _ [ W T V� [ W �

n #� �  � ! & �  3 # � # ) , � ! '� + # � � 4 % # 3 � � � � � ,   ' � .� & � � � )� � � 4 � � , (

. � � .& �� ! & # �� ! � 1 3 # � # � � '( � � � �� "� �� � � '( � % � " � )� + � � , (  � � ;� � ! �

� � + ! �& � �B A =
〈

a(1), . . . , a(m)

〉 � B =
〈

b(1), . . . ,b(n)

〉6g k h �� 
 	 � �	 � � h k � k� i �l f � %� & 5  � � + ! � & ' . � � ! & � + #  �  # ! & � / '

A1 B � � �� ! # � �  � 3 � � ( % " � ) � , -  # ! & � /,

"

A 0

B B

#

.

< & � � � � 5  � 5 + � ! , .� � ) # ! �  , � � �, � � ! % & �� �  � , "� � '� � ! & � +� 6 G�( ��

% , �� ! � � �� � 1 � � "� .& � � � #& � !� "0 � � � # � !� % # 3 � � ' � % � " � )� + A � B � 3 #*

 � �� !0 �  � � # ) # "0 � '�  � � ;� � ! � # � ! & � +6 � � � , "� � '� � ! & � +� & # 3 � %0 5  

� # � � � $ & , . . '1 $ " 4 �4 � # ! �R1 � , "� � #4 , � ! & � +� "� � #4 . � " � � � � # � "� � � !6� � � , "� � '� " � � '� . � " � � � � ' � �� ! # � " 4 - ! % # 3 � � � ,   'H � � � , "� � '� . & #*
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% # 3 � � .� & � � � )� � � 4 6 � , ! � � ! 0 � � # � ! "� ) � 4 � ! .& � � ' �, = � ( 3 # � # )B

` c a . & � � � �� !0 + � ! , .� � ) # ! �  , � � �, � , ; � � �� -  # ! & � /, 1 # �� ! � "0 *

+ � "� � , - ) #� !0 1 + # + & # �� � H

` d a � � � %4 3 # ! � "0 � � � � � � �� !0 .& � /� � � � � � ! , .� � ) # ! �$ � � � � #1 � � � � 5 �*

� �$ � � +, & � � 1 � % � ! & # �� /� � � � #4 � $ � � � & � � 4 1 . � + # 3 # � � #4 � � ;�

� . & �  � & � 1 � �� ! # ! � ) � # � " 4 � #( � ; �� � � 4 ! & � % , �  '( % # 3 � � � � 6

��� � h � 
 	 � �	 � � h k � k� i �l � # � # ) ,  � ; � � � � � � ! � + � ! '� + # �� - "� �� �*

� '( 3 # � � � �  �� !� �  � ; �, �� �  � � � ( � � � '  � � � + ! �& #  � 6
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a1 = [1, 1, 0, 0,−1], b1 = [1, 0, 1, 0, 1],

a2 = [0, 1, 1, 0, 1], b2 = [0, 2, 1, 1, 0],

a3 = [0, 0, 1, 1, 1]; b3 = [1, 2, 1, 2,−1].

� # � ! � % # 3 � � ' � ,   ' � .� & � � � )� � � 4 " � �� � � '( � % � " � )� + A � B6� %� ! & � � +� � � + ! � & � � "� � � � � � �� 3 # � � � �  'B � " 4 .� & � � � 8 ! � � � � � �

�� . �� & � �� ! � � � � �1 � " 4 � ! �& � � � . �� "� 3 #  � � '

b3

� #

b3 − b1 − b2 1 � #*

.& �  � & 6 9 ' )� � " 4 �  1 + # + . & � � .� � ' � #� ! .� & � ' � � . �� � %B
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6

6

6

6

6

6

6

6

6

6

6

6

6
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1 1 0 0 −1 0 0 0 0 0

0 1 1 0 1 0 0 0 0 0

0 0 1 1 1 0 0 0 0 0

1 0 1 0 1 1 0 1 0 1

0 2 1 1 0 0 2 1 1 0

0 0 −1 1 −2 0 0 −1 1 −2

0 −1 1 0 2 1 0 1 0 1

0 0 2 0 3 1 0 1 0 1

0 0 0 −2 1 1 0 1 0 1

0 0 −1 1 −2 0 2 1 1 0

0 0 0 0 0 0 2 2 0 2

0 0 0 2 −1 0 0 −1 1 −2

0 0 0 0 0 1 0 0 1 −1
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7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7
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A(1)

A(2)

A(3)

× A(4)

× A(5)

× A(6)

× A(7) = A(4) − A(1)

× A(8) = A(7) + A(2)

× A(9) = A(8) − 2A(3)

× A(10) = A(5) − 2A(2)

A(11) = A(10) − A(6)

A(12) = A(10) + A(3)

A(13) = A(9) + A(12).

�� � !0 �� ! # � : � ( � 4 � ! & � +
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6

6

6

6

6

6

6

4

1 1 0 0 −1 0 0 0 0 0

0 1 1 0 1 0 0 0 0 0

0 0 1 1 1 0 0 0 0 0

0 0 0 2 −1 0 0 −1 1 −2

0 0 0 0 0 1 0 0 1 −1

0 0 0 0 0 0 1 1 0 1

3

7

7

7

7

7

7

7

7

5

A(1)

A(2)

A(3)

A(12)

A(13)

1
2
A(11).
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� # - ! � ! , .� � ) # ! ' � � � � � � $ � ! & # �� /� � � � � � � � & � � � 1 ! # + ) ! � � �� "� �� � � �

�� 3 # � � � �  '6 9 � � �, ! �$ �R1 ) ! �

A(12) = −A(9) = A(1) − A(2) + 2A(3) − A(4),

� !� - � # � "� �, � ! "� � � � � #4 �� 3 # � � � �  �� !0
b1

� ! {a1, a2, a3}

H � " � � � � #*

!� " 0 � �R1  � � ;� � ! � � {a1, a2, a3,b1}

4 � " 4 � !� 4 % # 3 � � �  A+ B6 9 + # ) � � ! � �

% # 3 � � # A ∩ B . � " , )� " �� 0  � � ;� � ! � �
{[1, 0, 0, 1,−1], [0, 1, 1, 0, 1]}.

< � ! # % "� /� � ' )� � "� �� � � & # 3 , �� 4 � � ' � '& # ;� �� 4 8 !� ( � � + ! � & � � )� & � 3

� � ( � � � '� 1 � �  � ; � � .& � � � & � !0 1 ) ! � � �� & # � � ' � � � ! � � !� ! � � � � �

a1 − a2 + a3 = −b2 + b3,

a2 = 1
2b1 + b2 −

1
2b3.

�� .� & 0 & � : �  8 ! , ;� 3 # � # ) , � ! � & '  � . �� � % �  6 � # � � 5  � .� & � # "� *

�� � � '� 3 # � � � �  �� !�  � � ;� � ! � # � � + ! �& � � {a1, a2, a3,b1,b2,b3}1 � " 4 ) �*

$ � .& �  � ��  � .� � # � � ' � � ' : � 8 + � � �  � ) � ' �  � ! � �1 & #� . � " #$ #4 � � + ! �*
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1 0 0 1 0 1

1 1 0 0 2 2

0 1 1 1 1 1

0 0 1 0 1 2

−1 1 1 1 0 −1

0 1 0 −1 2 1

0 1 1 2 0 0

0 0 0 1 −1 −1

1 0 0 0 1 2

0 1 0 0 1 0

0 0 1 1 0 1

0 0 0 1 −1 −1

0 0 0 0 0 0
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7
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7
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7

7
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× A(1)

× A(2)

× A(3)

A(4)

× A(5)

× A(6) = A(2) − A(1)

× A(7) = A(5) + A(1)

A(8) = A(7) − A(3)

A(9) = A(1) − A(8)

A(10) = A(9) + A(7)

× A(11) = A(6) + A(8)

× A(12) = A(11) − A(3)

A(13) = A(12) − A(8).

9 ' .� : �  �� ! # � : � � � 4 � � � , "� � '� � ! & � +� 1 . �  � ) #4 � ! � " % / ' � � � ! � � !*

� ! � , -= �  � � � ( � � � '  � � � + ! �& #  �B

a1 a2 a3 b1 b2 b3
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6

6

6

4

1 0 0 0 1 2

0 1 0 0 1 0

0 0 1 0 1 2

0 0 0 1 −1 −1

3

7

7

7

5

A(9)

A(10)

A(4)

A(8).
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4 � " 4 � !� 4 % # 3 � � �  

A + B6 � # + ;� � � ��  � '& # ;� � � 4 �� ! # � : � ( � 4 � � + ! �& � �B

b2 = a1 + a2 + a3 − b1,

b3 = 2a1 + 2a3 − b1.< �8 ! �  , % # 3 � � A ∩ B  � ; � � � �� ! # � � !0 � 3 � � + ! �& � �

a1 + a2 + a3 = b1 + b2,

2a1 + 2a3 = b1 + b3.� ! � � ! 3 �� � 0 � ! "� ) #� !� 4 � ! . � " , )� � � �$ � .� & � '  � . �� � % �  1 � � � �� � ��

� � " ; � ' � � � . # � # !0 1 . �� + � "0 +, % # 3 � � . � � .& �� ! & # �� ! � # �� � . & � �� " 4 � !� 4

� � � � 3 � # ) � �6
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